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PREFACE. 



In offering to students and teachers a new edition of 
the Elements of Euclid, it will be proper to give some ac- 
count of the plan on which it has been arranged, and of the 
advantages which it hopes to present. 

Geometry may be considered to form the real founda- 
tion of mathematical instruction. It is true that some 
acquaintance with Arithmetic and Algebra usually precedes 
the study of Geometry; but in the former subjects a begin- 
ner spends much of his time in gaining a practical facility 
in the application of rules to examples, while in the latter 
subject he is wholly occupied in exercising his reasoning 
faculties. 

In England the text-book of C^metry consists of the 
Elements of Euclid ; for nearly every official programme of 
instruction or examination explicitly includes some portion 
of this work. Numerous attempts have been made to find 
an appropriate substitute for the Elements of Euclid ; but 
such attempts, fortunately, have hitherto been made m 
vain. The advantages attending a common standard of 
reference in such an important subject, can hardly be over- 
estimated ; and it is extremely improbable, if Euclid were 
onoe abandoned, that any agreement would exist as to the 
author who should replace him. It cannot be denied that 
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defects and difficulties occur in the Elements of Euclid, and 
that these become more obyious as we examine the work 
more closely; but probably duriug such examination the 
conviction will grow deeper that these defects and diffi- 
culties are due in a great measure to the nature of the 
subject itself and to the place which it occupies in a course 
of education; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemishes. 

Of all the editions of Euclid that of Robert Simson has 
been the most extensively used in England, and the pre- 
sent edition substantially reproduces Simson's; but his 
translation has been carefully compared with the original, 
and some alterations have been made, which it is hoped 
will be found to be improvements. These alterations, how- 
ever, are of no great importance ; most of them have been 
introduced with the view of renderiug the language more 
uniform, by constantly using the same words when the 
game meaning is to be expressed. 

As the Elements of Euclid are usually placed in the 
hands of young students, it is important to exhibit the work 
in such a form as will assist them in overcoming the diffi- 
culties which they experience on their first introduction to 
processes of continuous argument. No method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent parts; this was strongly recommended 
by Professor De Morgan more than thirty years ago as a 
suitable exercise for students, and the plan has been adopt- 
ed more or less closely in some modem editions. An ex- 
cellent example of this method of exhibiting the Elements 
of Euclid will be found in an edition in quarto, published 
at the Hague, in the French language, in 1762. Two per- 
sons are named in the title-page as concerned in the work, 
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Koenig and Blassiere. This edition has served as the 
model for that which is now offered to the student : some 
slight modifications have necessarily been made, owing to 
the difference in the size of the pages. 

It will be perceived then, that in the present edition 
each distinct assertion in the argument begins a new line i 
and at the ends of the lines are placed the necessary refer- 
ences to the preceding principles on which the assertions 
depend. Moreover, the longer propositions are distributed 
into subordinate parts, which are distinguished by breaks 
at the beginning of the lines. 

This edition contains all the propositions which are 
usually read in the Universities. After the text will be 
found a selection of notes ; these are intended to indicate 
and explain the principal difficulties which have been 
noticed in the Elements of Euclid, and to supply the most 
important inferences which can be drawn from the propo- 
sitions. The notes relate to Geometry exclusively; they 
do not introduce developments involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because Geometry alone presents suf- 
ficient matter to occupy the attention of early students. 
After some hesitation on the point, all remarks relating to 
Logic have also been excluded. Although the study of 
Logic appears to be reviving in this country, and may 
eventually obtain a more assured position than it now 
holds in a course of liberal education, yet at present few 
persons take up Logic before Geometry; and it seems 
therefore premature to devote space to a subject which will 
be altogether unsuitable to the majority of those who use a 
work like the present. 

After the notes will be found an Appendix, consisting of 
propositions supplemental to those in the ^V^\xi<^\i\s^ ^\ 
Euclid; it is hoped tb^t a judicious choice \iaA\>eQTi xaa^^ 
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from the abundant materials which exist for such an Ap- 
pendix. The propositions selected are worthy of notice on 
various grounds ; some for their simplicity, some for their 
value as geometrical facts, and some as being problems 
which may naturally suggest themselves, but of which the 
solutions are not very obvious. 

The work finishes with a collection of exercises. Geo- 
metrical deductions afford a most valuable discipline for a 
student of mathematics, especially in the earlier period of 
bis course; the numerous departments of analysis which 
subsequently demand his attention will leave him but little 
time then for pure Geometry. It seems however that the 
habits of mind which the study of pure Geometry tends to 
form, famish an advantageous corrective for some of the 
evils resulting from an exclusive devotion to Analysis, and 
it is therefore desirable to engage the attention of begin- 
ners with geometrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
elementary mathematics have noticed with regret the 
frequent failures in geometrical deductions. Several col- 
lections of exercises already exist, but the general com- 
plaint is that they are too difficult Those in the present 
volume may be divided into two parts ; the first part con- 
tains 440 exercises, which it is hoped will not be found 
beyond the power of early students ; the second part consists 
of the remainder, which may be reserved for practice at a 
later stage. These exercises have been principally selected 
from College and University examination papers, and have 
been tested by long experience with pupils. It will be seen 
that they are distributed into sections according to the 
propositions in the Elements of Euclid on which they chiefly 
depend. As far as possible they are arranged in order of 
difficulty, but it must sometimes happen, as is the case 



PREPACK xi 



in the Elemenis of Eodid, thai one ezmqile pRfnreB 
the way for a let of othen wfaicfa are much easier than 
its^ It should be obsenred that the exercises rdate to 
pore Geometry; aH examides whidi woold find a more 
suitable place in woriu on Trigonometiy or Algebraical 
Geometry haye been car^bDy rejected. 

It (Mily rranains to adyert to the mefhanirsl execotion 
of the ▼fdnme, to irfaich great attention has been deroted. 
The figures wiU be foimd to be mrasoallj large and dis- 
tincty and they hare been rqieated when necessary, so that 
they always oocor in immpdiat<e cnmexion with the oorre- 
qKmding text. The type and paper hare been chosen so 
as to render the Tolome as dear and attractiTe as possible. 
The design di the editor and <tf the paUish»s has been to 
produce a practically usefiil edition <tf the Elonents of 
Eodid, at a moderate cost ; and they trust that the design 
has been fiiirly realised. 

Any suggestions or corrections rdatiqg to the work 
win be most thankfully receired. 

LTODHUNTBBi. 
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INTEODUCTORY EEMAEKS. 



The subject of Plane Greometry is here presented to the 
stadent arranged in six books, and each book is subdivided 
into propositions. The propositions are of two kinds, pro- 
Menu and theorems. In a problem something is required 
to be done; in a theorem some new principle is asserted to 
be true. 

A proposition consists of yarious piui». We have first 
the general enunciation of the problem or theorem; as for 
example^ To describe an equilateral triangle on a given 
finite straight line, or Any two angles of a triangle are 
together less than ttoo right angles. After the general 
enunciation follows the discussion of the proposition. First, 
the enunciation is repeated and applied to the particular 
fig^ure which is to be considered ; as for example, Lei AB 
he tJie given straight line : it is required to describe an 
equilateral triangle on AB, The construction then usually 
follows, which states the necessary straight lines and circles 
which must be drawn in order to constitute the solution of 
the problem, or to furnish assistance in the demonstration 
of the theorem. Lastly, we have the demonstration itself, 
which shews that the problem has been solved, or that the 
theorem is true. 

Sometimes, however, no construction is required ; and 
sometimes the construction and demonatnAiiou vc^ ^^t&t 
bined 
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The demonstration is a process of reasoning in which 
we draw inferences from results already obtained. These 
results consist partly of truths established in former propo- 
sitionSj or admitted as obvious in commencing the subject, 
and partly of truths which follow from the constrtiction 
that has been made, or which are given in the supposition 
of the proposition itself. The word hypothesis is used in 
the same sense as supposition. 

To assist the student in following the steps of the 
reasoning, references are given to the results already ob- 
tained which are required in the demonstration. Thus I. 5 
indicates that we appeal to the result established in the 
fifth proposition of the First Book; Gonstr, is sometimes 
used aA an abbreviation of Constructioti, and Hyp, as an 
abbreviation of Hypothesis, 

It is usual to place the letters q.e.f. at the end of the 
discussion of a problem, and the letters q.e*d. at the end of 
the discussion of a theorem. q.e.f. is an abbreviation for 
quod erat faciendum^ that is, which was to he done; and 
Q.E.]>. is an abbreviation for quod erat demonstrandum, 
that is, which was to he proved. 
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BOOK I. 



DEFINITIONS. 

1. A PODTT is that which has no parts, or which has no 
magnitade. 

2. A line is l^igth without breadth. 

3. The extremities of a line are p(Hnt& 

4. A straight line is that which lies erenly between 
its extreme points. 

5. A superficies is that wlucfa has only length and 
breadth. 

6. The extremities of a siq>erficies are lines. 

7- A plane soperficies is that in which any two points 
belngr taken, the straight line between them lies wholly in 
that saperficies. 

8. A plane ang^e is the inclination oC two ^uma \a csu^ 
another in a p^Mne, wbidi meet together, \mt ire tmA. m ^3ut 
dirsctjoa. 

\ 
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9. A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but are 
not in the same straight line. 

Note, When several angles are at one point B, any 
one of them is expressed by three letters, of which the 
letter which is at the vertex of the angle, that is, at the 
point at which the straight lines that contain the angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight lines, and the other letter on the other 
straight line. Thus, the angle which is contained by the 





straight lines AB, CB is named the angle ABC, or CBA ; 
the angle which is contained by the straight lines AB, DB 
is named the angle ABD, or DBA ; and the angle which 
is contained by the straight lines DB, CB is named the 
angle DBC, or CBD ; but if there be only one angle at a 
pomt, it may be expressed by a letter placed at that point; 
as the angle at E, 

10. When a straight line standing 
on another straight line, makes the adja- 
cent angles equal to one another, each of 
the angles is called a right angle; and 
the straight line which stands on the 
other is called a perpendicidar to it 



11. An obtuse angle is that which 
is greater than a right angle. 



12. An acute angle is that which 
is less than a right angle. 



\ 



\ 




DEFINITIONS. 8 

13. A term or boundary is the extremity of any thing. 

14. A figure is that which is enclosed by one or more 
boundaries. 

15. A circle is a plane figure 
contained by one line, which is 
called the circumference, and is 
such, that all straight lines drawn 
from a certain point within the 
fig^e to the circumference are 
equal to one another : 

16. And this point is called the centre of the circle. 

17. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cumference. 

[A radius of a circle is a straight line drawn from the 
centre to the circumference.] 

18. A semicircle is the figure contained by a diameter 
and the part of the circumference cut off by the diameter. 

19. A segment of a circle is the figure contained by ap 
straight line and the circumference which it cuts off. 

20. Rectilineal figures are those which are contained 
by straight lines : 

21. Trilateral figures, or triangles, by three straight 
lines: 

22. Quadrilateral figures by four straight lines : 

23. Multilateral figures, or polygons, by mere than 
four straight lines. 

24. Of three-sided figures. 

An equilateral triangle is that which 
has three equal sides : 



\— ^ 
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25. An isosceles triangle is that 
which has two sides equal : 



26. A scalene triangle is that 
which has three unequal sides : 




27. A right-angled triangle is that 
which has a right angle ; 

[The side opposite to the right 
angle in a right-angled triangle is fre- 
quently called the hypotenuse.] 

28. An obtuse-angled triangle is 
that wluch has an obtuse angle : 

29. An acute-angled triangle is 
that which has three acute angles. 

Of four-sided figures, 

30. A square is that which has 
all its sides equal, and all its angles 
right angles : 



31. An oblong is that which has 
all its angles right angles, but not all 
its sides equal : 






32. A rhombus is that which has 
all iis sides equal, but its angles are 
not right angles : 





DEFINITIONS. 

33. A rhomboid is that which has 
its opposite sides equal to one another, 
but aU its sides are not equal, nor its 
angles right angles : 

34. All other four-sided figures besides these are 
called trapeziums. 

35. Parallel straight lines are such 

as are in the same plane, and which 

being produced ever so far both ways 

do not meet 

[Note, The tenfis oblong and rhomboid are not often 
used. Practically the following definitions are used. Any 
four-sided figure is called a qiMdrilateral, A line joining 
two opposite angles of a quadrilateral is called a diagoruu, 
A quadrilateral which has its opposite sides parallel is 
called 2l parallelogram. The wor(k 9quare and rhombtu 
are used in the sense defined by Euclid ; and the word 
rfctangU is used instead of the word oblong. 

Some writers propose to restrict the word trapezium 
to a quadrilateral wmch has two of its sides parallel ; and 
it would certainly be conyenient H this restriction were 
uniyersally adopted.] 



POSTULATES. 

Let it be granted, 

1. That a straight line may be drawn from any one 
point to any other point : 

2. That a terminated straight line may be produced to 
any length in a straight line : 

3. And that a circle may be described from any centre, 
at any distance from that centre. 
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AXlOMa 

1. Things which are equal to the same thing are equal 
to one another. 

2. If equals be added to equals the wholes are equal 

3. If equals be taken from equals the remainders are 
equal 

4. If equals be added to unequais the wholes are 
unequal. 

5. If equals be taken from unequais the remainders 
are unequal. 

6. Things which are double of the same thmg are 
equal to one another. 

7. Things which are halres of the same thing are 
equal to one another. 

8. Magnitudes which coincide with one another, that 
is, which exactly fill the same space, are equal to one 
inol^er. 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

11. All right angles are equal to one another. 

12. If a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two right 
ingles. 



PROPOSITION 1. PROBLEM. 

To describe an equilateral triangle on a given finite 
etraight line. 

Let AB be the given straight line: it is required to 
describe an equilateral triangle on AB. 




¥Tom the centre A^ at the distance AB^ describe the 
circle BCD. [Postulate 3. 

From the centre B, at the distance BA, describe the 
circle ACE. [Postulate 3. 

From the point C, at which the circles cut one another, draw 
the straight lines CA and CB to the points A and B. [Post. 1. 

ABC shall be an equilateral triangle. 

Because the point A is the centre of the circle BCD, 
AC is equal to AB. [Definitim 16. 

And because the point B is the centre of the circle ACE^ 
BC is equal to BA. [D^nition 15. 

But it has been shewn that CA is equal to AB; 

therefore CA and CB are each of them equal to AB. 

But things which are equal to the same thing are equal to 
one another. [Axiom 1. 

Therefore CA is equal to CB. 

Therefore CA, AB, BC are equal to one another. 

Wherefore t?ie triangle ABC is equilateral^ {Def. 2A. 

and it is described on the given straight line AB. ^:^-^- 



8 
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PROPOSITION 2. PROBLEM. 

From a given point to draw a straight line equal to a 
given straight line. 

Let A be the giyen point, and BC the giyen straight 
line : it is required to draw from the point A a straight 
line equal to nC, 

From the point A to ^draw 
the straight Ime AB ; [Post, 1. 

and on it describe the equi- 
lateral triangle DABy [1. 1. 

and produce the straight lines 
DA, DB toEBXidF. [Pott. 2. 

From the centre B, at the dis- 
tance BCj describe the circle 
CGH, meeting DFsd. G. [Post. 3. 

From the centre D, at the dis- 
tance DG, describe the circle 
GKLy meeting DJ^at L. [Post. 3. 

AL shall be equal to BG. 

Because the point B is the centre of the circle CGH^ 
^(7 is equal to ^(t, [Definition 16. 

And because the point D is the centre of the circle GKL, 
DL is equal to DG ; [Definition 16. 

and DA, DB parts of them are equal ; [Definition 24. 

therefore the remainder AL is equal to the remamder 
BG, [Axiom 3. 

But it has been shewn that ^C7is equal to BG ; 

therefore AL and BCsre each of them equal to BiG. 

But things which are equal to the same thing are equal to 
one another. [Axiom 1, 

Therefore AL is equal to BC. 

Wherefore from tJie given point A a straight line AL 
has been drawn equal to the given straight line BC. Q.e.f. 

PROPOSITION 3. PROBLEM. 

From tJie greater of tteo given straight lines to cut ojf 
a part eqtuxl to tJie less 

Let AB and C be the two given straight lines, of which 
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AB is the greater : it is required to cut o£f from AB^ tlie 
greater^ a part equal to C the less. 

From the point A draw 
the straight Ime AD equal 
to C\ [I. 2. 

and from the centre A^ at 
the distance AD^ describe 
the circle DEF meeting AB 
at E, [Postulate 3. 

AE shall be equal to (7. 

Because the point A is the centre of the circle DEF^ 
AE is equal to AD. [D^nkion 16. 

But C is equal to AD, [ConstrucHon. 

Therefore AE and (7 are each of them equal to AD, 

Therefore AE is equal to C, [Axiom 1. 

Wherefore from AB the greater of two given straight 
lines a part AE has been cut off equal to C tJie less, q j:.f. 

PROPOSITION i, THEOREM. 

If two triangles have two sides cf the one equal to two 
sides of the oiker^ ea>ch to each, and have also the angles 
contained by those sides equal to one another, they sJiall 
also have their bases or third sides equal; and the two 
triangles shall be eqtialy and their other angles shall be 
equal, each to each, namely those to which ths eqiuil sides 
are opposite. 

Let ABC, DEFhe two triangles which have the two sides 
AB, A (TequaJ to the two sides DE, DF, each to each, namely, 
AB to DE, and AC to 

DF, and the ande BAC ^ ^ 

equal to the angle EDF: 
the base BC shaM be equal 
to the base EF, and the 
triangle ABC to the tri- 
angle DEF, and the other 
angles shall be equal, each 
to each, to which the equal 
sides are opposite, namely, the angle ABC to the axigle 
DEF, and the angle JOB to the angle DFE. 
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For if the triangle ABC be applied to the triangle DEF, 
80 that the point A may be on the point 2>, and the 
straight line AB on the 
straight line DE, the 
point B will coincide with 
the point E^ because AB 
is equal to DE. [Hyp, 

And, AB coinciding with 

DE, ^CwiU faU on DF, 

because the angle BAC ^ C E F 

is equal to the angle EDF, [Hypothesis. 

Therefore also the point C will coincide with the point F, 
because ACis equal to DF. [Hypothesis. 

But the point B was shewn to coincide with the point E, 
therefore the base BC will coincide with the base EF; 

because, B coinciding with E and C with F^ if the base BC 
does not coincide with the base EF, two straight lines will 
enclose a space ; which is impossible. [Axiom 10. 

Therefore the base BC coincides with the base EF, and is 
equal to it. [Axiom 8. 

Therefore the whole triangle ABC coincides with the whole 
triangle DEF, and is equal to it. [Axiom 8* 

And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, the 
angle ABC to the angle DEF, and the angle ACB to the 
angle I>FE. 

Wherefore, if two triangles &c. q.e.d. 

PROPOSITION 5. THEOREM. 

The angles at the ha^e cf an isosceles triangle are eqtial 
to one another; and if the equal sides he produced the 
angles on the other side of the hose shall be equal to one 
another. 

Let ABC be an isosceles triangle, haying the side AB 
equal to the side AC, and let the straight lines AB, AC 
be produced to D and E : the angle ABC shall be equal to 
the angle ACB, and the angle CBD to the angle BUE. 

In BD take any point F, 
juod from^^ the greater cuioS AG equal to -4-Fthe less, [1.3. 
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andjoini^C, 6?A 

Because ^jp'is equal to^G, [Con»tr. 

and AB io AC, [Hypoihem. 

the two sides FA, A C&re equal to the 
two sides GA, AB, each to each ; and 
they contain the angle FAG common 
to the two triangles AFC, AGB; 

therefore the base FG is equal to the 

base GBf and the triangle AFC to 

the triangle AGB, and the remaining 

angles of the one to the remaining 

angles of the other, each to each, to 

wMch the equal sides are opposite, 

namely the angle ACF to the angle ABG, and the angle 

AFC to the angle A GB. [I. 4, 

And because the whole AF is equal to the whole AG, 

of which the parts AB, A C are equal, [Hypotliesit, 

the remainder BF is equal to the remainder CG, [Axiom 3. 

And FC was shewn to be equal to GB ; 

therefore the two eides BF, FC are equal to the two sides 
CG, GB, each to each ; 

and the angle ^jF'C' was shewn to be equal to the angle CGB ; 

therefore the triangles BFC, CGB are equal, and their 
other angles are equal, each to each, to which the equal 
sides are opposite, namely the angle FBC to the angle 
GCB, and the angle BCF to the angle CBG. [I. 4. 

And since it has been shewn that the whole angle ABG 
is equal to the whole angle ACF, 

and that the parts of these, the angles CBG, BCF are also 
equal ; 

therefore the remaining angle ABC is equal to the remain- 
ing angle ACB, which are the angles at the base of the 
tnangle ABC. [Axiom 3. 

And it has also been shewn that the angle FBC is 
equal to the angle GCB, which are the angles on the other 
side of the base. 

Wherefore, the angles &c. q.e.I). 

Corollarjr. Hence every equilaiexai \>tvas^^<^ \& ^J^ 
equuuigular, -^ 
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PROPOSITION 6. THEOREM, 
If two angles of a triangle be equal to one another, the 
sides also which subtend, or are oppo- 
site to, the equal angles, shall he equal 
to one another. 

Let ABC be a triangle, having the 
angle ABC equal to the Bugle ACB : the 
8i(& AC shall be equal to the side AB. 

For irAC he not equal to AB, one 
of them must be greater than the other. 

Let AB be the greater, and from it 
cut off DB equal to AC the less, L^* 3. 

and join DC. 

Then, because in the triangles DBC, ACB, 

DB is equal \f^ AC, [Construction. 

and BC is common to both, 

the two sides DB, BC are equal to the two sides AC, CB, 
each to each ; 

and the angle DBC is equal to tho BSigleACB ; [Rypothesis. 

therefore the base DC is equal to the base AB, and the 
triangle DBC is equal to the triangle ACB, [I. 4. 

the less to the greater ; which is absurd. [Axiom 9. 

Therefore AB is not unequal to AC, that is, it is equal to it. 

Wherefore, if two angles &c. q.b.d. 

Corollary. Hence every equiangular triangle is also 
equilateral. 

PROPOSITION 7. THEOREM, 

On the same base, and on the same side of it, there can- 
not be two triangles having their 
sides which are terminated at one 
extremity of the base equal to one 
another, and likewise those which 
are terminated at th>e other ex- 
tremity equal to one another. 

If it be possible, on the same 

base AB, and on the same side of 

it, let there be two triangles ACB, 

ADB, having their sides CA, DA, 

wbicb ^"^ ^"^^'minated at the extremity A oi t\ift \)%aft, ^o^jaal 
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to one another, and likewise their sides GB^ DB^ which are 
terminated at B equal to one another. 

Join CD. In the case in which the yertez of each tri- 
angle is without the other triangle ; 

because AC is equal to ADy [ffypotheais, 

the angle ACD is equal to the angle ADC. [I. 5. 

But the angle ACD is greater than the angle BCD, [Ax, 9. 

therefore the angle ADC is also greater than the angle 
BCD; 

much more then is the angle BDC greater than the angle 
BCD. 

Again, because BCia equal to BD, [EypoihesU, 

the angle BDC is equal to the angle BCD^ [I. 5. 

But it has been shewn to be greater ; which is impossible. 

But if one of the yertices as 
Dj be within the other trifwgle 
ACB, produce AC, AD to E, F. 

Then because AC \r equal to 
^Z>, in the triangle ACD, [Hyp. 

the angles BCD, FDC, on the 
other side c^ the base CD, are 
equal to one another. [I. 5. 

But the angle BCD is greater ^ B 

than the angle BCD, [AocUm 9. 

therefore the angle FDC is also greater than the angle 
BCD; 

much more then is the angle BDC greater than the angle 
BCD. 

Again, because BC is equal to BD, [Eypothesis. 

the angle BDC is equal to the angle BCD. [I. 5. 

But it has been shewn to be greater ; which is impossible. 

The case in which the yertez of one triangle is on a side 
of the other needs no demonstration. 

Wherefore, o?i the same base &c. q.e.d. 

PROPOSITION 8. THEOREM. 
Jf two triangles have two sides of the cue equal to t^no 
sidef qfiAe other, each to each, <mdi» ?wt«e likevDue tU«v| 
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hoses eqtudj the angle which is contained by the two sides 
qf the one shall be equal to the angle which is contained by 
the two Hdes, equal to them, of the other. 

Let ABC, DEF be two triangles, having the two sides 
ABy AC equal to the two sides DE, DF, each to each, 
namely AB to DE, and AC to DF, and also the base BG 
equal to the base EF\ the angle ^^C shall be equal to the 
angle EDF. 





For if the triangle ABChe applied to the triangle DEF, 
so that the point B may be on the point E, and the straight 
line BC on the straight line EF, the point Cwill also coin- 
cide with the point F, because BC is equal to EF. [Hyp. 

Therefore, BC coinciding with EF, BA and AG will coin- 
cide with ED and DF. 

For if the base BC coincides with the base EF, but the 
sides BA, OA do not coincide with the sides ED, FD, but 
liave a different situation as EG, FG ; then on the same 
base and on the same side of it iliere will be two triangles 
having their sides which are terminated at one extremity 
of the base equal to one another, and likewise their sides 
which are terminated at the other extremity. 

But this is impossible. [I. 7. 

Therefore since the base BC coincides with the base EF, 
the sides BA, AC must coincide with the sides ED, DF. 
Therefore also the angle BAG coincides with the angle 
EDF, and is equal to it. [Axiom 8. 

Wherefore, if two triangles &c. q.b.p. 

PKOPOSITION 9. PROBLEM. 

To bisect a given rectilineal angle, that is to divide it 
ifkA? ^iffo egtuxl angles. 
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Let BAChe the riven rectilineal 
angle : it is required to bisect it. 

Take any point £> in AB, and 
from AC cut ofif AB equal to 
AD ; [I. 3. 

join DE, and on BE, on the side 
remote from A, describe the equi- 
lateral triangle DBF. [1. 1. 

Join AF, The straight line AF shall bisect the angle BAG, 

Because AD is equal to AB^ [Construction, 

and AF is common to the two triangles DAF. BAF, 
the two sides DA, AFore equal to the two sides BA, AF, 
each to each ; 

and the base 2>i^is equal to the base BF; [P^nition 24. 

therefore the angle 2>^i^ is equal to the angle BAF. [I. 8. 

Wherefore the given rectilineal angle BAG is bisected 
by the straight line AF, q.e.f. 

PROPOSITION 10. PROBLEM. 

To bisect a given finite straight line, that is to divide it 
into two equal parts. 

Let AB be the given straight 
line : it is required to divide it into 
two equal parts. 

Describe on it an equilateral 
triangle ABG, [I. 1. 

and bisect the angle AGB by the 
straight line GD, meeting AB at 
D. [1. 9. 

AB shall be cut into two equal parts at the point D. 

Because AG is equal to GB, [Definition 24. 

and GD is common to the two triangles AGD, BGD, 

the two sides AG, GD are eqiial to the two sides BG, GD, 
each to each ; 

and the angle AGD is equal to the angle BGD ; [Comtr. 

therefore the base AD is equal to the base DB. [I. 4. 

Wherefore the given straight line AB is dlmded luto 
two egyuil parts at the point D. Q.E.F, - ^ 




16 



EUCLIUS JSLUMENm 




PROPOSITION 11. PROBLEM. 

To draw a straight line at right angles to a given 
straight line, from a given ^ 

point in the same. 

Let AB be the giyen 
straight Une, and C the giyen 
point in it : it is required to 
draw from the point C a 
straight line at right angles 
to AB. 

Take any point Dm AC, and make GE equal to CD. [I. 3. 
On DE describe the equilateral triangle DFE, [1. 1, 

and j(mi CF. 

The straight line CF drawn from the given point C shall 
be at right angles to the given straight line A^. 

Because DC is equal to CE, [C<mstructi<m, 

and CF\a common to the two triangles DCF, ECF; 
the two sides DC, CF are equal to the two sides EG, CF, 
each to each ; 

and the baae DF is equal to the base EF; [DeJinUion .24 

therefore the angle DCFia equal to the angle ECF; [I."8. 

and they are adjacent angles. 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of the angles is called a right angle ; [D^nition 10* 

therefore each of the angles DCF, ECF is a right angle. 

Whereforeyrom the given point G in the given straight 
line AB, CFhas been drawn at right angles to AB. q.e.f. 

Corollary. By the help of this problem it may be shewn 
that two straight lines cannot 
have a common segment. B 

If it be possible, let the 
two straight fines ABC, ABD 
have the segment AB com- 
mon to both of them. 

From the point B draw 
BE at right angles to ^^. 

Then, because ABC is a straight line, [EifpotJiesis. 

the angle CBE'i& equal to the angle 'EihA. \.D«sjva\*vm\^, 



B 



O 
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Also, because ABD is a straight line, [HypothcsU, 

the angle DBE is equal to the angle EBA, 

Therefore the angle DBE is equal to the angle CBE^ [Ax, I, 

the less to the greater; which is impossible. [Axiom 9. 

Wherefore two straight lines cmmot have a common 
segment, 

PROPOSITION 12. PROBLEM, 

To draw a straight line perpendicular to a given 
straight line of an unlimited lengthy from a given point 
withmU it. 

Let AB be the given straight line, which may be pro- 
duced to any length both ways, and let (7 be the given point 
without it : it is required to draw from the point C a 
straight line perpendicular to AB, 

Take any point 2) on 
the other side of AB, and 
from the centre C, at the 
distance CD, describe the 
drcle EGF, meeting AB at 
F and G. [Postulate 8. 

Bisect FG at BT, [I. 10. 

aad join CH, 

The straight line CH drawn from the pvea jpomt 
shall be perpendicular to the given straight Ime AJ3, 

Join CF, CG. 

Because FH is equal to HG, [Construction, 

and HCis common to the two triangles FHG, GHC; 
the two sides FH, HC are equal to the two sides GH, HC, 
each to each ; 

and the base CF is equal to the base CG ; [Definitvm 15. 
therefore the angle CHF is equal to the angle CHG ; [1. 8. 
and they are a(^'acent angles. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of the 
angles is called a right angle, and the straight line which 
stuids on the other is called a perpendicular to it. [Bef, 10. 

Wherefore a perpendicular CH /los been drawa to 
the given straight line AB from the given point C wtV 

iW^ i£, QJSLF, 
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PROPOSITION 13. THEOREM, 

The angles which one straight line makes ttith another 
straight line on one side of it, either are two right angles, 
or are together equal to tico right angles. 

Let the straight line AB make with the straight line 
CD, on one side of it, the angles CBA, ABD : these either 
are two right angles, or are together equal to two right 
angles. 



D 




D 



B 



For if the angle CBA is equal to the angle ABD, each 
of them is a right angle. \pefinitwn 10. 

But if not, from the point B draw BE at right angles to 
CD', [I. 11, 

therefore the angles CBE, EBD are two right angles. [2)^.10. 

Now the angle CBE ia equal to the two angles CBA, ABE; 
to each of these equals add the angle EBD ; 

therefore the angles CBE, EBD are equal to the three 
angles CBA, ABE, EBD, [Axiom 2. 

Again, the angle DBA is equal to the two angles DBE, 
EBA; 

to each of these equals add the angle ABC; 

therefore the angles DBA, ABC are equal to the three 
angles DBE, EBA, ABC. [Axiom 2. 

But the angles CBE. EBD have been shewn to be equal 
to Uie same three angles. 

Therefore the angles CBE, EBD are equal to the angles 
DBA, ABC, [Axiom 1. 

But CBE, EBD are two right angles ; 

therefore DBA, ABC are together equal to two right 
aisles. 

Wherefore, the angles &c Q.ifi.D. 
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PROPOSITION 14. THEOREM. 

If. ai a point in a straight line, two other straight line$y 
on the opposite sides of it, make the adjacent angles toge- 
ther eqtial to two right angles, these two straight lines 
shall he in one and the same straight line. 

At the point B in the straight line AB, let the \mo 
straight lines BC, BD^ on the opposite sides of AB, make 
the adjacent angles ABC, ABD together equal to two 
right angles : BD shall be in the same straight line with OB, 

For if BD be not in 
the same straight line with 
CB, let BE be in the same 
straight line with it 

Then because the straight 
line AB makes with the 

straight line CBE, on one ^ 

side of it, the angles ABG, bT 

ABE, these angles are to- 
gether equal to two right angles. [I. 13. 

But the angles ABd ABD are also together equal to two 
right angles. [Hyjpothem, 

Therefore the angles ABC, ABE are equal to the angles 
ABC, ABD. 

From each of these equals take away the common angle 
ABC, and the remaining angle ABE is equal to the remain- 
ing angle ABD, [Axiom 3. 

the less to the greater ; which is impossible. 

Therefore BE is not in the same straight line with CB. 

And in the same manner it may be sh2wn that no other 
can be in the same straight line with it but BD ; 

therefore BD is in the same straight line with CB. 

Wherefore, if at a point &c. q.e.d. 



PROPOSITION 15. THEOREM. 

If two straight lines cut one anothtVy the -oertlcol^ «r 
(>pp<m^, angles shall he egtial. 
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Let the two straight lines AB, CD cut one another at 
the point i&; the angle AEC shall be equal to the angle 
DEB, and the angle CEB 
to the angle AED. 

Because the straight line 
^^ makes with the straight 
line CD the angles CEA, 
AEDfiheae angles are toge- 
ther equal to two right angles. [I. 13. 
Again, oecause the straight line DE makes with the straight 
line AB the angles AED, DEB, these also are together 
equal to two ri^t angles. [1. 13. 
But the angles CEA, AED have been shewn to be toge- 
ther equal to two right angles. 

Therefore the angles CEA, AED are equal to the angles 
AED, DEB. 

From each of these ec^uals take away the common angle 
AED, and the remainmg angle CEA is equal to the re- 
maining angle DEB, [Axiom 3. 

In the same manner it may be shewn that the angle 
CEB is equal to the angle AED. 

Wherefore, if tioo straight lines &c. q.b.d. 

Corollary 1. From this it is manifest that, if two straight 
lines cut one another, the angles which they make at the 
point where they cut, are together equai to four right angles. 

Corollary 2. And consequently, that all the angles made 
by any number of straight lines meeting at one point, are 
together equal to four right angles. 

PROPOSITION 16. THEOREM. 

If one side of a triangle he produced, the exterior angle 
shaU he greater than either qfthe interior opposite angles. 

Let ABC be a triangle, and let one side BC be pro- 
duced to D : the exterior angle A CD shall be greater uian 
either of the interior opposite angles CBA, BAC. 

Bisect AC at E, [L 10. 

join BE and produce it to F, making EF equal to EB, [I. 3. 

and join FC. 

Because AEia equal to EC, and BE to EF ; [Constr. 
the two sides AE, EB are equal to the two sides CE, EF, 
each to e&cb ; 
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find the angle AEB is equal to the angle CBF, 

because they are opposite yer- 
tical angles ; [I. 15. 

therefore the triangle AEB 
is equal to the triangle CBF, 
and the remaining angles to 
the remaining angles, each to 
each, to which the equal sides 
are opposite ; [I. 4. 

therefore the angle BAB is 
equal to the angle BCF. 

But the angle BCD is greater 
than the angle BCF. [Axiom 9. 

Therefore the angle ACB is greater than the angle BAB. 

In the same manner if ^6' be bisected, and the side AC 
be produced to G, it may be shewn that the angle BCG^ 
that is the angle ACB, is greater than the angle ASC. [1. 15. 

Wherefore, if one side &c. Q.E.n. 

PROPOSITION 17. THEOREM, 

Any two angles of a triangle are together less than two 
right angles. 

Let ABC be a triangle : any two of its angles are 
together less than two right angles. 
Produce BC to D. 

Then because A CD is the exte- 
rior angle of the triangle ABC, it 
is greater than the interior oppo- 
site angle ^5(7. [1.16. 

To each of these add the angle-4 CB 

Therefore the angles ACD, ACB 

are greater than the angles ABC, ACB, 

But the angles ACD, ACB are together equal to two right 

angles. [I- 13. 

Therefore the angles ABC, ACB are together less than 

two right angles. 

In the same manner it may be shewn that the angles 
BAG. ACB, as also the angles CAB^ ABC, «c^ Vi^^XJwat 
less tnan two right angles. 

Wherefore, any two angles &c. Q.ll.T>. 
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PROPOSITION 18. THEOREM. 

The greater side of every triangle has the greater 
angle opposite to it. 

Let ABC be a triangle, of which the side AC is greater 
than the side AB : the angle ABC is also greater than the 
angle ACB. 

Because AC \% greater than 
AB, make AD equal to AB, [1. 3. 
and join BD, 

" Then, because ADB is the ex- 
terior angle of the triangle BDC, 
it is greater than the interior op- 
posite angle DCB, [1. 16. 

But the angle ADB is equal to the angle ABD^ [I. 5. 

because the side ^2> is equal to the side AB, [Constr. 

Therefore the angle ABD is also greater than the angle 
ACB. 

Much more then is the angle ABC greater than the angle 
ACB, [Axiom 9. 

Wherefore, the greater side &c. q.e.I). 

PROPOSITION 19. THEOREM. 

The greater angle of every triangle is subtended by the 
greater side, or has the greater side opposite ta it. 

Let ABC be a triangle, of which the angle ABC is 
greater than the angle ACB : the side AC is also greater 
than the side AB. 

For if not, AC must be either 
equal to AB or less than AB. 

But ACia not equal to AB, 

for then the angle ABC would 
be equal to the angle A CB; [1. 6. 

but it is not ; [Hypothesis. 

therefore AC is not equal to AB. 

Neither is AC less than AB, 

for then the angle ABC would be less than the angle 
^CB; . [I. 18. 

^ff^ It ia not ; VH^-potKtsU. 
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therefore ACia not less than AB. 

And it has been shewn that ACi& not eqnal to AB, 

Therefore AG is greater than AB. 

Wherefore, the greater angle &c. Q.B.D. 

PROPOSITION 20. THEOREM, 

Any tfJDO sides of a triangle are together greater than 
the third side. 

Let ABC be a triangle : any two sides of it are together 
greater than the third side; 
namely, BAy AC greater than 
BG; and AB, BC greater than 
AC; and BC, CA greater than 
AB. 

Produce BA to D, 
making AD equal to AC, 
and join BC, 

Then, because AD is equal to AC, [Construction. 

the angle ADC is equal to the angle ACD. [I. 5. 

But the angle BCD is greater than the angle ACD. [Ax. 9. 

Therefore the angle BCD is greater than the angle BDC. 

And because the angle BCD of the triangle BCD is 
greater than its angle BDC, and that the greater angle is 
subtended by the greater side ; [1. 19. 

therefore the side BD is greater than the side BC. 

But -B2> is equal to -S^ and -4(7. 

Therefore BA, AC are greater than BC. 

In the same manner it may be shewn that AB, BC are 
greater than AC, and BC, CA greater than AB. 

Wherefore, any ttoo sides &c. q.b.d. 

PROPOSITION 21. THEOREM, 

If from the ends of the side of a triangle there be drawn 
ttoo straight lines to a point within the triangle, these 
shall be less than the other two sides qf the triatigle^'bMA 
shall contain a greater angle. 
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Let ABC be a triangle, and from the points B^ Cy 
the ends of the side BG^ 
let the two straight lines 
BD^ CD be drawn to the 
point D within the triangle : 

BD, DC shall be less 
than the other two sides 
BA^ AC of the triangle, 
but shall contain an angle 
BDC greater than the 
angle BAC 

Produce BD to meet AC^i E, 

Because two sides of a triangle are greater than the 
third side, the two sides BA, AE of the triangle ABE are 
greater than the side BE, [I. 20. 

To each of these add EC, 

Therefore BA^ AC are greater than BE, EC 

Again ; the two sides CE, ED of the triangle CED are 
greater than the third side CD, [I. 20. 

To each of these add DB, 

Therefore CE, EB are greater than CD, DB. 

But it has been shewn that BA, AC are greater than 

BE, EC', 

much more then are BA, -4^7 greater than BD, DC. 

Again, because the exterior angle of any triangle is 
greater tiian the interior opposite angle, the exterior 
angle BDC of the triangle CDE is greater than the angle 
CED, [I. 16. 

For the same reason, the exterior angle CEB of the tri- 
angle ABE is greater than the angle BAE. 

But it has been shewn that the angle BDC is greater than 
the angle CEB ; 

much more then is the angle BDC greater than the angle 
BAC. 

Wherefore, if from the ends &c. q.b.d. 
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PROPOSITION 22. PROBLEM. 

To make a triangle qf which the sides sTiall be equal to 
three given straight lines, but any two whatever qf these 
must be greater than the third. 

Let Aj ByChQ the three given straight lines, of which 
any two whatever are greater than the third ; namely, 
A and B greater than C\ A and C greater than B ; and 
B and C greater than A: it is required to make a triangle 
of which the sides shall be equal U} A, B, C, each to each. 

Take a straight line 
DE terminated at the 
point 2>, but unlimited 
towards E, and make 
DF equal to A, FG 
equal to B, and GH 
equal to C. [I. 3. 

From the centre F, 
at the distance FD, 
describe the circle 
DKL. [Post. 3. 

From the centre G, at the distance Gff, describe the circle 
HLKf cutting the former circle at JT. 

Join KF, KG. The triangle KFG shall have its sides 
equal to the three straight lines A, B, C, 

Because the point F is the centre of the circle DKLy 
FD is equal to FK. [Definition 15. 

But FD is equal to A. [Construction. 

Therefore i^^ is equal to ^. [Axiom 1. 

Again, because the point G is the centre of the circle HLK, 
GHis equal to GK [Definition 15. 

But GH is equal to C. [Construction. 

Therefore GK is equal to C. [Axiom 1. 

And FG is equal to B. [Construction, 

Therefore the three straight lines KF, FG, GK are equal 
to the three A, By C. 

Wherefore ths triangle KFG has its three side% 
KF, FG, GK egtuU to the three gitjen «lraigh.\ U-n** 

A,jB,(7. Q.E.V. 
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PROPOSITION 23. PROBLEM. 

At a given point in a given straight line, to make a 
rectilineal angle equal to a given rectilineal angle* 

Let AB he the given straight line, and A the given 
point in it, and DCE the given rectilineal angle : it is 
required to make at the given point A^ in the given straight 
line AB, an angle equal to the given rectilineal angle 
DCE, 

In CD, CE take any 
points Dy E, and join DE, 

Make the triangle AFG the 
sides of which shall be equal 
to the three straight lines 

CD, DE, EC; so that AF 
shall be equal to CD, AG to 

CE, and FG to DE. [I. 22. 

The angle FAG shall be 
equal to the angle DCE, 

Because FA, AG axe equal to DC, CE, each to each, 

and the base FG equal to the base DE ; [Construction. 

therefore the angle FAG is equal to the angle DCE. [I. 8. 

Wherefore at the given point A in the given straight 
line AB, the angle FAG has been made eqiial to the given 
rectilineal angle DCE. q.e.p. 



PROPOSITION 24. THEOREM. 

If two triangles Imve two sides of the one equal to two 
sides of the other, each to each, but the angle contained by 
the tvx> sides of one of them greater than the angle con- 
tained by the two sides equal to them^ of the otiier, the base 
of that which has the greater angle shall be greater than 
tlie base of the other. 

Let ABC, DEF be two triangles, which have the two 
sides AB, AC, equal to the two sides DE, DF, each to 
each, namely, AB to DE, and AC to DF, but the ande 
^^^gresAer than the angle EDF\ \h^ baaa BC ahall dq 
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greater than the base 
EF. 

Of the two sides 
DEy DF, let DB be 
the side which is not 
greater than the other. 
At the point D in 
the straight line DE, 
make the angle EDG 
equal to the angle 
BAG, [1. 23. 

and make DG equal to ^(7 or DFy [I. 3. 

and jom EG, GF. 

Because AB is equal to DE, [Hypothesis. 

and AC io DG ; IConstrwiion, 

the two sides BA, AC are equal to the two sides ED, DG, 
each to each ; 

and the angle BAC is equal to the angle EDG ; [Constr. 

therefore the base BC is equal to the base EG. [I. 4. 

And because DG is equal to DF, [Construction. 

the angle DGF is equal to the angle DFG. [I. 5. 

But the angle DGF is greater than the angle EGF. [Ax. 9. 

Therefore the angle DFG is greater than the angle EGF, 

Much more then is the angle EFG greater than the angle 
EGF. [Axiom 9. 

And because the angle EFG of the triangle EFG is 
greater than its angle EGF, and that the greater angle is 
subtended by the greater side, [I. 19. 

therefore the side EG is greater than the side EF, 

But EG was shewn to be equal to BC; 

therefore BC is greater than EF. 

Wherefore, if two triangles &c. q.e.I). 



PROPOSITION 25. THEOREM. 

If two triangles have two sides qf the one equal lo t-woo 
^u^ q/'iAe ofher^ each, to each, ^ut t?ie base o/ th* cy*^ 
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greater than the base of the other, the angle contained by 
the sides of that which has ihs greater base, shall be 
greater than tJie angle contained by the sides equal to 
them, of the other. 

Let ABC, DBF be two triangles, which have the two 
sides AB, AC equal to the two sides I>E, DF, each to 
each, namely, AB \s^ BE, and -^C' to DF, but the base 
he greater than the base EF\ the angle BAC shall 
be greater than the angle 
EDF, 

For if not, the angle 
BACvaw&i be either equal 
to the angle EDF or less 
than the angle EDF, 

But the angle BAC is not 
equal to the angle EDF, 
for then the base BC 
would be equal to the base EF; [I. 4. 

but it is not ; [ffypotkests. 

therefore the angle BAC is not equal to the angle EDF, 

Neither is the angle BAC less than the angle EDF, 

for then the base BC would be less than the base EF; [1. 24. 

but it is not ; [Hypothesis, 

therefore the angle BAC is not less than the angle EDF, 

And it has been shewn that the angle BAC is not equal 
to the angle EDF. 

Therefore the angle BAC is greater than the angle EDF, 

Wherefore, if two triangles &c. q.e.d. 

PROPOSITION 26. THEOREM, 

If two triangles have two angles cf the one equal to two 
angles of the other, each to each, and one side equal to 
one side, namely, either the sides adjacent to the equal 
angles, or sides which are opposite to eqiud angles in each, 
then shall the other sides be equal, each to each, and also 
the third angle qf the one equal to the third angle of the 
other. 

Let ABC, DEF be two triangles, which have the 
p^^i^9^BO, BCA equal to the aiiglea DEF, EFD,«mAv 
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to eadi, namely, ABC to DBF, and BGA to EFD ; and 
let them have also one side equal to one side ; and first let 
those sides be equal which are adjacent to the equal angles 
in the two triangles, namely, BG to EF\ the other sides 
shall be equal, each to each, namely, AB to DE^ and 
AC to 2>i^and the third 
angle BAG equal to the -{^ 
third angle EDF. 

For if AB be not 
equal to DE^ one of them 
must be greater than the 
other. Let AB be the 
greater, and make BQ 
equal to DE, [L 3. 

and join GG. 

Then because QB is equal to DE^ \Cynxtrwiim, 

and BC to EF ; [ffypothesis. 

the two sides GB, BC are equal to the two sides DE, EF, 
each to each ; 

and the angle GBG is equal to the angle DEF ; [Hypotketis. 

therefore the triangle GBC is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 

therefore the angle GCB is equal to the angle DFE. 

But the angle DFE is equal to the angle AGB. [Hypothesit. 

Therefore the angle GCB is equal to the angle AGB, [Ax, I. 

the less to the greater ; which is impossible. 

Therefore AB is not unequal to DE, 

that is, it is equal to it ; 

and BC is equal to EF ; [ffypotheaU, 

therefore the two sides AB, BG are equal to the two sides 
DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF; [HypothesU, 

therefore the base AC i% equal to the baAQ DF^ «Si<^ >(^^ 
ihird angle BAG to the third angle JSDP. \^^ '^ 
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[Construction. 
[Hypothesis, 



Next, let sides which are opposite to equal angles in 
each triangle be equal to one another, namely. AB to 
DE : likewise in this case the other sides shall be equal, 
each to each, namely, BG to EF, and AC to DF, and 
also the third angle J?^ (7 equal to the third angle EDF, 

For if BC be not 
equal to EF, one of them 
must be greater than 
the other. 

Let BC be the greater, 
and make BH equal to 
EF, [I. 3. 

and join ^i7. * H C 

Then because BH is equal to EF, 
md AB to DE; 

the two sidls AB, BHore equal to the two sides DE, EF, 
each to each ; 

and the soigleABHis equal to the dXigleDEF ; [Hypothesis, 

therefore the triangle ABH is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 

therefore the angle BHA is equal to the angle EFD. 

But the angle EFD is equal to the angle BCA. [Hypothesis, 

Therefore the angle BHA is equal to the angle BCA ; [Ax,l, 

that is, the exterior angle BHA of the triangle AHC is 

equal to its interior opposite angle BCA ; 

which is impossible. P* 16. 

Therefore BCis not unequal to EF, 

that is, it is equal to it ; 

and AB is equal to DE ; [Hypothesis. 

therefore the two sides AB, BC are equal to the two sides 

DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF; [Hypothesis. 

therefore the base AC is equal to the base DF, and the 
third angle BAC to the thu-d angle EDF. [I. 4. 

Wherefore, if two triangles &c. qjld. 
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PROPOSITION 27. THEOREM. 

If a straight line falling on two other straight linee^ 
maJee the alternate angles equal to one another, the two 
straight lines shall be parallel to one another. 

Let the straight line EF, whidi falls on the two straight 
lines AB, CD, make the alternate angles AEF, EFD 
equal to one another : AB shall be parallel to CD. 

For if not, AB and CD, being produced, will meet 
either towards B, D or towards A, C Let them be pro- 
duced and meet towards B, D at the point Q. 




Therefore GEF\& a triangle, and its exterior angle AEF 
is greater than the interior opposite angle EFG ; [1. 16. 

But the angle AEF is also equal to the angle EFG ; [JTjp. 
which is impossible. 

Therefore AB and CD being produced, do not meet to- 
wards^, D. 

In the same manner, it may be shewn that they do not 
meet towards A, G. 

But those straight lines which being produced ever so fiu* 
botii ways do not meet, are parallel. [Definition 85. 

Therefore AB is parallel to CD. 

Wherefore, if a straight line &c. q.e.d. 

PROPOSITION 28. THEOREM. 

If a straight line falling on ttto other straight linesy 
make the exterior angle equal to the interior and opposite 
angle on the same side of the line, or make ihA iuterxcyf 
angles on the same side together eqiud to tuDO rigKt augUft^i 
s^Ae ffco ^frm^M lines shall beparaUd to one auotb.er« 
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Let the straight line EF, which falls on the two 
straight lines AB, CD, make the exterior angle EGB 
equal to the interior and opposite angle GHD on the same 
side, or make the interior angles on the same side BGH, 
GHD together equal to two right angles : AB shall be 
parallel to CD, 

Because the angle EGB is 
equal to the angle GHD, [Hyp, 

and the angle J^6r^ is also equal 
to the angle ^G^^, [1.16. 

therefore the angle AGH is 
equal to the angle GHD\ [Ax.\. 

and they are alternate angles ; 

therefore AB is parallel to 

CD, [I. 27. 

* Again; because the angles BGH, GHD are together 
equal to two right angles, [Hypothesis, 

and the angles AGH, BGH ore also together equal to two 
right angles, [1. 13. 

therefore the angles AGH, BGH are equal to the angles 
BGH, GHD. 

Takeaway the common angle BGH-, therefore the remaining 
angle u!l6r^^ is equal to the remaining angle GHD\ [Aa»om 3. 

and they are alternate angles ; 

therefore AB is parallel to CD, fl. 27. 

Wherefore, if a straight line &c. q.b.d. 



PROPOSITION 29. THEOREM. 

If a straight line fall on two parallel straight lines, 
it makes the alternate angles equal to one another, and 
the exterior angle equal to the interior and opposite angle 
on the same side; and also the two interior angles on 
the samA side together equal to two right angles. 

Let the straight line EF fall on the two parallel 
straight lines AB, CD : the alternate angles AGH, GHD 
shall be equal to one another, and the exterior angle 
'^^^ sball be eqtmL to the interiox uad. oyv^^aXft «a.^\a 
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on the same side, GHD, and the two interior angles on 
the same side, BGH^ GHD^ shall be togeUier equal to two 
right angles. 

For if the angle AGH be 
not equal to the angle GHD^ 
one of them most 1^ g^reater 
than the other ; let the angle 
AGH be the greater. 

Then the angle A GH is greater 
than the angle GHD ; • 

to eadi of them add the angle 
BGH', 

therefore the angles AGH^ BGH are greater than the 
angles BGH, GHD. 

But the angles AGH^ BGH are together equal to two 
right angles ; [1. 18. 

therefore the angles BGH, GHD are together less than 
two right angles. 

But if a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it, taken 
together, less than two right angles, these straight lines 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two 
right angles. [Ajciom 12. 

Therefore the straight lines A By CD, if continually pro- 
duced, will meet. 

But they never meet, since they are parallel by hypothesis. 

Therefore the angle AGH is not unequal to the angle 
GHD ; that is, it is equal to it. 

But the angle AGH is equal to the angle EGB. [I. 15. 

Therefore the angle EGB is equal to the angle GHD. [Ax. I, 

Add to each of these the angle BGH. 

Therefore the angles EGB, BGH are equal to the angles 
BGH, GHD. [Axiom 2. 

But tJie angles EGB, BGH are together equal to two 
right angles. [I. 13. 

Therefore the angles BGH, GHD are together equal i» 
two ri^^t angles. VA^vmmw^- 

Wha^ore, if a straight line &€• Q.&J>. 
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PBOPOSITION 30. THEOREM. 

Straight lines which are parallel to t?ie same straight 
line are parallel to each other. 

Let AB, CD be each of them parallel to EF-, AB 
shall be parallel to CD, 

Let the straight line QHK 
cut ABy EF, CD, 

Then, because GHK cuts 
the parallel straight lines AB, 
EF, the angle AGH is equal 
to the angle GHF. [I. 29. 

Again, because GK cuts 
the parallel straight lines EF, 
CD, the angle GHF is equal 
to the angle GKD. [I. 29. 

And it was shewn that the 

angle AGK is equal to the angle GHF. 

Therefore the angle A GK is equal to the angle GKD ; [Ax. 1, 

and they are alternate angles ; 

therefore ^^ is parallel to CD. [I. 27. 

Wherefore, straight lines &c. Q.E.D. 

PROPOSITION 31. PROBLEM. 

To draw a straight line through a given point paraM 
to a given straight line. 

Let A be the given pomt, and BC the given straight 
line : it is required to draw a straight line through the 
point A parallel to the straight line BC. 

In BC take any point 
2>, and join AD ; at the 
point A in the straight 
tine AD, make the angle 
DAE equal to the angle -s — 

ADC\ [L23. •" 

and produce the straight line EA to F. 

jK^ shall be pajrailel to BC. 
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Because the straight line AD^ whidi meets the two 
straight lines BC^ EF^ makes the alternate angles EAD^ 
ADV equal to one another, [CamgirwetitnL. 

£F is parallel to ^(7. [L 27. 

Wherefore tJie $traight UnsEAFu drawn ihnmgh Uu 
given point A, parallel to the given straight line BC qAM, 

PROPOSITION 32. THEOREM. 

If a eide qf any triangle he produced, the exterior 
angle is equal to Die two interior and opposite angles; 
and the three interior angles qf every triangle are toge- 
ther eqtuU to two right angles. 

Let ABC be a triangle, and let one of its sides BC 
be produced to D : the exterior angle A CD shall be equal 
to the two interior and opposite angles C^^^, ABC; and 
the three interior angles of the trumgle, uamelj, ABCf 
BCA, CAB shall be equal to two right angles. 

Through the point Cdraw 
CE parallel to AB. [I. 31. 

Then, because ABia par- 
allel to C^, and -4(7 fidls on 

them, the alternate angles b" tf b 

BAC, ACE are equal £L 29, 

Again, because AB is parallel to CE, and BD &lls on 
them, the exterior angle ECB is equal to the interior and 
opposite angle ABC, [I. 29. 

But the angle ACE was shewn to be equal to the ang^e 
BAC; 

therefore the whole exterior angle ACD is equal to the 
two interior and opposite angles CAB, ABC. [Axiom 2. 

To each of these equals add the angle ACB ; 

therefore the angles ACD, ACB are equal to the three 
angles CBA, BAC, ACB, [Axiom 2. 

But the angles ACD, ACB are together equal to two right 
angles ; [1. 13. 

therefore also the angles CBA, BAC, ACB are t»^<^t>\\<^T 
equal to two right angles, \k'3Skfm.\n 

Wherefore, if a side qfany triarigle &c. <i.i^.i>. 
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CoROLLART 1. All the interior angles of any recti- 
lineal figure^ together with four right angles, are equal to 
ttoice as many right angles as the figure has sidef. 

For any rectilineal figure ABODE can be divided into 
as many triangles as the figure has sides, by drawing 
straight lines from a point F within the figure to each of 
its angles. 

And by the preceding proposition, 
all the angles of these triangles are 
equal to twice as many right angles 
as there are triangles, that is, as the 
figure has sides. 

And the same angles are equal to the 
interior angles of the figure, together 
with the angles at the point F, which 
is the common vertex of the triangles, 

that is, together with four right angles. [I. 15. Corollary 2. 

Therefore all the interior angles of the figure, together with 
four right angles, are equal to twice as many right angles 
as the figure has sides. 

Corollary 2. All the exterior angles of any recti- 
lineal figure are together eqvM tofmr right angles. 

Because every interior angle 
ABC, with its adjacent exterior 
angle ABD, is equal to two 
right angles ; [I. 13. 

therefore all the interior angles 
of the figure, together with all 
its exterior angles, are equal to 
twice as many right angles as 
the figure has sides. 

But> by the foregoing Corollary all the interior angles of the 
fig^ire, together with four right angles, are equal to twice 
as many right angles as the figure has sides. 

Therefore all the interior angles of the figure, together with 
all its exterior angles, are equal to all the interior angles of 
the figure, together with four right angles. 

Therefore all the exterior angles are equal to four right 
ADg^lea, 
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PBOPOSmON 33. THEOREM. 

Hie straight lines fchich join the extremities qf two 
equal and parallel straight lines towards the same parts, 
are also themselves equal and parallel. 

Let AB and CD be equal and parallel straight lines, 
and let them be joined towards the same parts by the 
straight lines AG and BD : AC and BD shall be equal 
and pe^ralleL 

Join BC 

Then because ^^ is par- 
allel to CD, [Hypothms. 
and BC meets them, 

the alternate angles ABC, 
BCD are equal [I. 29. 

And because ^^ is equal to CD, [Hypothesis. 

and BG is common to the two triangles ABC, DGB ; 
the two sides AB, BC are equal to the two sides DC, CB, 
each to each ; 

and the angle ABC was shewn to be equal to the angle 
BCD, 

therefore the base AC Sa equal to the base BD, and the 
triangle ABC to the triangle BCD, and the other angles 
to the other angles, each to each, to which the equal sides 
are opposite ; [I. 4. 

therefore the angle ACB is equal to the angle CBD. 

And because the straight line BC meets the two straight 
lines AC, BD, and makes the alternate angles ACB, cSd 
equal to one another, AC is pandlel to BD. [I. 27. 

And it was shewn to be equal to it. 

Wherefore, the straight lines &c. q.e.d. 

PROPOSITION 34. THEOREM. 

The opposite sides and angles of a parallelogram are 
equal to one another, and the diameter bisects the par- 
allelogram, that is, divides it into two eqiuxi parts. 

Note. A parallelogram is a fonr-sided figure of whlcb. tlkA 
oppofldte sides are paralJel; and a diameter ia \iiie %ViT«i\^\> 'W*^ 
jomii:^ two of its oppoeite angles. 
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Let AGDB be a parallelogram, of which BG is a 
diameter ; the opposite sides and angles of the figure shall 
be equal to one another, and the diameter BC shall bi- 
sect it. 

Because ^^ is parallel 
to (7/>, and BG meets them, 
the alternate angles ABG, 
BCD are equal to one an- 
other. [I. 29. 

And because AG \^ parallel 

to BD, and BG meets them, 

the alternate angles AGB^ CBD are equal to one 

another. [1. 29. 

Therefore the two triangles ABG, BGD have two angles 
ABG, BGA in the one, equal to two angles DCB, GBD in 
the other, each to each, and one side BG is common to the 
two triangles, which is adjacent to their equal angles ; 

therefore their other sides are equal, each to each, and 
the third angle of the one to the third angle of the other, 
namely, the side AB equal to the side GD, and the side 
AG equal to the side BD, and the angle BAG equal to the 
angle GDB, [1. 26. 

And because the angle ABG is equal to the angle BGD^ 

and the angle GBD' to the angle AGB, 

the whole angle ABD is equal to the whole angle AGD. [Ax, 2. 

And the angle BAG has been shewn to be equal to the 
angle GDB. 

Therefore the opposite sides and angles of a parallelogram 
are equal to one another. 

Also the diameter bisects the parallelogram. 

For AB being equal to GD, and BG common, 

the two sides AB, BG are equal to the two sides DG, GB 
each to each ; 

and the angle ABG has been shewn to be equal to the 
angle BGD j 

therefore thetriangle-4^(7is equal to the triangle -5(72), [1. 4. 

and the diameter BG divides the parallelogram AGDB 
into two equal parts. 

Wbereforey the opposite sides &c. (^iltj. 
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PROPOSITION 35. THEOREM. 

Parallelograms on the same hose, and between the same 
parallels, are equal to one another. 

Let the panUlelograms ABCI>, EBGF be on the same 
baae BC, and between the sameparsdlels AF^ BC : thepnral- 
lelogram ABGD shall be equal to the parallelogram EbGF. 

If the sides AD, DF of 
the parallelograms ABCD, 
DBCP, opposite to the base 
BGy be terminated at the same 
point />, it is plain that each of 
the parallelograms is double of 

the triangle BDG; [I. 84. 

find they are therefore equal to one another. [Axiom 6. 

But if the sides AD, EF, opposite to the base BG 
of the parsdlelo- 
mims ABGD, 
EBGF be not 
terminated at 
the same pointy 
then, because 
ABGD is a par- 
allelogram AD is equal to BG ; [I. 34. 
for the same reason EF is equal to BG\ 
therefore AD is equal to EF\ [Axiom 1. 
therefore the whole, or the remainder, ^^ is equal to the 
whole, or the remainder, DF, [Axioms 2, 3. 

And AB is equal to DG ; [I. 34. 

therefore the two sides EA, AB are equal to the two sides 
FD, DG each to each ; 

and the exterior angle FDG is equal to the interior and 
opposite angle EAB ; [I. 29. 

therefore the triangle EAB is equal to the triangle 
FDG, [r. 4. 

Take the triangle FDG from the trapezium ABGF, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal ; [Axiom 3. 

that is, the parallelogram ABGD is eqiosl to \\v<& ^<dxv)^<^^ 
gram JS!^(7J^. 

Wherefore, parallelograms on the same^cue %w^ o."*^^- 
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PBOPOSmON 36. THEOREM. 

ParaUdogram* on equal ba^es, (md between the eame 
paralleUy are equal to one another. 

Let ABCD, EFGH be paraQelograins on equal bases 
BC, FO, and between the same parallels AH, BGi the 
parallelogram ABCD shall be equal to the parallelogram 
EFGH. 

Jom BE, CH. 

Then, because BC 
is equal to FG, [Hyp. 

and/V3^to^Zr,[I.84. 

BC is equal to 

EH', [Axiom 1. B C F 

and they are parallels^ [Hypothesis. 

and joined towards the same parts by the straight lines 
BE, CH 

But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts are them- 
selves equal and parallel. [I. 83. 

Therefore BE, CHaxQ both equal and parallel 

Therefore EBCH is a parallelogram. [Definition. 

And it is equal to ABCD, because they are on the same 
base BC, ana between the same parallels BC,AH [I. 35. 

For the same reason the parallelogram EFGH is equal 
to the same EBCH 

Therefore the parallelogram ABCD is equal to the par- 
allelogram EFGH [Axiom 1. 
Wherefore, parallelograms &c. q.b.d. 

PROPOSITION 37. THEOREM. 

Triangles on the same base, and between ths same par^ 
aUels, are equal. 

Let the triangles ABC, 
DBC bo on the same base 
BCy and between the same 
parallels AD,BC\ the tri- 
angle ABC shall be equal 
to the tntingle DBC. 

Produce AB both ways 
to the points JB, JF; [Post. 2. 
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through B draw BE parallel to CA^ and through C draw 
CF parallel to BD. [T. 81. 

Then each of the figures EBGAy DBCF is a parallelo* 
gram ; [Definition, 

and EBCA is equal to DBCFy because they are on the same 
base BGy and between the same parallels BC^ EF, [I. 35. 

And the triangle ABG\& half of the parallelogram EBCA, 
because the diameter ^^ bisects the parallelogram ; [I. 84. 

and the trianglo DBC is half of the parallelogram DBCF^ 
because the <Sameter DC bisects the parallelogram. [I. 84. 

But the halyes of equal things are equal [Axiom 7. 

Therefore the triangle ABC is equal to the trismgle DBC, 

Wherefore, triangles &a q.e.d. 

PBOPOSITION 38. THEOREM. 

Trianglei on eqttal bases, and between the same par- 
€UlelSy are equal to one another. 

Let the triangles ABC, DEF be on equal bases BC, 
EF, and between the same parallels BF, AD : the triangle 
ABC shall be equal to the triangle DEF, 

Produce-42>both 

ways to the points ^ ^ ^ H 

G,H; 

through B draw BO 
pandlel to CA, and 
through F draw FH 

paraUelto-KZ).[I.31. b C — E 

Then each of the 
figures GBCA, DEFH is a parallelogram. [Definition, 

And they are equal to one another because they are on 
equal bases BC, EF, and between the same parallels 
BF, QH, [1. 36. 

And the triangle ABC is half of the parallelogram GBCA, 
because the diMneter-4^ bisects the parallelogram ; [I. 84. 
and the triangle DEF is half of the parallelogram DEFH, 
because the (Sameter DF bisects the parallelogram. 
But the halves of equal things are equal. [Axi<m 7. 

Therefore the triangle ABC is equal to l\ie ^.msi'gi^ BEF, 
Wherefore, triangles &c. q.e.i>. 
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PROPOSITION 89. THEOREM, 

Equal triangles on the same base, and on the same 
side qf it, are between the same parallels. 

Let the equal triangles ABC, DBC be on the same 
base BCi and on the same side of it : they shall be be- 
tween the same parallels. 

Join AD. 

AD shall be parallel to BG. 

For if it is not, through A draw 
AE parallel to BC, meeting BD 
at E. [I. 31. 

and join EG, B ^ 

Then the triangle ABG is equal to the triangle EBC, 
because they are on the same base BC, and between the 
same parallels BG, AE. [I. 87. 

But the triangle ABG la equal to the triangle DBG. {Hyp. 

Therefore also the triangle DBG is equal to the triangle 
EBC, [AQcAom 1. 

the greater to the less ; which is impossible. 

Therefore AE is not parallel to BG, 

In the same manner it can be shewn, that no other 
straight line through A but ^2> is parallel to BC ; 

therefore AD\& parallel to BG. 

Wherefore, equal triangles &c. Q.B.D. 

PROPOSITION 40. THEOREM. 

Equal triangles^ on equal bases, in the same straight line, 
and on the same side qjf it, are between the same parallels. 

Let the equal triangles A BG, DEF be on equal bases 
BGy EF, in the same straight line BF, and on the same 
side of it : they shall be between the same parallels. 

Join AD. 

AD shall be parallel to BF, 

For if it is not, through A 
draw AG parallel to BF, 
meetin^r ED at Q [1. 81. 
suidjoin OjFI 
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Then the triangle ABC is equal to the triangle GEF^ g 

because they are on equal bases BC, EF, and between 
tiie same parallels. [L 38. 

But the triangle ABC is equal to the triangle DEF, [Hyp. 

Therefore also the triangle DEF is equal to the triangle 
GEFy [Axiom 1. 

the greater to the less ; which is impossible. 

Therefore AG is not parallel to BF, 

In the same manner it can be shewn that no other 
straight line through A but ^2> is parallel to BF; 

therefore AD is parallel to BF, 

Wherefore, equal triangles &c. q.e.d. 

PROPOSITION 41. THEOREM, 

If a parallelogram and a triangle he on the sams bene 
and between the same parallels ^ ths parallelogram shall he 
double qf the triangle. 

Let the parallelogram ABCD and the triangle EBO be 
on the same base SC, and between ttke same parallels 
BO, AE : the parallelogram ABCD shall be double of the 
triangle EBC, 

Join AC, 

Then the triangle ABC 
is equal to the triangle EBC^ 
hecaxiae they are on • the same 
base BC, and between the same 
parallels BC, AE. [I. 37. 

But the parallelogram ABCD 
is double of the triangle ABC, 
because the diameter A C bisects the parallelogram. [J. 34. 

Therefore the parallelogram ABCD is also double of the 
triangle EBC, 

Wherefore, \f a parallelogram &c. q.b.d. 
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PEOPOSITION 42. PROBLEM. 

To describe a parallelogram that shall he equal to a 
given triangle, and have one of its angles eqiud to a given 
rectilineal angle. 

Let ABC be the giyen triangle, and 2) the given recti- 
lineal angle : it is required to describe a parallelogram that 
shall be equal to the given triangle AEVf and have one of 
its angles equal to D. 

Bisect BCsiE: [1. 10. 

join A By and at the point 
Ef in the straight line EC, 
make the angle CEFeqi^tl 
to2>; [1.23. 

through A draw AFG 
parallel to EC, and through 
C draw CG parallel to 
EF. [I. 31. 

Therefore FECG is a parallelogram. [D^nitim, 

And, because BE is equal to EC, [Construction. 

the triangle ABE is equal to the triangle AEC, because 
they are on equal bases BE, EC, and between the same 
parallels BC, AG, p. 38. 

Therefore the triangle ABC is double of the triangle AEC, 

But the parallelogram FECG is also double of the triangle 
AEC, because they are on the same base EC, and between 
the same parallels EC, AG. [I. 41. 

Therefore the parallelogram FECG is equal to the triangle 
ABC ', [Axiom 6. 

and it has one of its angles CEF equal to the given angle 
D. [Construction. 

Wherefore a parallelogram FECG has been described 
eqtuil to the given triangle ABC, and having one of its 
angles CEF equal to the given angle D. Q.B.P. 
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PROPOSITION 43. THEOREM, 

The complements of the paraUelogramg which are dboui 
the diameter qf any parallelogram^ are eqiMl to one 
another. 

Let ABCD be a parallelogram, of which the diameter 
\a AC \ and EH, GF parallelograms about AC, that is, 
through which AC passes ; and BK, KD the other paral- 
lelograms which make up the whole figure ABCD, and 
which are therefore called the complements : the comple- 
ment BK shall be equal to the complement JCD, 

Because ABCD is a 
parallelogram, and AC its 
diameter, the triangle ABC 
is equal to the triangle 
ADO. [1. 34. 

Again, because AEKH is 

a parallelogram, and AK 

its diameter, the triangle 

AEK is equal to the triangle 

AHK. [I. 34. 

For the same reason the triangle KQC is equal to the 

triangle KFC 

Therefore, because the triangle AEK is equal to the tri- 
angle AHK, and the triangle KGG to the triangle KFC ; 
the triangle AEK together with the triangle KGC is equal 
to the triangle -4 ^JT togetherwith the triangle KFC. \Ax, 2. 

But the whole triangle ABC was shewn to be equal to the 
whole triangle ADC. 

Therefore the remainder, the complement BK, is equal to 
the remainder, the complement KD, \Avwm 3. 

Wherefore, the com^plements &c. q.b.d. 



PROPOSITION 44. PROBLEM. 

To a given straight line to apply a paroilftloQTaNt^ 
which shall he eqiud to a given triongle, aud Ivati^ w^ 
C/^/^ an^fles equal to a given reciiXxntoX angU, 
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Let AB be the given straight line, and C the giTon 
triangle, and D the given rectilineal angle : it is required 
to apply to the straight line AB 2i. parallelogram equal to 
the triangle C, and having an angle equal to 2>. 





Make the parallelogram BEFO equal to the triangle 
C, and having the angle EBG equal to the angle D, so 
that BE may be in the same straight line with AB ; [1. 42. 

produce FG to H\ 

through A draw AH parallel to BG or EF, [I. 81. 

and join HB, 

Then, because the straight line i7i^ falls on the parallels 
AH, EFj the angles AHF, HFE are together equal to 
two right angles. [I. 29. 

Therefore the angles BHFt HFE are together less than 
two right angles. 

But straight lines which with another straight line make the 
interior angles on the same side together less than two right 
angles will meet on that side, if produced far enough. [Ax. 12. 

Therefore HB and FE will meet if produced ; 

let them meet at K, 

Through K draw KL parallel to EA or FH ; [L 3L 

and produce HAy GB to the points Z, M. 

Then HLKF is a parallelogram, of which the diameter 
is HK\ and AG^ ME are parallelograms about HK\ and 
LBy BF are the complements. 

Therefore LB is equal to BF, [L 43. 

But BF ii equal to the triangle (7. [Coratruction. 

Tlierefore ZJBiB equal to the triangle C \Agw«a \. 
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Aiidbeaui8etheiiigle&^^iseq[iultotheaii^e^J?ir,[U5. 

and likewise to the angle D ; [dmstmetim. 

the angle ABM is equal to the angle 2>. [ilxioM 1. 

Wherefore to the given straight line AB the paraUdo- 
gram LB is applied, equal to the triangle C, and hadmg 
the angle ABM equal to the angle D. q.k.f. 

PROPOSITION 45. PROBLEM. 

To describe a parallelogram equal to a gir^n reetilinetd 
figure^ and having an angle equal to a given reUUineal 
angle. 

Lei ABCD be the giren rectilmeal figure, and E the 
giren rectilineal angle: it is required to describe a par- 
allelogram equal to ABC£>, and having an angle equal to £, 




L 




H M 



Join DBj and describe the parallelogram FH equal to 
the triangle ADB, and having the angle FI^H equal to the 
angle B; [I. 42. 

and to the straight line GH i^ply the parallologram GM 
equal to the triangle DBG, and having the angle GHM 
equal to the angle E, [I. 44. 

The fig^ire FKML shall be the parallelogram required. 

Because the angle E is equal to each of the angles FKH^ 
GHMy \Q(mitrwitvm, 

the angle FKH\& equal to the angle GHM. [AvAm. 1. 

Add to each of these equals the angle KHG ; 

therefore the angles FKH, KHG are equal to the angles 
KHG, GHM. U«4om 2. 

But jPJTff; KHO aretogetherequaltotYrot\^\iV.Wi^^\\V.^^, 
tbereforeKITG, GffMwce together e<^\x«lU> 1>no T\^\.wy\^^i 
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C K 

And because at the point H in the straight line GH, the 
two straight lines A/f, HM, on the opposite sides of it, 
make the adjacent angles together equal to two right angles^ 
KH is in the same straight line with HM, [I. 14. 

And because the straight line HG meets the parallels 
KMy FGy the alternate angles MHG, HGFa,re equal. [1. 29. 

Add to each of these equals the angle HGL ; 

therefore the angles MHG, HGL, are equal to the angles 
HGF, HGL. [Axiom 2. 

But MHG,HGLsiTe together equal to two right angles; [T. 29. 

therefore HGF, HGL are together equal to two right angles 

Therefore FG is in the same straight line with GL, [1. 14. 

And because ^jPis parallel to HG, and HG to ML,[Con8tr. 

KF is parallel to ML ; [I. 30. 

and KM, FL are parallels ; [(7<ms^n«c<Mm. 

therefore KFLM is a parallelogram. [Definitt(m, 

And because the triangle ABD is equal to the parallelo- 
gram HF, [Construction, 

and the triangle DBG to the parallelogram GM; [Constr. 

the whole rectilineal figure ABCD is equal to the whole 
pai*allelogram KFLM, [Axiom 2, 

Wherefore, the parallelogram KFLM has been de- 
scribed equal to the given rectilineal ^ure ABCD, and 
having the angle FKM equal to the given angle E, q.b.p. 

Corollary. From this it is manifest, how to a given 
straight line, to apply a parallelogram, which shall have an 
angle equal to a given rectilineal angle, and shall be equal 
to a given rectilineal figure ; namely, by applying to the 
given straight line a parallelogram equal to the first tri- 
Bng-leAB^, and having an angle equal to the g\ven angle ; 
andso on, \\.% ^'^ 
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PROPOSITION 46. PROBLEM. 

To describe a square on a given straight line. 

Let AB \)Q the given straight line : it is required to 
describe a square on AB. 

From the point A draw AC 
at right angles to ^^; [1. 11. 

and make AD equal to AB ; [1. 3. 

through D draw DE parallel to 
AB ; and through B draw BE 
parallel to AD, [I. 31. 

ADEB shall be a square. 

For ADEB is by construction 
a parallelogram ; 

therefore ^^^ is equal to DE^ 
and AD to BE, [I. 34. 

But ^^ is equal, to AD, [Construction, 

Therefore the four straight lines BA, AD, DE, EB are 
equal to one another, and the paralielogram ADEB is 
equilateral [Axiom, 1. 

Likewise all its angles are right angles. 

For since the straight line AD meets the parallels ASy 
DE, the angles BAD, ADE are together equal to two 
right angles ; [I. 29. 

but BAD is a right angle ; [Construction, 

therefore also ADE is a right angle. [Axiom 3. 

But the opposite angles of parallelograms are equal [I. 34. 

Therefore each of the opposite angles ABE, BED is a 
right angle. [Axiom t 

Therefore the figure ADEB is rectangular; 

and it has been shewn to be equilateral 

Therefore it is a square. [Definition 30. 

And it is described on the given straight line AB. Q.E.F. 

CoKOLLABT. From the demonstration it is manife&t tbaAk 
every parallelogram which has one right 9a^\Q \kai& ^ *^i^ 
ta^Iea rj^bt angles. 
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PEOPOSITION 47. THEOREM. 

In any right-angled triangle, the square which U de- 
icribed on the side uUendlng the right angle is e^ual to 
the squares described on the sides which contain the right 
angle. 

Let ABC be a right-angled triangle, having the right 
angle BAG : the square described on the side SC shall be 
equal to the squares described on the sides BA, AC, 

On BC describe 
the square BDEC, 
and on BA, AC de- 
scribe the squares 
OB.HC; [1.46. 
through A draw AL 
parallel to BD or 
CE ; [I. 31. 

and join -4/>, FC. 

Then, because the 
angle BAG is a right 
angle, [Hypothesis. 

and that the angle 

BAG is also a right 

ftligl©> [H^nition 30. 

the two straight lines ACy AG, on the opposite sides of 

AB, make with it at the point A the adjacent angles equal 

to two right angles ; 

therefore CA is in the same straight line with AG, [1. 14. 

For the same reason, AB and AH are in the same straight 

line. 

Now the an^e DBG is equal to the angle FBA, for each 
of them is a right angle. [Axiom 11. 

Add to each the angle ABC. 

Therefore the whole angle £>BA is equal to the whole angle 
FBG. [Axiom 2. 

And because the two sides AB, BD are equal to the two 
sides FBy BC, each to each ; [Definition 80. 

and the angle DBA is equal to the angle FBC ; 

therefore the triangle ABD is equal to the triangle 
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Now the parallelogram BL is double of the triangle 
ABI), because they are on the same base BD, and between 
the same parallels B£>, AL, [I. 41. 

And the square OB is double of the triangle FBC, because 
they are on the same base FB, and between uie same 
parallels FB, OC. [I. 41. 

But the doubles of equals are equal to one another. [Ax. 6. 

Therefore the parallelogram BL is equal to the square OB, 

In the same manner, by joining AE, BK, it can be 
shewn, that the parallelogram CL is equal to the square CH, 

Therefore the whole square BDEC is equal to the two 
squares OB, HC, [Axiom 2. 

And the square BDECiB described on BC, and the squares 
OB, HC on BA, AC. 

Therefore the square described on the side BC is equal to 
the squares described on the sides BA, AC. 

Wherefore, in any right-angled triangle &c. Q.B.D. 

PROPOSITION 48. THEOREM. 

If the iquare described on one of the sides of a tri- 
angle be equal to t?ie squares described on the other two 
sides qf it, the angle contained by these two sides is a 
right angle. 

Let the square described on BC, one of the sides of 
the triangle ABC, be equal to the squares described on 
the other sides BA, AC: the angle BAC shall be a right 
angle. 

From the point A draw AD at 
right angles U) AC; [1. 11. 

and make AD equal to BA ; [I. 3. 

and join DC, 

Then because DA is equal to 
BAi, the square on DA is equal to 
the square on BA, 

To each of these add the square 

on AC, 

Therefore the squares on DA, AC are eqvial \^ \i3ftfe ^cjjfsax^ 
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But because the angle DAG is a right angle, [Construction, 

the square on DCis equal to the squares on DAy AC. [I. 47. 

And, by hyp^othesis, the square on BC is equal to the squares 
on BA, AC. 

Therefore the square on DCia equal to the square on BC.[Ax.l, 

Therefore also the side DCia equal to the side BC. 

And because the side DA is equal 
to the side AB ; [Constr. 

and the side AC is common to the 
two triangles DAC, BAC \ 

the two sides DA, AC are equal to 
the two sides BA, AC, each to each ; 

and the base DC has been shewn to 
be equal to the base BC\ 

therefore the angle D AC is equal to the angle BAC. [I. 8. 

But D AC is a right angle ; [Construction, 

therefore also BAC is a right angle. [Axiom h 

"Wherefore, (/* the square &c. q,b.d. 




BOOK 11. 



DEFINITIONS. 



1. Eyebt right-angled parallelogram, or rectangle, is 
said to be contained by any two of the straight lines which 
contain one of the right angles. 

-2 In every parallelogram, any oi l\i© ip«bT«3\^o^«flccA 
aoou^ a diameter, together with tbi© two com'\)\eTaRSOL\A,N& 
^^»l/ed a Gnomon. 
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Thus the parallelogram HG^ 
together with the complements 
JH*^ FC, is the gnomon, which is 
more briefly expressed by the let- 
ters AGK, or EHC, which are at 
the opposite angles of the parallelo- 
grams which make the gnomon. 




PROPOSITION 1. THEOREM. 

If there he two straight lines, one of which is divided 
into any number qf parts, the rectangle contained by the 
two straight lines is equal to t?ie rectangles contained by 
the undivided line, and the several parts qfihe divided line. 

Let A and BG be two straight lines ; and let BG be 
divided into any number of pai'ts at the points D,E\ the 
rectangle contained by the straight lines A, BG, sludl be 
equal to the rectangle contained by A, BD, together with 
that contained by A, DE, and that contained by A, EG. 

From the point B di'aw BF 
at right angles to BG ; [1. 11. 

and make BG equal to A ; [I. 3. 

through O draw GH parallel 
to BG\ and through D, E, G 
draw DK, EL, GH, parallel 
to BG. [1. 31. 

Then the rectacgle BH 
is equal to the rectangles 
BK, DL, EH, 

But BH is contained by A, BG, for it is contained by 
GB, BG, and GB is equal to A. [Construction. 

And BK is contained by A, BD, for it is contained by 
GB, BD, and GB is equal to A ; 

and DL is contained by A, DE, because DK is equal to 
BG, which is equal to A ; \V.%^;« 

jad in like manner EH\& contained by A, EC. 
^If^r ^^^r^^^glo contained by A, BC \% ^s^^'^^ 

Wherefore, if there be ttoo straight line* &^ ^-^^^ 
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PKOPOSITION 2. THEOREM. 

If a straight line he divided into any ttoo parts, tJu 
rectangles contained by the tohole and each of the parts, 
are together equud to the square on the tohole line. 

Let the straight line AB be divided into any two parts 
at the point C: the rectangle contained by AB, BC, toge- 
ther with the rectangle AB, AC, shall be equal to the 
square on AB. 

[Note. To avoid repeating the word 
contained too frequently, the rectangle 
contained by two straight lines AB, AC 
is sometimes simply called the rectangle 
AB, AC] 

On AB describe the square 
ADEB ; [I. 46. 

and through C draw CF parallel 
to AD or BE. [1.31. 

Then AE is equal to the rectangles AF, CE. 

But AE is the square on AB. 

And AF ia the rectangle contained by BA, AC, for it is 
contained by DA, AC, of which DA is equal to BA ; 

and CE is contained by AB, BC, for BE is equal to AB. 

Therefore the rectangle AB, AC, together with the rect- 
angle AB, BC, is equal to the square on AB. 

Wherefore, if a straight line &c. q.e.d. 



PROPOSITION 3. THEOREM. 

Jf a straight line be divided into any tteo parts, the 
rectangle contained by the ichole and one of the parts, is 
equal to the rectangle contained by the two parts, together 
unih tPie sqicare on the aforesaid, part. 

Let the straight line AB be 6dVide^m\» «oli VN<i\Rfl?^ 
ft the point C: the rectangle AB, BG ^^ "^ ^^ ^ 
^e rectangle AC, CB, together mOi Oie wcasat^ ««^ ^^' 
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On ^C7 describe the sqnare CDEB\ 

produce ED to F^ and through A 4^ 
clraw-4^paralleltoC7)or^^. [1. 81. 

Then the rectangle AEi% equal 
to the rectangles AD, CE. 

But AE\% the rectangle contained 

by AB, BC, for it is contained 

by AB, BE, of which BE is equal 

to^C; 

and AD is contained by AC, CB, for CD is equal to CB ; 

and CE is the square on BC, 

Therefore the rectangle AB, BC is equal to the rectangle 
ACf CB, together with the square on BC, 

Wherefore, ifci straight line &c. q.e.d. 

PKOPOSITION 4. THEOREM, 

If a straight line he divided into any two parts, the 
sqttare on the whole line is equal to the squares on the two 
parts, together with twice the rectangle contained by the 
ttco parts. 

Let the straight line AB he divided into any two parts 
at the point C: the square on AB shall be equal to the 
squares on AC, CB, together with twice the rectangle con- 
tained by AC, CB. 

On AB describe the square 
ADEB ; [I. 46. 

join BD; through C draw CGF 
parallel to AD or BE, and through G 
dnLwHKpsLToMeiioAB or DE. [1.31. 

Then, because CF is parallel 
to AD, and BD falls on them, 
the exterior angle CGB is equal 
to the interior and opposite an- 
gle ADB ; [I. 29. 
but the angle ADB is equal to the angle ABD, [I. 5. 
because BA is equal to AD, being sides of a square ; 
therefore the angle CGB ia equal to the an^^ CBGr \ \Kx.V 
and therefore the aide CG is equal io t\ie «v^^ CB, \V, ^. 
Bat CBia also equal to GK, and GQ to BK \ \^- '^^ 
iberetore the Sgure CGKB is equilatexaV 
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It is Kkewise rectangular. For since CG is parallel to 
BK, and CB meets them, the angles jO(7, GCB are toge- 
ther equal to two right angles. [I- 29. 
But JT^C is a right angle. • [I. i)^»i<to» 30. 
Therefore GCB is a right angle. [A(XMm 3. 
And therefore also the angles GGK, GKB opposite to 
these are right angles. [I. 34. and Aixiam, 1. 

Therefore CGKB is rectangular; . ^C 

and it has been shewn to be equi- ^ 

lateral ; therefore it is a square, and 
it is on the side CB, 

For the same reason HF is also a 

Xare, and it is on the side HG^ 
ch is equal to -4(7. [I. 34. 

Therefore HF^ CK&re the squares 
on ACy CB. 

And because the complement AG is equal to the com- 
plement GE ; [I. 43. 

and that -46? is the rectangle contained by AC, CB, for 
CG is equal to CB ; 

therefore GE is also equal to the rectangle AC, CB, [Ax, 1. 

Therefore -46?, GEare equal to twice the rectangle -467, CB, 

And HF, CK are the squares on -467, CB. 

Therefore the four figures HF, CK, AG, GEBxe equal to 
the squares on AC, CB, together with twice the rectangle 
AC, CB, 

But HF, CK, AG, GE make up the whole figure ADEB, 
which is the square on AB, 

Therefore the square on ^^ is equal to the squares on 
AC, CB, together with twice the rectangle AC, CB, 

Wherefore, if a straight line &c. q.b.d. 

Corollary. From the demonstration it is manifest, 
that parallelograms about the diameter of a square are 
likewise squares. 

PEOPOSITION 5. THEOREM. 

If a straight line he divided into two equal parts and 
a^o mto two unequal parts, the rectanqlt contained b^j tA« 
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unequal parUy together with the square on the line between 
the points of section, is equal to the square on half the line. 

Let the straight line ^^ be divided into two equal 
parts at the point (7. and into two unequal parts at the 
point D : the rectangle AD,I>B, together with the square 
on CD, shall be equal to the square on CB. 

On CB describe the . r n R 

square (7JEF^; [1.46. ^ ^ -^^ 

join BE; through 2> draw 
DHG parallel to CE or BF; 
through ^draw KLMj^ybI- 
lei to uB or EF; and through 
A draw AK parallel to CL 
or BM. [I. 31. 

Then the complement CII is equal to the complement 
HF; [I. 43. 

to each of these add DM; therefore the whole CM is equsd 
to the whole DF, [Axiom 2. 

But OJf is equal to AL, [I. 36. 

because AC is equal to CB, [Hypothesis, 

Therefore also AL is equal to DF, [Axiom 1. 

To each of these add CII; therefore the whole -4-S is equal 
to DF and CII. [Axiom 2. 

But AH is the rectangle contained by AD, DB, for DH is 
equal to DB ; [II. i. Corollary. 

and i>-P together with CII is the gnomon CMG ; 

therefore the gnomon CMG isequal to the rectangle -4 Z),Z>-5. 

To each of these add LG, which is equal to the square on 
CD, [II. 4, Corollary, and I. 34. 

Therefore the gnomon CMG, together with LG, is equal to 
the rectangle AD,DB, together with the square on CD. [Ax.2, 

But the gnomon CMG and LG make up the whole figure 
CEFB, which is the square on CB, 

Therefore the rectangle AD, DB, together with the square 
on CD, is equal to the square on CB. 

Wherefore, if a straight line &c q.e.d. 

Prom this proposition it is manifest that tVve ^^etentfi^^l 
the squares on two unequal straight lines AG, CD,\a ^o^Miic 
io the rectangle contamed by their sum and ^^eieafia. 
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PROPOSITION 6. THEOREM. 

If a straight line be bisected, and produced to any 
pointy the rectangle contained by the whole line thus pro- 
duced, and the part of it produced, together with the 
squ/ire on half the line bisected, is equal to the square on 
the straight line which is made up of ths ha^f and the 
part produced. 

Let the straight line AB be bisected at the point C, 
and produced to the point D : the rectangle AD, DB, 
together with the square on CB, shall be equal to the 
square on CD. ^ q E— J) 

On CD describe the 
square CEFD ; [I. 46. 

join DE; through B draw 
BHG parallel to CE or 
DF\ through H draw 

KLM parallel to AD or ,, 

EF\ and through ^ draw E G F 

AK parallel to CL or DM. [I. si^ 

Then, because ^(7 is equal to CB, [Hypothesis. 

the rectangle A Lis equal to the rectangle CH; [I. 86. 
but CH is equal to HF; [I. 43. 

therefore also AL is equal to HF. [Axiom 1. 

To each of these add CM ; 
therefore the whole A Mis equal to the gnomon GMG. [Ax. 2. 

But AM is the rectangle contained by AD, DB, 
for DMia equal to DB. [II, 4, Corollary. 

Therefore the rectangle AD, DB is equal to the gnomon 
GMG. [Axiom 1. 

To each of these add LG, which is equal to the square on 
CB. [II. 4, Corollary, and I. 34. 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the gnomon CMG and the figure LG. 

But the gnomon CMG and LG make up the whole figure 
CEFD, which is the square on CD, 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the square on CD. 

Wherefore, if a straight line &c. q.ib.i>. 
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PROPOSITION 7. THEOREM. 

Xf a Hraight line he divided into any two parts, the 
squares on the whole line, and on one qf the parts, are 
eqtiol to twice the rectangle contained by ths whole and 
mat part, together with the sqtMtre on the other part. 

Let. the straight line AB be divided into any two 
parts at the point C: the squares on AB, BC shall be 
equal to twice the rectangle AB, BG» together with the 
square on AG, 

On AB describe the square 
ADEB, and construct the figure 
as in the preceding propositions. 

Then AG\& equal to GE\ [1. 4a 

to each of these add CK\ 

therefore the Tfrhole AK is equal to 
the whole CE ; 

therefore AK, CE are double of 
AK, 

But AK, CE are the gnomon AKF, together with the 
square CfK\ 

therefore the gnomon AKF, together with the square CK, 
is double of AK, 

But twice the rectangle AB, BC is double of AK, 
for BK is equal to BC. [II. 4, Corollary. 

Therefore the gnomon AKF, together with the square CK, 
is equal to twice the rectangle AB, BC, 

To each of these equals add HF, which is equal to the 
square on AC [II. 4, Corollary, and I. 84. 

Therefore the gnomon AKF, together with the squares 
CK, HF, is equal to twice the rectangle AB, BC, together 
with the square on AC, 

But the gnomon AKF together with the squares CK, HF, 
make up the whole figure ADEB and CK, which are the 
squares on AB and BC. 

Therefore the squares on AB, BC, are equal to twice the 
rectangle AB, BC, together with the square oil AG. 

Where/or^ if a straight line &c. q.¥1.T). 
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PEOPOSITION 8. TBEOREM. 

If a ttraighl line lie divided into any tJDO parU,/bur 
timet the rectangle contained by the whole line and one of 
tfte parts, together with the square on the other pari, it 
equal to the tqttare on the ttraight line which it made up 
qf the whole and that part. 

Let tiie Elraight line AB be divided into an; two porta 
at the point C: four times the rectangle AB, BC, together 
with the square on AC, ahalt bo equal to the square on the 
Btraight line made up of AB and BC together. 

Produce AB to Z>, so 
that BD ma; be equal 
to (75; IT-Mt. 2. and L 3. 

on AD describe the square 
AEFD; 

and construct two figures 
such as in the preceding 
propositiona 

Then, because CB is equal 
to BD, [Comtnction. 

and that CB is equal to GK, and BD to KN, [I. 8fc 

therefore OK is equal to KN. [Aiaom, 1. 

For the same reason PR is equal to RO. 
And because CB is equal to BD, and GK to KN, the rect- 
angle CK is equal to the rectangle BN, and the rectangle 
QR to the rectangle RN. [L 36. 

But GK'xB equal to RN, because the; are the completnentB 
of the parallelogram CO; [I, 43, 

therefore also BN is equal to GR. [Axiom 1. 

Therefore the four rectangles BN, CK, GS, SN are equal 
to one another, and so the four are quadruple of one of 
' them CK. 




Again, because CB is equal t< 
■nd that BD is equal to BK, 



aadibat G3 U eqa^ to GK, 



[CoiuffTiefioB, 

pi. i, CoTollaiy. 

[1.34. 

tl.34. 
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that is to GP ; [II. 4, Corollary, 

therefore CG is equal to GP, [Axiom 1. 

And because CG is equal to GP, and PR to RO, the 
rectan^e AG\^ equal to the rectangle MP, and the rect- 
angle PL to the rectangle RF. [I. 36. 

But J!fP is equal to PL, because they are the complements 
of the parallelogram ML ; [I. 43. 

therefore also AG\^ equal to RF, [AxUm 1. 

Therefore the four rectangles A G, MP, PL, RF are equal 
to one another, and so the four are quadruple of one of 
them AG, 

And it was shewn that the four CK, BN, GR and RN 
are quadruple of CK\ therefore the eight rectangles 
which make up the gnomon AOHbtq quadruple oiAK. 

And because ^^ is the rectangle contained by AB, BC^ 
for BK is equal to BG ; 

therefore four times the rectangle AB, BC is quadruple 
of AK, 

3ut the gnomon AOH was shewn to be quadruple 
oiAK, 

Therefore four times the rectangle AB, BG is equal to the 
gnomon AOH, [Axiom 1. 

To each of these add Xlf, which is equal to the square on 
AG. [II. 4, Corollary, and I. 34. 

Therefore four times the rectangle AB, BO, together with 
the square on AC, is equal to the gnomon AOH and the 
square XH, 

But the gnomon AOH and the square XH make up the 
figure AEFD, which is the square on AD, 

Therefore four times the rectangle AB, BC, together with 
the square on AC, is equal to the square on AD, that is to 
the square on the line made of AB and BC together. 

Wherefore, if a straight line &c. q.ej>. 



62 



EUCLID'S ELEMENTS. 




PROPOSITION 9. THEOREM. 

. If a straight line be divided into two eqiutl, and alio 
into two unequal parts, the squares on the ttoo unequal 
parts are together double of the square on half ^^ ^ine 
and of the square on the line bettoeen the points qf section. 

Let the straight line ^^ be divided into two equal 
parts at the point C, and into two unequal parts at the 
point D : the squares on AD, DB shall be together double 
of the squares on AC, CD. 

From the point G draw 
CE at right angles to AB, [1. 11. 

and make it equal to AG or 
CB, [1. 3. 

and join EA, EB ; through 
D draw DF parallel to GE, and 
through F draw FQ parallel 
to BA ; [I. 31. 

and join ^F. 

Then^ because AG is equal to GE, IConstruction. 

the angle EAG is equal to the angle AEG. [I. 5. 

And because the angle AGE is a right angle, [Construction. 

the two other angles AEG, EAG are together equal to one 
right angle ; [L 32. 

and they are equal to one another ; 

therefore each of them is half a right angle. 

For the same reason each of the angles GEB, EBG is half 
a right angle. 

Therefore the whole angle AEB is a right angle. 

And because the angle OEF is half a right an^le, and 
the angle EGF a right angle, for it is equal to the mterior 
and opposite angle EGB ; [I. 29. 

therefore the remaining angle EFG is half a right angle. 

Therefore the angle GEF is equal to tiie miw^q EFG^ «sA 

ibe aide ^G ia equal to the side GF. \v« ^« 

^gain^ became the angle at B ialiali «iiXis^\. w^^^^wA'Oaft 
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angle FDB a right angle, for it is equal to the interior and 
opposite angle ECB ; [I. 29. 

therefore the remaining angle ^F2> is half a right angle. 
Therefore the angle at B is equal to the angle BFD^ 
ani the side DF is equal to the side DB. [I. 6. 

And because AC\& equal to OEy [Construction. 

the square onACis equal to the square on CB ; 

therefore the squares on AC, CE are double of the square 
on AC. 

But the square on ^^ is equal to the squares on AC, CE, 
because the angle ACE is a right angle ; [I. 47. 

therefore the square on ^^ is double of the square on AC, 

Again, because EO is equal to GF, [Construction, 

the square on EG is equal to the square on GF; 

therefore the squares on EG, GF are double of the square 
on GF. 

But the square on EF is equal to the squares on EG, GF, 
because the angle EGF is a right angle ; [I. 47. 

therefore the square on EF is double of the square on GF, 

And GF is equal to CD ; [I. 34. 

therefore the square on ^i^is double of the square on CB. 

But it has been shewn that the square on ^^ is also 
double of the square on AC. 

Therefore the squares on AE, EF are double of the 
squares on AC, CD. 

But the square on ^^ is equal to the squares on AE, 
EF, because the angle AEF is a right angle. [I. 47. 

Therefore the square on AF is double of the squares on 
AG, CD. 

But the squares on AB, BF oxe equal to the square on 
AF, because the angle ABF is a right angle. [I. 47. 

Therefore the sqimres on AB, BF are double of the 
squares on AC, VB. 

And Z>^is equal to BB; 

therefore the squares on AD, DB are doviXAft ^1 ^^ 
sgtuwes on AC, OB. 

Wherefore, iTa straight line ^<^ ^^D. 
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PROPOSITION 10. THEOREM. 

If a straight line be bisected, and produced to any 
point, the sqiLare on the whole line thus produced, and 
the square on the part of it produced, are together double 
of the square on half the line bisected and of the square 
on the line made up oftlie half and the part produced. 

Let the straight hne AB he bisected at C, and pro- 
duced to D : the squares on AD, DB shall be together 
double of the squares on A C, CD. 

From the point (7 draw GE2X right angles to AB, [I. 11. 
and make it equal to AG 
or GB ; [I. 3. 

and join-4^, EB ; through 
E draw EF parallel to 
AB, and through D draw 
2>i^ parallel to GE. [1. 31. 

Then because the straight 

line i^^meets the parallels 

EG, FD, the angles GEF^ EFD are together equal to two 

r^ht angles ; [J. 29. 

and therefore the angles BEF, EFD are together less 
than two right angles. 

Therefore the straight lines EB, FD will meet, if produced, 
towards B, D. [Axiom 12. 

Let them meet at G, and join AG. 

Then because -4 (7 is equal to GE, [Construction. 

the angle GEA is equal to the angle EAG; [I. 5, 

and the angle AGE is a right angle ; [Construction. 

therefore each of the angles GEA, EAG is half a right 
angle. [I. 32. 

For the same reason each of the angles GEB, EBG is half 
a right angle. 
Therefore the angle AEB is a right angle. 

And because the angle EBG is half a right angle, 

the angle DBG is also half a right angle, for they are verti- 

caJJf opposite; [I. 15i 

but the angle EDO is a right angle, \>eca»aa\\.\% ^s^asSi^ft 

the alternate angle DOE ; ^* '^^• 

therefore the remaining angle DQB \a\iaM ^.rv^^sJ^ «3b^^,\^ '^'^ 
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and is therefore equal to the angle DBG\ 

therefore also the side BD is equal to the side DG, [I. 6. 

Again, because the angle EGF is half a right angle, 
and the angle at ^ a right angle, for it is equal to the 
opposite angle BCD ; [I. 34. 

thereforethereniainingangle^^6rishalf aright angle, [1. 32. 

and is therefore equal to the angle EGF', 

therefore also the side GF is equal to the side FE, [I. 6. 

And because EG is equal to CA^ the square on EC is 
equal to the square on CA ; 

therefore the squares on EC, CA are double of the square 
on CA, 

But thesquareouw^i? is equal to the squares onEC, CA.[1. 47. 

Therefore the square on ^-^ is double of the square on AC. 

Again, because GF is equal to FE, the square on GF is 
equal to the square on FE ; 

therefore the squares on GF^ FE are double of the square 
on FE. 

But the square on EG is equal to the squares on GF, F£,[J. 47. 
Therefore the square on EG is double of the square on FE, 
And FE is equal to CD ; [I. 34. 

therefore the square on EG is double of the square on CD, 
But it has been shewn that the square on ^j^ is double 
of the square on AC, 

Therefore the squares on AE, EG are double of the 
squares on AC, CD, 

But the square on ^6j^ is equal to the squares on AE, 
EG. [I. 47. 

Therefore the square on AG ia double of the squares on 
AC, CD, 

But the squares on AD, DG are equal to the square on 
AG. [I. 47. 

Theiefore the squares on AD, DG are double of the 
squares on AC, CD. 
And ^Oia equal to DB ; 
therefore the squares on AD, DB are do\x\Ae ol >i)ftft ^w^^SMt^ 

^^'^or^ ^ a straight line ^i^ <^isl.i>. 
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PROPOSITION 11. PROBLEM. 

To divide a given straight line into two parts, soJJiat 
the rectangle contained by the whole and one qf the parts 
may be equal to the square on the other part. 

Let AB be the giyen straight line: it is required to 
divide it into two parts, so that the rectangle contained by 
the whole and one of the parts may be equal to the square 
on the other part. 

On AB describe the square 
ABDC\ [t. 46. 

bisect -4(7 at ^; [1. 10. 

join BE ; produce CA to F, and 
make EF equal to EB ; [1. 3. 

and on AF describe the square 
AFQH. [1. 46. 

AB shall be divided at H so 
that the rectangle AB^ BH is 
equal to the square ou AH, 

Produce GH to K, 

Then, because the straight line 
AC \A bisected at E, and pro- 
duced to F, the rectangle CF, FA, together with the 
square on AE, is equal to the square on EF, III. 6. 

But EF is equal to BB, [Construction, 

Therefore the rectangle CF, FA, together with the square 
on AE, is equal to the square on EB, 

But the square on EB is equal to the squares on AE, AB, 
because the angle EAB is a right angle. [L 47. 

Therefore the rectangle OF, FA, together vnth the square 
on AE, is equal to the squares on AE^ AB, 

Take away the square on AE, which is common to both 5 
therefore the remainder, the rectangle CF, FA, is equal to 
the square on AB. [Axiom 8. 

But the figure FK is the rectangle contained by CF, FA, 
for FG is equal to FA ; 

and^2?J8 the sqimre on AB ; 
therefore J^^ia equal to AD, 
Take away the common part AK. wid t\i© x«ai«Mi^«t/FlI 
^ equal to the remMindefllJ). \ \k^^M^%^ 
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Bui HD is the rectangle contained by AB, BH, for AB is 
equal to BD ; 

and FH is the square on AH-, 

therefore the rectangle^i?y^^is equal to the square on AH. 

Wherefore the straight line AB is divided at H, so that 
the rectaitgle AB, BH is equal to the square on AH. q.e.f. 

PROPOSITION 12. THEOREM, 

In obtuse-angled triangles, if a perpendicular be draum 
from, either of the acute angles to the opposite side pro- 
ducedj the square on the side subtending the obtuse angle is 
greater than the squares on the sides containing the dtuse 
angle, by ttoice the rectangle contained by the side on 
which, when produced, the perpendicular falls, and th^e 
straight line intercepted without the triangle, between the 
perpendicular and the obtuse angle. 

Let ABO be an obtuse-angled triangle, having the 
obtuse angle ACB, and from the point A let AD he (&awn 
perpendicular to BO produced : the square on AB shall be 
greater than the squares on AO, OB, by twice the rectangle 
BO, C72>. 

Because the straight line 
BD is divided into two parts 
at the point O, the square on 
BD is equal to the squares on 
BO, OD, and twice the rectangle 
BO, OD. [II. 4. 

To each of these equals add the 
square on DA. 

Therefore the squares on BD, DA are equal to the squares on 
BO, OD, DA, and twice the rectangle BO, OD. [Axiom 2. 

But the square on BA is equal to the squares on BD, DA, 
because the angle at i> is a right angle ; [I. 47. 

and the square on C7^ is equal to the squares on OD,DA. [1. 47. 

Therefore the square on BA is equal lo Wi^ ^o^x^^?^ ^'^k^ 
BO, OJl, and twice the rectangle BGy CD •, 

^A^/t^htf^!'^''^/^'^ ^^ is greater tWn \k^ ^o^^^^^ ^^ 
Vi I "^ ^^^ rectangle BQ, CD. 
Wherefore, in oVtuse^ngled triangle* ^. ^-^-^ 
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PROFOSITION 13. THEOREM. 

In every triangle^ the square on the tide iubtending 
an acute angle, is less than the squares on the sides con- 
taining that angle, by twice th>e rectangle contained by 
either of these sides, and ths straight line intercepted 
between the perpendicular let fall on it from the opposite 
angle, and the acute angle. 

Let ABC be any triangle, and the angle at ^ an acute 
angle; and on BG one of the sides containing it, let fall 
the perpendicular AD from the opposite angle: the square 
on AG, opposite to the angle B, shall be less than the 
squares on GB, BA, by twice the rectangle GB, BD, 

First, let AD fall within the 
triangle ABG. 

Then^ because the straight line 
GB IS divided into two parts 
at the point D, the squares on 
GB, BD are equal to twice the 
rectangle contained by GB, BD 
and the square on GD, [II. 7. 

To each of these equals add the 
square on DA, 

Therefore the squares on GB, BD, DA are equal to twice 
the rectangle GB, BD and the squares on GD,DA, [Ax, 2. 

But the square on AB is equal to the squares on BD, DA, 
because the angle BDA is a right angle ; [I. 47. 

and the square on AG \& equal to the squares on CD, DA. [1. 47. 

Therefore the squares on GB, BA are equal to the square 
on ^C7 and twice the rectangle GB, BD ; 
that is, the square on AG alone is less than the squares on 
GB, BA by twice the rectangle GB, BD. 

A 

Secondly, let A D fall without 
the triangle ABC. 

Then because the angle at D is 
a right angle, [Comtructim. 

the angle ACB is greater than 
& ngbt angle ; p. 16. 
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and therefore the square on AB is equal to the squares 
on ACy CBy and twice the rectangle BU, CD. [II. 12. 

To each of these equals add the square on BC, 
Therefore the squares on AB^ BC are equal to the square 
on ACyKud twice the square on BC, and twice the rect- 
angle jSC, CD, [Axiom 2. 

But because BD is divided into two parts at C, the rect- 
angle DB, BC is equal to the rectangle BC, CD and the 
square on BC\ [II. 3. 

and the doubles of these are equal, 

that is, twice the rectangle DBy BC is equal to twice the 
rectangle BCy CD and twice the square on BC, 

Therefore the squares on AB, BC are equal to the square 
on AC, and twice the rectangle DB, BC\ 

that is, the square on AC^Xouq is less than the squ&res on 
AB, BC by twice the rectangle DB, BC 

Lastly, let the side -4 (7 be perpendicular 
UiBC 

Then BC is the straight line between the 
perpendicular and the acute angle at B\ 

and it is manifest, that the squares on 
AB, BC are equal to the square on AC, 
and twice the square on BC. [I. 47 and Ax. 2. 

Wherefore, in every triangle &c. q.b.i). 

PROPOSITION 14. PROBLEM, 

To describe a square that shall "be equal to a given recti- 
linealfigure. 

Let A be the given rectilineal figure : it is required to 
describe a square that shall be equal to A. 

Describe the rect- 
angular parallelogram a 
BuDEeq^ totherec- / \ 




tilineal figure .4. [1.45. 

Then if the sides of it, 
BE, BD are equal to 
one another, it is a 
square, and what was 
required is now done. 



(:) 
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But if they are not equal, produce one of them BE to F^ 
make Ep equal 

to EDy [I. 3. 

and bisect BF 
at G ; [I. 10. 

from the centre 
Oj at the distance 
GBy or OF, de- 
scribe the semi- 
circle BHF, and 
produce Z)J^to^. 

The square described on EH shall be equal to the giyen 
rectilineal figure A, 

Join GH, Then, because the straight line BF is divided 
into two equal parts at the point G, and into two unequal 
parts at the point E, the rectangle BE, EFy together with 
the square on GE, is equal to the square on GF pi. 5. 
But GF is equal to GH. 

Therefore the rectangle BE, EF, together with the square 

on GEy is equal to the square on GH. 

But the square on GHis equal to the squares on GE, EH;\J.i7, 

therefore the rectangle BE, EF, together with the square 
on GE, is equal to the squares on GE, EH. ' 

Take away the square on GE, which is common to both ; 

therefore the rectangle BE, EF is equal to the square on 
EH. [Axiom 3. 

But the rectangle contained by BE, EF is the parallelo- 
gram BD, 

because EF is equal to ED. [Construction, 

Therefore BD is equal to the square on EH 

But BD is equal to the rectilineal figure A. [Constrvctton. 

Therefore tho square on EH is equal to the rectilineal 
figure A. 

Wherefore a square has been made eqttal to tJie given 
rectilineal figure A, namely, the square described on 

EH. Q.E.F. 
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DEFINITIONS. 

1. Eqttal circles are iihose of which iihe diameters are 
equal, or from the centres of which the straight lines to 
the circumferences are equal. 

This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to one 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal. 

2. A straight line is 
said to touch a circle, 
when it meets the circle, 
and being produced does 
not cut it. 

3. Circles are said 
to touch one another, 
whidi meet but do not 
cut one another. 

4. Straight lines are said to 
be equally distant from the centre 
of a circle, when the perpendicu- 
lars drawn to them from the centre 
are equal. 

5. And the atndght line on 

which the greater perpendicular 

Alia, is said to be farther from the 
centre. 
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6. A segment of a circle is the 
figure contained by a straight line 
and the circumference it cuts off". 

7. The angle of a segment is that 
which is contained by the straight 
line and the circumference. 

8. An angle in a segment is 
the ande contained by two straight 
lines drawn from any point in the 
circumference of the segment to 
the extremities of the straight line 
whidi is the base of the segment. 

9. And an angle is said to in- 
sist or stand on the circumference 
intercepted between the straight 
lines which contain the angle. 

10. A sector of a circle is the 
figure contained by two straight 
lines drawn from the centre, and 
the circumference between them. 



11. Similar segments of 
circles are those in which 
the angles are equal, or which 
contam equal angles. 







^^ 



[NoU, In tho following proposition;), whenever the expression 
"straight lines from the centre," or "drawn from the centre," 
occurs, it is to be understood that the lines are drawn to the cir- 
cumference. 

Any portion of the circumference is called an are,"] 



PROPOSITION 1. PROBLEM, 

To Jlnd the centre qf a fifiren circle. 

Let ^J90 be the ffiven circle : it la Tecwux©^ Vft ^xA\\ 
'^titre. 
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Draw within it any straight 
line AB, and bisect AB 
at D ; [1. 10. 

from the point D draw DC 
at right angles to AB ; [I. 11. 

produce CD to meet the cir- 
cumference at Ey and bisect 
CE at F. [I. 10. 

The point F shall be the centre 
of the circle ABC. 

For if jP be not the centre, 
if possible, let G be the centre ; and join GAj GDy GB, 

Then, because DA is equal to DB, [Construction. 

and DG is common to the two triangles ADG, BDG ; 

the two sides AD, DG are equal to the two sides BD, DG, 
each to each ; 

and the base GA is equal to the base GB, because they are 
drawn from the centre G\ • fl- Definition 15. 

therefore the angle ADG is equal to the angle BDG. [I. 8. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equ^ to one another, each of 
the angles is called a right angle ; \JL. Definitim 10. 

therefore the angle BDG is a right angle. 

But the angle BDF is also a right angle. [C<ynitiruction, 

Therefore the angle BDGih equal to the angle BDF, [Ax. 11. 

the less to the greater ; which is impossible. 

Therefore G is not the centre of the circle ABC. 

In the same manner it may be shewn that no other point 
out of the line CE is the centre ; 

and since CE is bisected at F, any other point in CE 
divides it into unequal parts, and cannot be the centre. 

Therefore no point but F is the centre ; 

that is, F is the centre of the circle ABC: 

which wds to he found. 

CoBOLLART. From this it is mamieaV,, V)fta\.\l\xs. ^ <sa^^ 
a straight line bisect another atrigVit axv^\e^, V>c^^ ^^"^^"^^ ^ 
the circle is in the straiarht line wlaidi \>\ft^c\,^ V)aft oJOasst. 
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PROPOSITION 2. THEOREM. 

If any two points be taken in ths circumference <if a 
circle, the straight line which joins them shall fall within 
the circle. 

Let ABC be a circle, and A and B any two points in 
the circumference : the straight line drawn from A to B 
shall fall within the circle. 

For if it do not, let it fall, if 
possible, without, as AES. 
Find D the centre of the circle 
ABC ; [III. 1. 

and join DA, DB ; in the arc 
AB take any point F, join DF, 
and produce it to meet the 
straignt line AB at E. 

Then, because DA is equal 
to DBj [I. Definition 15. 

the angle DAB is equal to the angle DBA, [I, 5. 

And because AE, a side of the triangle DAE, is pro- 
duced to B, the exterior angle DEB is greater than the 
interior opposite angle DAE. [X. 16, 

But the angle 2)^ J^was shewn to be equal to the angle DBE; 

therefore the angle DEB is greater than the angle DBE. 

But the greater angle is subtended by the greater side ; p. 19. 

therefore DB is greater than DE. 

But DB is equal to DF; [I. Definition 15. 

therefore DF is greater than DE, the less than the greater ; 
which is impossible. 

Therefore the straight line drawn from A to B does not 
fell without the circle. 

In the same manner it may be shewn that it does not 
fall on the circumference. 

Therefore it falls within the circle. 

Wherefore, if any two points &c. Q.B.D. 

PROPOSITION 8. THEOREM. 

^ a s^ratgrht line drawn through the centre of a c\rdfe^ 
^^ac^a ^^rai'ght line in it which does not pews tHrough. tlu 
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eenirej it shall cut it at right angles ; and if it cut it at 
right angles it shall bisect it. 

Let ABC be a ^nrcle ; and let CD, a straight line drawn 
throngh the centre, bisect any straight line AB, which does 
not pass through the centre, at the point F: CD shall cut 
AB at right angles. 

Take E the centre of the 
drde ; andjoin^^, EB. [III.l. 

Then, because AF is equal 
to FB, [Hypothesis, 

and FE is common to the two 
triangles AFEy BFE ; 

the two sides AF, FE are 
equal to the two sides BF^FE, 
each to each ; 

and the base EA is equal to the base EB; [I. Def. 15. 

therefore the angle AFE is equal to the angle BFE, \l, 8. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle ; [I. Definition 10. 

therefore each of the angles AFE, BFE is a right angle. 

Therefore the straight line CD, drawn through ttie centre, 
bisecting another AB which does not pass through the 
centre, also cuts it at right angles. 

But let CD cut AB at right angles : CD shall also 
bisect AB; that is, ^7^ shall be equal to FB, 

The same construction being made, because EA, EB, 
drawn from the centre, are equal to one another, [I. Def, 15. 

the angle EAF is equal to the angle EBF, [I. 6. 

And the right angle AFE is equal to the right angle BFE. 

Therefore in the two triangles EAF, EBF, there are two 
angles in the one equal to two angles in the other, each to 
each; 

and the side EF, which is opposite to one of the ea^ 
angles in each, la common to both •, 

therefore their other ^ides are equal •, N^- ^^' 

therefore ^J^ 18 equal to FB, 

^^^refore, if a straight liTUibLQ., <^1L1>. 
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PKOPOSITION 4. THEOREM, 

If in a circle two straight lines cut one another, which 
do not both pass through the centre, th£y do not bisect one 
another. 

Let A BCD be a circle, and AC, BD two straight lines 
in it, which cut one another at the point E^ and do not both 
pass through the centre : AC, ED shall not bisect one 
another. 

If one of the straight lines 
pass through the centre it is plain 
that it cannot be bisected by 
the other which does not pass 
through the centre. 

But if neither of them pass 
through the centre, if possible, 
let AEhet equal to EC, and BE 
equal to ED, 

Take F the centre of the circle [III. 1. 

and join EF, 

Then, because FE, a straight line drawn through the 
centre, bisects another straight line A G which does not pass 
through the centre ; [Hypothesis, 

FE cuts AC2X right angles ; [IIL 3. 

therefore the angle FEA is a right angle. 

Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre, \Hyp, 

FE cuts BD at right angles ; [IIL 3. 

therefore the angle FEB is a right angle. 

But the angle FEA was shewn to be a right angle ; 

therefore the angle FEA is equal to the angle FEB^ \Ax, 11. 

the less to the greater ; which is impossible. 

Therefore AC, BD do not bisect each other. 

Wherefore, if in a circle &c. q.e.d. 

PEOPOSITION 5. THEOREM. 

4/" ^^o circles cut one anotlierj they shxill not Katft thA 
^a^ne centre. 

Let the two circles ABC, CDG cut oki© wioVXiet ^\.^^ 



BOOK III. 6, 6. 



77 




points J?, C\ Uiey shall not haye the same centre. 

For, if it be possible, let E 
be their centre ; join EC^ and 
draw any straight line EFG 
meeting the circumferences at 
jPand G. 

Then, because E is the cen- 
tre of the circle ABC, EG is 
equal to EF. [I. D^nUUm 15. 

Again, because E is the centre 
of the circle G£>Gf EG is equal 
to EG. [I. Definition 15. 

But EC was she?m to be equal to EF ; 
therefore EF is equal to EG, [Axiom 1. 

the less to the greater ; which is impossible. 
Therefore E is not the centre of the circles ABC, CDG. 
Wherefore, if two circles &a q.ki). 

PROPOSITION 6. THEOREM, 

If two circles totich one another internally^ they $haU 
not have the same centre. 

Let the two circles ABC, ODE touch one another inter- 
nally at the point G : they shall not hare the same centre. 

For, if it be possible, let 
F be their centre ; join FG, 
and draw any straight line 
FEBy meeting the circum- 
ferences at E and B, 

Then, because F is the 
centre of the circle ABG, 
FGiB equal to FB. [I. Def. 15. 

Again, because F is the 
centre of the circle GDE, 
FG is equal to FE. 

But FG was shewn to be equal to FB \ 
therefore JWh equal to FB, 
the less to the greater ; which is impoaaiYAe. 
Therefore ^is not the centre of tbo ciTele^ ABC, CBB. 
Wherefore, if i^^i^^^^^ ^^^ 




[I. Definition 15. 
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PROPOSITION 7. THEOREM. 

If any point he taken in the diameter qf a drde which 
is not the centre, of all the straight lines which can be 
drawn fr(ym this point to the circumference, the greatest 
is that in which the centre is, and the other part of the 
diameter is the least ; and, of any others, that which is 
nearer to the straight line which passes through the centre, 
is always greater than one mx>re remote; and from the 
same point there can he drawn to the circumference two 
straight lines, and only two, which are equal to one ano- 
ther, one on each side of the shortest line. 

Let ABCD be a circle and -4Z> its diameter, in which 
let any point F be taken which is not the centre ; let E be 
the centre : of all the straight lines FB, FC, FG, &c. that 
can be drawn from F to the circumference, FA, which 
passes through E, shall be the greatest, and FD, the other 
part of the diameter AD, shall be the least ; and of the 
others FB shall be greater than FC, and 2^(7 than FG. 

Join BE, CE, GE. 

Then, because any two sides 
of a triangle are greater than the 
third side, [I. 20. 

therefore BE, EF are greater 
than BF. 

But BE is equal to AE; [l.Bef. 15. 

therefore AE, EF are greater 
than BF, 

that is, AF is greater than BF, 

Again, because BE is equal to CE, [I. Definition 15. 

and ^^is common to the two triangles BEF, CEF\ 

the two sides BE, EF are equal to the two sides CE, EF, 
each to each ; 

but the angle BEF is greater than the angle CEF ; 

therefore the base FB \& greater than t\ie\>aafc FC. \]L.<I4:. 

Jn tbj same manner it may be shewn tliat FC \a ^^^^t 
than J^O. 

^g'lin, became GF, FE are greater t\iaa EG. \^-*^' 
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and that j6^ 18 eipial to ^2> ; V^ DtfmiAimVk 

therefore GF^ JP^ are greater than ED. 

Take away the common part FE^ and the remainder GF)a 
greater than the remainder FD. 

Therefore FA is the greatest, and FD the least of all 
the straight lines from F to the circomference ; and FB is 
greater than FC^ and I'Cthan FG. 

Also, th^!e can be drawn two equal stnught lines fr<»n 
the pcnnt F to the drcomferenoe^ cme on eadi side of Uie 
flhorteat line FD, 

For, at the point i?, in the straight line EF^ make the 
angle JF!^^ equal to the angle /!i^G^, [L 23. 

and join JRffl 

Then, because EG is equal to EH^ [L Definition 15. 

and EFis ecnnmon to the two triangles GEF, UEF\ 

the two sides EG, EF are eqoal to the two sides EH, EF, 
each toeadi; 

and the angle GEF is equal to the angle HEF ; [Constr, 

therefore the base FG is equal to the base FH, [L L 

Bat, besides FH, no other straight line can be drawn 
from iPto the drcmnference, equal to FG, 

For, if it be possible, let FKhQ equal to FG. 
Th^i, because iPX is equal to .P(7, [fljgpofAem. 

and FH\& also equal to FG, 

therefore -^H^is equal to FK\ [Axiom 1. 

that is, a line nearer to that which passes through the 
centre is equal- to a line which is more remote ; 
which is impossible by what has been already shewn. 

Wh^x^fore, if any point he taken &c qjld. 

PROPOSITION 8. THEOREM. 

If any point he taken without a circle, and slraight 
lines he draumfrom it to the circumferenai^ one ^ xcKv:^ 
passes through th^ centre; ofthx>ie tcHicK /ai on IUa «>n^ 
caffe etreun^ference, the greatest is thai «:lucK pa*%c* 
through the centre, and of the rest, tMi wKich, vs ^^^^^JfTj" 
t^t^ one passing through the centre is ?^y^*,^^^^ 
^*«w one more remote; but qf those v:hxch, foAA oi* 
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eontex cireutn/erence, the leatt ii thai between the point 
vnthout the circle and the diameter; and qf the re*l, that 
Khich it nearer to the lea»t it alwayt let* than one tntirt 
remote; and from the tame point there can he drawn to 
the ctrcuTnference two itraight linei, and only two, which 
are equal to one anotb/sr, one on each tide 'if the ihortctt line. 

Let ABC be » drcle, and P any point without it, and 
from J> let the Btraight hnes DA, DE, DP, DC be drawn 
to the circumference, of which DA passea through the centi e ; 
of those which fall on tlie concave circumference AEFC, the 
neatest shall be DA which passes through the centre, and 
file nearer to it shall bo greater than the more remote, 
namely, DE greater than DF, and DF greater than DC; 
but of those which fail on the conTCi circumference SffZ^, 
the least shall be DO between the point D and the dia- 
meter AQ, and the nearer to it shall be less than the more 
remote, namely, DK\w» than DL, and DL less than DH, 

Take M, Uie centre of the 
drcle ABG, [III. 1. 



Then, because any two aides 
of a triangle are greater than 
the third side, [I. 20. 

therefore EM, MD are greater 
thanf/t. 

Biiti;j»fi8eqnalto^Jfi[I.i>«/.lB. 
therefore AM, MD are greater 
'Coxa ED, 
that is, ^ Z> is greater than BD. 

Again, because EM is equal 



and ^Z>is common to the two 

triangles EMD, FMD ; 

the two Bides EM, MD are eqnal to the two Ndoa FM, MD, 

each to each ; 

but the angle EMD ia greater than the angle FMD ; 

therefore the base ED is greater than the base FD. [1. 24. 

Ja the aatae taaimet it ma; be shewn that FD is 

ter tbaa CI>. 
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Therefore DA is the greatest, and DE greater than DF^ 
and i>^ greater than DC, 

Again^ because MK^ KD are greater than MB^ [I. 20. 
and mK is eqnal to MO^ [I. Definition IS, 

the remainder iTD is greater than the remainder GD, 

that IS, GD is less than KD, 

And because MLD is a triangle, and frcHn the points 
Mj Z>, the extremities of its side MD, the straight lines 
MK, DK are drawn to the point K within the triangle, 
therefore MK, KD are less than ML, LD ; [I. 21. 

and MK\b equal to ML ; [I. D^nition 15. 

therefore the remainder KD is less than the remainder LD, 

In the same manner it may be shewn that LD is le&A 
than jETZ). 

Therefore DG is the least, and 2>iriess than DL, and DL 
less than DH. 

Also, there can be drawn two equal straight lines from 
the point D to the circumference, one on each side of the 
least line. 

For, at the point M, in the straight line MD, make the 
angle DMB equal to the angle DMK, [I. 23. 

and join DB. 

Then, because MK is equal to MB, 

end MD is common to the two triangles KMD, BMD ; 

the two sides KM, MD are equal to the two sides BM, MD, 
each to each ; 

and the angle DMK is equal to the angle DMB ; [Consfr. 

therefore the base DK is equal to the base DB, [I. 4. 

But, besides DB, no other straight line can be drawn 
from D to the circumference, equal to DK, 

For, if it be possible, let DN be equal to DK 
Then, because DNis equal to DK^ 
and DB is also equal to DK, 
therefore DB is equal to DN; [Axiom 1. 

that is, a line nearer to the least is equal to one which is 
more remote ; 

which w Impomble by what has been uVre^A^ ^ewou 

Wberefore^ if any point he taJcen &a axj>% 
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PROPOSITION 9. THEOREM. 

If a point be taken within a circle, from whicJi there 
fall more than two equal straight lines to the circum- 
ference, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumference there fall more than two equal 
straight lines, namely DA, DB, DC: the point D shall be 
the centre of the circle. 

For, if not, let E be the centre ; 
join Z>£^and produce it both ways to 
meet the circumference at F and G ; 
then FG is a diameter of the circle. 

Then, because in FG, a diameter 
of the circle ABC, the point D is 
taken, which is not the centre, DG 
is the greatest straight line from D 
to the circumference, and DC is greater than DB, and 
DB greater than DA ; [III. 7. 

but they are likewise equal, by hypothesis ; 

which is impossible. 

Therefore E is not the centre of the circle ABC. 

In the same manner it may be shewn that any other 
point than D is not the centre ; 

therefore D is the centre of the circle ABC, 

Wherefore, if a point he taken &c. q.e.d. 

PROPOSITION 10. THEOREM, 

One circumference of a circle cannot cut another at 
more than two points. 

If it be possible, let the drcumference ABC cut the 
circumference DEF at more 
than two points, namely, at the 
points B, G, F, 

Take K. the centre of the 
drcle ABC, [HI. 1. 

And Join JTB, KG, KF, 

Then because K is the 
ccutre of the circle ABCy 
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therefore KB, KG, KFsLre all equal to each other. [I.2>^.15. 

And because within the circle i>j^^the point K is taken, 
from which to the circomfereuce D±!F fall more than two 
equal straight lines KB, KG, KF, therefore K is the 
centre of the circle DEF. [HI. 9. 

But K is also the centre of the circle ABC, [Construction. 

Therefore the same point is the centre of two circles 
which cut one another; 

which is impossible. [III. 5. 

"Wherefore, one circum/erence &c. q.e.d. 

PROPOSITION 11. THEOREM, 

Jfiwo circles touch one anotJier internally, tJie straight 
line which joins their centres , being produced, shall pass 
through the point qf contact. 

Let the two circles ABC, ABE touch one another inter- 
nally at the point A ; and let F be the centre of the circle 
ABC, and 6 the centre of the circle ADE: the straight 
line which joins the centres F, G, being produced, shall 
pass througn the point A. 

Por, if not, let it pass otherwise, 
if possible, as FGDH, and join 
AF,AG. 

Then, because AG, GF are 
greater than AF, [I. 20. 

and AF is equal to HF, [I. Def. 15. 

therefore AG, GF, are greater 
ihsaiHF. 
Take away the common part GF; 

therefore the remainder AGi& greater than the remainder 
HG, 

But ^(7 is equal to DG, [I. D^nition 16. 

Therefore BG is greater than HG, the less than the greater ; 
which is impossible. 

Therefore the straight line which 30ms V\\e v^Vo!^ T'^a^ 
heiDg produced, cannot pass otherwise tVvaxi \i>MCQvx.'^ HSoa 
point ^, 

ItBt is, it must pass through A. 

Wherefore, if two circlet &c. Q.ii.i>. 
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PROPOSITION 12. THEOREM. 

Jftwo circles totich one another externally, the straight 
line which joins their centres shall pass through the point 
qf contact. 

Let the two circles ABC, ADE touch one another ex- 
temallj at the point A ; and let F be the centre of the 
circle ABC, and G the centre of the circle ADE: the 
straight line which Joins the points F, G, shall pass through 
the point ^. 

For, if not, let it 
pttss otherwise, if pos- 
sible, as FCDG, and 
join FA, AG, 

Then, because F is 
the centre of the cir- 
cle ABC, FA is equal 
toi^<7; [I.Dc/. 15. 

and because G is the 

centre of the circle ADE, GA is equal to GD*, 

therefore FA, AG are equal to FC, DG, [Axiom 2. 

Therefore the whole FG is greater than FA, AQ-, 

But FG is also less than FA, AG) [I. 20. 

which is impossible. 

Therefore the straight line which joins the points F, G, 
cannot pass otherwise than through the point A, 

that is, it must pass through A, 

Wherefore, if two circles &c q.e.I). 

PROPOSITION 13. THEOREM, 

One circle cannot totich another at more points than 
fme, whether it touches it on the inside or outside. 

For, if it be possible, let the circle EBF touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, D, Join BD, and draw 6r^ bisect- 
ing BD at right angles. [1. 10, 11. 

Then, because the two points ^, 2) are in the circum- 
ference of each of the circles, the straight line BD falls 
'tMi each of them ; \5^» '^ 
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and therefore the centre of each circle is in the straight 
line GH which bisects BD at right angles ; [III. 1, CoroL 
therefore G'-ff passes through the point of contact. [III. 11. 

But GH does not pass through the point of contact, be- 
cause the points B^ D are out of the line GH; 

which is absurd. 

Therefore one circle cannot touch another on the inside at 
more points than one. 

Nor can one circle touch an- 
other on the outside at more 
points than one. 

For, if it be possible, let the 
drclo A CK touch the circle ABC 
at the points A, C. Join AC, 

Then, because the two points 
A, C are in the circumference of 
the circle ACK, the straight line 
A C which joins them, falls within 
the circle ACK\ [III. 2. 

but the circle ACK is without the circle ABC\ [Hypothetis. 

therefore the straight line AC is without the circle ABC 

But because the two points A, C are in the circumference 
of the circle ^-6(7, the straight line^C7 falls within the 
dicle ABC ; [III. 2. 

which is absurd. 

Therefore one circle cannot touch another on the outside 
at more points than one. 

And it has been shown that one circle c^vmaX, WqlOcl 
another oo the inside at more points than ouo. 

Wherefore, one circle &c. q.e.d. 
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PROPOSITION U. THEOREM. 

Equal straight lines in a circle are equally distant from 
ihs centre: and tfwse which are equ/xlly distant from the 
centre are equal to one another. 

Let the straight lines AB, CD in the circle ABDC, be 
equal to one another : they shall be equally distant from 
the centre. 

Take E, the centre of the 
circle ABDC; [III. 1. 

and from E draw EF, EG per- 
pendiculars to AB, CD; [I. 12. 

and join EA^ EC. 

Then, because the straight 
line EF, passing through the 
centre, cuts the straight line AB, 
which does not pass through the 
centre, at right angles, it also bisects it ; [III. 3. 

therefore ^i^is equal to FB, and AB is double of AF. 

For the like reason CD is double of CG. 

But AB is equal to CD ; [Hypothesis, 

therefore AF is equal to CG. [Axiom 7. 

And because AE is equal to CE, [I. Definition 15. 

the square on ^ ^ is equal to the square on CE. 

But the squares on AF, FE are equal to the square on AE, 
because the angle AFE is a right angle ; [I. 47. 

and for the like reason the squares on CG, GE are equal to 
the square on CE; 

therefore the squares on AF, FE are equal to the squares 
on CG, GE, [Axtom. 1. 

But the square on ^i^ is equal to the square on CG, 
because AF is equal to CG ; 

therefore the remaining square on FE is equal to the re- 
maining square on GE; [Axiom 3. 

and therefore the stnashi line EF is ecmal to V\ift «.\jc«I\^Xi 
Une^a 

-ButstraJgbt lines in a circle are said to \>e eqjasXVi ^\«X»»J^ 
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from the centre, when the perpendiculars drawn to them 
from the centre are equal ; [III. Dtfinkvm 4. 

therefore AB^ CD are equally distant from the centre. 

Next, let the straight lines AB, CD be equally distant 
from the centre, that is, let ^i^be equal to EO: AB shall 
be equal to CD, 

For, the same construction being made, it may be 
shewn, as before, that AB\& double of AFy and CD double 
of CG, and that the squares on EF, FA are equal to the 
squares on EG, GC\ 

but the square on EF is equal to the square on EG, 
because EF is equal to EG ; [Hypothesis. 

therefore the remaining square on FA is equal to the re- 
maining square on GC, [Axiom 8. 

and therefore the straight line ^^ is equal to the straight 
lineC6^. 

But AB was shewn to be double of AF, and CD double 
oiCG. 

Therefore AB is equal to CD, [Axiom 6. 

Wherefore, equal straight lines &c. Q.E.D. 

PROPOSITION 15. THEOBEM, 

The diameter is the greatest straight line in a circle ; 
and, of all others, that which is nearer to the centre is 
always greater than one metre remote; and t/te greater 
is nearer to the centre than the less. 

Let ABCD be a circle, of which ^Z> is a diameter, and 
^ the centre ; and let BC he nearer to the centre than FG : 
AD shall be greater than 
any straight line BC which 
isnot a diameter, and BC shall 
be greater than FG. 

From the centre E draw 
Eff, EK perpendiculars to 
BC, FG, [I. 12. 

and join J^B, BO, EF, 

Then, because AE ia equal 
tojBE,andEDtoEO, [T.Def. 15. 
iberefore AD ia equal to BE EG • \A*V>r«w 
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but BEy EC are greater than BC', [I. 20. 

therefore also AD is greater than BC, 

And, because BC is nearer to 
the centre than FG^ [Hypothesis, 

EH is less than EK. [IILDc/. 6. 

Now it may be shewn, as in the 

preceding proposition, that BC 

is double of BH, and FG double 

of FKf and that the squares on 

EHy HB are equal to the squares 

on EK, KF. 

But the square on EH is less than the square on EKy 

because EH\& less than EK\ 

therefore the square on HB is greater than the square 

mKF\ 

and therefore the straight line BH is greater than the 

straight line FK'y 

and therefore BC is greater than FG, 

Next, let BC be greater than FG\ BC shall be nearer 
to the centre than FG, that is, the same construction 
being made, EH shall be less than EK, 

For, because BC is gi-eater than FG, BH is greater 
ihxaFK, 

But the squares on BH, HE are equal to the squares on 
FKy KE\ 

and the square on BH is greater than the square on FKy 
because BH is greater than FK\ 

therefore the square on HE is less than the square on KE ; 
and therefore the straight line EH is less than the straight 
line^^. 

Wherefore, the diameter &c q,k.d. 



PROPOSITION 16. THEOREM. 

The straight line dravm at right angles to the diameter 
of a circle from the extremity of it^ falls icithout the 
i^/>v^/ and no straight line can he drawn Jrom iKe 
^^r-emi^l^, ^eitceen that straight line and iht circumrvfer. 
^>'^^ ^^ as^c?^ to cut the circle. 
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Let ABC be a circle, of which D is the centre and 
AB a diameter: the straight line drawn at right angles to 
ABy from its extremity A, shall fall without the circle. 

For, if not, let it fall, if pos- 
sible, within the circle, as ^(7, 
and draw DC to the point C7, 
where it meets the circumference. 

Then, because DA is equal to 
DCy [1. D^nition 15. 

the angle DAC is equal to the 
angle DCA. [I. 6. 

But the angle DACia a right angle ; [ffypothesit. 

therefore the angle DCA is a right angle ; 

and therefore the angles DAC, DCA are equal to two 
right angles; which is mipossible. [1. 17. 

Therefore the straight line drawn from A at right angles to 
AB does not fall within the circle. 

And in the same manner it may be shewn that it does 
not ML on the circumference. 

Therefore it must fall without the circle, as AE. 

Also between the straight line AE and the circumfer- 
ence, no straight line can be drawn from the point A, which 
does not cut the circle. 

For, if possible, let -4 -F be between 
them; and from the centre D draw 
DG perpendicular to AF; [I. 12. 

let DG meet the circumference at H. 
Then, because the angle DGA is a 

right angle, [Construction. 

the angle DAG is less than a right 
angle; [I. 17. 

therefore DA is greater than DG. [1.19. 

But DA is equal to DH; [I. Definition 15. 

therefore DH is greater than Z>G, theleaa \)aasi\)aa ^^"a^x \ 
which is impossible, 

Tb&'efore no straight line can be dravm ixom ^^ '^^, 
^ between ui^md the circumfereuce, ao ^ ii'^X* ^ co^'y^' 
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Wherefore, ths straight line &c. q.b.d. 

CoBOLLABT. From this it is manifest, that the straight 
line which is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle ; [i ll,Drf,% 

and that it touches the circle at one point only, 

because if it did meet the circle at two points it would fall 
within it. [III. 2. 

Also it is evident, that there can be but one straight line 
which touches the circle at the same point 

PROPOSITION 17. PROBLEM, 

To draw a straight line from a given point, either 
tvithout or in the circumference, which shall Umch a given 
circle. 

First, let the given point A be without the given circle 
BCD: it is required to draw from A a straight line, which 
shall touch the given circle. 

Take E, the centre of the 
circle, [III. 1. 

and join AE cutting the circum- 
ference of the given circle at D ; 
and from the centre E, at the 
distance EA, describe the circle 
AFG ; from the point D draw 
DF at right angles to EA , [1. 11. 

and join EF cutting the circum- 
ference of the given circle at B ; 
join AB, AB shall touch the circle BCD, 

For, because E is the centre of the circle AFQ, EA is 
equal to EF. [I. D^nition 15. 

And because E is the centre of the circle BCD, EB is 
equal to ED. [I. D^nititm 15. 

Therefore the two sides AE, EB are equal to the two sides 
FE, ED, each to each ; 

and the angle at E is common to the two triangles AEB, 

therefore the triangle AEB is equal to lYie tnswB^^ ElEB^ 

^d the other Angles to the other an^\e», e«>*i^ ^ «w2tL^'0i 

fr/uch the equal aides are opposite ; ^' '^' 




BOOK III. 17, 18. 91 

therefore the angle ^^^^ is equal to the angle FDE. 

But the angle FDE is a right angle ; [Construction, 

therefore the angle ABE is a right angle. [Axiom 1. 

And EB is drawn from the centre ; but the straight line 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches the circle ; [III. 16, Corolkmf. 

therefore AB touches the circle. 

And AB is drawn from the given point A, q.e.f. 

But if the given point be in the circumference of the 
circle, as the point D, draw DE to the centre E, and DF at 
right angles to i>j&; then />jP touches the circle. [III. 16, Cor, 

PROPOSITION 18. THEOREM, 

If a straight line tcruch a circle the straight line drawn 
from the centre to the point qf contact shall be perpenr- 
dicudar to the line touchirtg the circle. 

Let the straight line DE touch the circle ABC at the 
point O; take F^ the centre of the circle ABO, and draw 
tiie straight line FC: FC shall be perpendicular to DE, 

For if not, let FG be drawn from the point F perpen- 
dicular to DE, meeting the cir- 
cumference at B, 

Then, because FGC is a right 
angle, [ffypothesis. 

FCG is an acute angle ; [I. 17. 

and the greater angle of every 
triangle is subtended by the 
greater side ; [I. 19. 

therefore FC\& greater than FG. 

But FC is equal to FB ; [I. -Definition 15. 

therefore FB is greater than FG, the less than the greater; 
which is impossible. 

Therefore FG is not perpendicular to DE, 

In the same manner it may bo sYiewti ^i^^aX. x^a ^^«t 
straigbt line from F is perpendicular t«> DE, \s^\. ^0\ 
therefore I'Cia peipendicular to Z>E. 

"^^refore, if a straight linii^. q.^.i>. 




92 



EUCLIjyS ELEMENTS. 




PBOPOSITION 19, THEOREM. 

Jf a straight line touch a cirde, and from the point qf 
contact a straight line be drawn at right angles to the 
totiching line, the centre of the circle shall be in that line. 

Let the straight line DE touch the circle ABC at C, 
and from C let CA be drawn at right angles to DE: the 
centre of the circle shall be in CA. 

For, if not, if possible, let F be 
the centre, and join CF, 

Then, because DE touches the circle 
ABC, and FC is drawn from the 
centre to the point of contact,' FC ^[ 
is perpendicular to DE; [III. 18. 

thereforethe anglejP(7^isaright angle 

But the angle AGE is also a right p- 
angle ; [Construction. 

therefore the angle FCE is equal to the angle ACE, [Ax. 11. 
the less to the greater; which is impossible. 

Therefore i^is not the centre of the circle ABC. 

In the same manner it may be shewn that no other point 
out of CA is the centre ; therefore the centre is in CA. 

Wherefore, if a straight line &c. q.e.d. 

PROPOSITION 20. THEOREM, 

The angle at the centre of a circle is double of the angU 
at the circumference on tJie same base, that is, on th>e same 
arc. 

Let ABC be a circle, and BEC an angle at the centre, 
and BAC an angle at the circumference, which haye the 
same arc, BC, for their base: the angle BEC shall be 
double of th3 angle BAC. 

Join AE, and produce it to F. 

First let the centre of the circle 
be within the angle BAC. 

Then, because EA is equal to 
EB, the angle EAB is equal to the 
angle EBA ; - [1. 5. 

therefore the angles EAB, EBA 
Mre double of the angle EAB, 
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But the angle BEFis equal to tbe angles BAB, EBA ; [1. 32. 

therefore the angle BEF is double of the angle EAB, 

For the same reason the angle FEC is double of the 
angle EAC. 

Therefore the whole angle BEC is double of the whole 
angle ^^(7. 

Next, let the centre of the circle 
be without the angle BAG. 

Then it may be shewn, as in the first 
case, that the angle FE(J is double of 
the angle FAG, and that the angle 
FEB^ a part of the first, is double of 
the angle FAB^ a part of the other ; 

therefore the remaining angle BEG is 
doable of the remaining angle BAG. 

Wherefore, the angle at the centre &c. q.b.d. 




PROPOSITION 21. THEOREM, 

The angles in the same segment of a circle are equal to 
tms another. 

Let ABGD be a circle, and BAD, BED angles in ihe 
same segment BAED: the angles BAD, BED shall be 
equal to one another. 

Take F the centre of the circle 
ABGD. [III. 1. 

First let the segment BAED be 
greater than a semicircle. 

Join BF, DF. 

Then, because the BngleBFD is 
Ktthe centre, and the angle BAD is 
it the circumference, and that they 
[laye the same arc for their base, 
[lamely, BGD ; 

^erefore the angle BFD isdoubleof theangle 5^Z>.[III.20. 

Por the same reason the angle BFD is double of the ang^le 
BED. 

lurefan tbetmgleBAD is equal to tJhe «i^\e BBI>.\A«.T 
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Next, let the segment BAED be not greater than a 
semicircle. 

Draw AF to the centre, and pro- 
duce it to meet the circumference at 
C, and join CE. 

Then the segment BAEG is 
greater than a semicircle, and there- 
fore the angles BACj BEC in it, are 
equal, by the first case. 

For the same reason, because the 
segment CAED is greater than a 
semicircle, the angles CADy CED are equal. 

Therefore the whole angb BAD is equal to the whole 
angle BED, [Axiom 2. 

Wherefore, the angles in the same segment &c. q.e.d. 




PROPOSITION 22. THEOREM, 

TJie opposite angles qf any quadrilateral figure in- 
scribed in a circle are together equal to two right angles. 

Let A BCD be a quadrilateral figure inscribed in the 
circle ABCD : any two of its opposite angles shall be toge- 
ther equal to two right angles. 

Join AC, BD. 

Then, because the three angles 
of every triangle are together 
equal to two right angles, [I. 32. 

the three angles of the triangle 
CAB, namely, CAB, ACB, ABC 
are together equal to two right 
angles. 

But the angle CAB is equal to the angle CDB, because 
they are in the same segment CDAB; [III. 21. 

and the angle ACB is equal to the angle ADB, because 
they are in the same segment ADCB ; 

therefore the two angles CAB, ACB are together equal 
to the whole angle ADC [Axiom 2. 

To each of these equals add the angle ABO \ 
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therefore the three angles CABy ACBy ABC^ are equal to 
the two angles ABC, ADC, 

But the angles CAB, ACB, ABC are together equal to 
two right angles ; [I. 32. 

therefore abo the angles ABC, ADC are together equal to 
two right angles. 

In the same manner it may be shewn that the angles 
BAD, BCD are together equd to two right angles. 

Wherefore, the opposite angles &c, q.e.d. 



PROPOSITION 23. THEOREM, 

On the same straight line, and on the same side of it, 
there cannot he two similar segments of circles, not coin- 
ciding vdth one another. 

If it be possible, on the same straight line AB, and on 
the same side of it, let there be two similar segments of 
circles ACB, ADB, not coinciding with one another. 

Then, because the circle ACB 
cuts the circle ADB at the two 
points A, B, they cannot cut one 
another at any other point ; [III. 10. 

therefore one of the segments 
must faU within the other; let 
ACB fall within ADB; draw the 
straight line BCD, and join AC, AD. 

Then, because ACB, ADB are, by hypothesis, similar 
s^ments of circles, and that similar segments of circles 
contain equal angles, [III. Definition 11. 

therefore the angle ACB is equal to the angle ADB ; 

that is, the exterior angle of the triangle ACD is equal to 
the interior and opposite angle ; 

which is impossible. [I. 16. 

Wherefore, on the same straight line &c. q.e.d. 
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PROPOSITION 24. THEOREM, 

Similar segmentt of circlet on eqtial straight lines are 
eqtial to one another. 

Let AEB, CFD be aimilar segments of circles on the 
equal straight lines AB,CD\ the segment AEB shall be 
equal to the segment CFD, 

For if the segment e 

AEB be applied to 
the segment CFD, 
to that the point A A 
may be on the point 

(7, and the straight line AB on the stiwht line CD, the 
point B will coincide with the point 3y because AB is 
equal to CD, 

Therefore, the straight Une^^ coinciding with the straight 
line CD, the segment AEB must coincide with the seg- 
ment CFD ; [III. 23. 

and is therefore equal to it. 

Wherefore, similar segments &c. q.e.d. 

PROPOSITION 25. PROBLEM, 

A segment of a circle being given, to describe the circle 
qf which it is a segment. 

Let ABChQ the giyen segment of a circle : it is required 
to describe the circle of which it is a segment. 






Bisects (7 at i>; [L 10. 

from the point D draw DB at right angles ioAC\ [1. 11. 
and join ^5. 

First, lot the angles ABD, BAD, be equal toone another. 
Then DB is equal to 2>^ ; [I. 6. 

but DA IB equal to DC', [Construction, 

therefore DB ib equal to DC. \k.'mm\. 
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Therefore thethree straight lines />^,i>^,Z>C7are all equal; 

and therefore D is the centre of the circle. [III. 9, 

From the centre D^ at the distance of any of the three 
DA^ DBj DC, describe a circle; this will pass through 
the other points, and the circle of which ABC is a segment 
is described. 

And because the centre D is in ^C7, the segment ABC 
is a semicircle. 

Next, let the angles ABD^ BAD be not equal to one 
another. 

At the point A, in the straight line AB^ make the angle 
BAE equal to the angle ABD ; [1. 23. 

produce BD, if necessary^ to meet AB at E^ and join EC* 

Then, because the angle BAE is equal to the angle 
ABE, [Construction, 

EA is equal to EB, [I. 6. 

And because AD is equal to CDy [CiXMtruction, 

and DE is common to the two triangles ADE, CDE ; 

the two sides AD, DE are equal to the two sides CD, DBj 
each to each ; 

and the angle ADE is equal to the angle CDE, for each of 
tibem is a right angle ; [Constructiotu 

therefore the base EA is equal to the base EC, [L 4. 

But EA was shewn to be equal to EB ; 
therefore EB is equal to EC. [Axiom 1. 

Therefore the three straight lines EA, EB,ECsjre all equal ; 
and therefore E is the centre of the circle. [III. 9. 

From the centre E, at the distance of any of the three 
EA, EB, EC, describe a circle ; this will pass through the 
other points, and the circle of which ABC is a segment is 
described. 

And it is evident, that if the angle ABD be greater' 
than the angle BAD, the centre E falls without the seg- 
ment ABC, which is therefore less than a semicircle ; but 
if the angle ABD be less than the angle BAD, the centre 
E fells within the segment ABC, which is therefore greater 
than a semicircle. 

yfherefore, a segment of a circle h^xn^ gi-oea^thft clrdft 
Aas Aww described of which it is a segmenU ^Su« • 

1 
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PROPOSITION 26. THEOREM, 

In equal circles ^ equal angles stand on equal arcs, 
vohether they he at the centres or circumferences. 

Let ABO, DEF be equal circles ; and let BGC, EHF 
be equal angles in them at their centres, and BAG, EDF 
equal angles at their circumferences : the arc BKC shall 
be equal to the arc ELF, 





Join BG, EF, 

Then, because the circles ABG, DEF are equal, [Hyp. 

the straight lines from their centres are equal ; [III. Def, 1. 

therefore the two sides BGy GG are equal to the two sides 
EHy HF, each to each ; 

and the angle at G is equal to the angle at H ; [Hypothesis, 

therefore the base BG is equal to the base EF, [I. 4. 

And because the angle at A is equal to the angle at D^Hyp. 

the segment 5^ dissimilar to the segment EDF\ [III.D^.ll. 

and they are on equal straight lines BG, EF. 

But similar segments of circles on equal straight lines are 
equal to one another; [III. 24, 

therefore the segment BAG ia equal to the segment EDF. 

But the whole circle ABG is equal to the whole circle 
DEF\ [Hypothesis. 

therefore the remaining segment BKG is equal to the re- 
maining segment ELF ; [Axiom 8. 

therefore the arc BKG is equal to the arc ELF. 

Wherefore, in equal circles &c. q.e.d. 
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PROPOSITION 27. THEOREM, 

In equal circles^ the angles which stand on eqtuU arcs 
are equal to one another, whether they he at the centres or 
circumferences. 

Let ABCy DBF be equal circles, and let the angles 
BGC^ EHF at their centres, and the angles BAG, EDF 
at their circumferences, stand on eaual arcs BC, EF\ the 
angle BGG shall be equal to the angle EHF^ and the angle 
BAG equal to the angle EDF, 





If the angle BGG be equal to the angle EHF^ it is 
manifest that the angle BAG is also equal to the angle 
EDF, [[II. 20, ilaaom 7. 

But, if not, one of them must be the greater. Let BGG be 
the greater, and at the point G^ in the straight line BG^ 
make the angle BGK equal to the angle EHF. [I. 23. 

Then, because the angle BGK is equal to the angle EHF, 
and that in equal circles equal angles stand on equal arcs, 
when they are at the centres, [III. 26. 

therefore the arc BK is equal to the arc EF, 

But the arc EF is equal to the arc BG ; [Hypothesis, 

therefore the arc BK is equal to the arc BGy [Axiom 1. 

the less to the greater ; which is impossible. 

Therefore the angle BGG is not unequal to the angle EHF, 
that is, it is equal to it. 

And the angle at A is half of the angle BGG, and the 
angle at 2> is half of the angle EHF; t^li^. *2A ^ 

therefore the Angle at A is equal to the angle a\i D. \A.x. *l. 

Wherefore, in eqtial circles &c. Q.i!Ui>. 
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PROPOSITION 28. THEOREM. 

In equal circles, equal straight lines cat off equal arcs, 
the greater equal to the greater, and the less equal to the 
less. 

Let ABC, BEF be equal circles, and BC^ EF equal 
straight lines in them, whicn cut off the two greater arcs 
BAC, EDF, and the two less arcs BQC, EHF: the 
greater arc BAC shall be equal to the greater arc EDF, 
and the less arc BGC equal to the less arc EHF. 





Take K, L, the centres of the circles, [III. L 

and jom BK, KC, EL, LF, 

Then, because the circles are equal, [Hy^otKesk, 

the straight lines from their centres are equal ; [III. Btf. 1. 

therefore the two sides BK, KC are equal to the two sides 
EL, LF, each to each ; 

and the base BC is equal to the base EF\ [ffypothesis, 

therefore the angle BKC is equal to the angle ELF, [I. 8. 

But in equal circles equal angles stand on equal arcs, when 
they are at the centres, [III. 26. 

therefore the arc BGC is equal to the arc EHF, 

But the circumference ABGC is equal to the circum- 
ference DEHF; [Hypothesis, 

therefore the remaining arc ^^C is equal to the remaining 
sra ^J>F. [Axiom 3. 

Wberefore, in equal circles &c. <4.i&3>. 
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PBOPOSITION 29. THEOREM. 

In equal circles, equal arcs are subtended by equal 
straight Unes. 

Let ABC, DBF be equal circles, and let BGC, EHF 
be equal arcs in them, and join BC, EFi the straight line 
BC shall be equal to the straight line EF, 





Take K, Z, the centres of the circles, [III. 1.. 

and join BK, KG, EL, LF. 

Then, because the arc BGG is equal to the are 
EHF, [Hypothesis. 

the angle BKG is equal to the angle ELF. [III. 27. 

And because the circles ABG, DEF are equal, [Hypothesis. 

the straight lines from their centres are equal ; [III. Drf. 1. 

therefore the two sides BK, KCBxe equal to the two sides 
EL, LF, each to each ; 

and they contain equal angles ; 

therefore the base BG is equal to the base EF, [L 4r 

Wherefore, in equal circles &c. q.b.d. 

PROPOSITION 30. PROBLEM. 

Toln^eta^ven arc, that is, to divide it into two equoiX 
parU. 
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Let ADB be the given arc : it is required to bisect it 

Join AB ; 
bisect it at (7 ; [1. 10. 

from the point C draw CD at 
right angles to AB meeting 
the arc at D, [1. 11. 

The arc ADB shall be bisected 
at the point D, 

Join AD, DB. 

Then, because AC\^ equal to CB, [Construction, 

and CD is common to the two triangles ACD, BCD ; 

the two sides AC, CD are equal to the two sides BC, CD, 
each to each ; 

and the angle ACD is equal to the angle BCD, because 
each of them is a right angle ; [Construction, 

therefore the base AD ia equal to the base BD, [I. 4. 

But equal straight lines cut off equal arcs, the greater 
equal to the greater, and the less equal to the less ; [III. 28. 

and each of the arcs AD, DB is less than a semi-circum- 
ference, because DC, if produced, is a diameter ; [III. 1. Cor. 

therefore the arc AD is equal to the arc DB, 

Wherefore tTie given arc is bisected at D, q.b.p. 



PEOPOSITION 31. THEOREM. 

In a circle the angle in a semicircle is a right angle; 
hut the angle in a segment greater than a semicircle is less 
than a right angle ; and the angle in a segment less than 
a semicircle is greater than a right angle. 

Let ABCD be a circle, of which BC is a diameter 

and E the centre ; and draw CA, dividing the circle into 

the sclents ABC, ADC, and join BA, AD, DC: the 

AD^le m the semicircle BAG shall be a right angle; but 

ihe angle in the segment ABCy w\nc\i \a ^T^^\«t NJoaai ^ 
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semicircle, shall be less than a 
right angle; and the angle in 
the s^^ent ADC^ which is less 
than a semicircle, shall be greater 
than a right angle. 

Join ^^, and produce BA to F. 

Then, because EA is equal to 
EB, [I. Definition 15. 

the angle EAB is equal to the 
angle EBA ; [I. 5. 

and, because EA is equal to EG, 

the angle EAC is equal to the angle EGA ; 

therefore the whole angle BAG\& equal to the two angles, 
ABG, AGB, [Axiom 2. 

But FAGf the exterior angle of the triangle ABG, is equal 
to the two angles ABG, AGB; [I. 32. 

therefore the angle BAG is equal to the angle FAG, [Ax, 1. 

and therefore each of them is a right angle. [I. Drf. 10. 

Therefore the angle in a semicircle BAG is a right angle. 

And because the two angles ABG, BAG, of the triangle 
ABO, are together less than two right angles, [I. 17. 

and that BAChsA been shewn to be a right angle, 

therefore the angle ABG is less than a right angle. 

Therefore the angle in a segment ABG, greater than a 
semicircle, is less than a right angle. 

And because ABGD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
right angles; [111.22, 

therefore the angles ABG, ADG are together equal to two 
right angles. 

But the angle ABG has been shewn to be less than a right 
angle; 

therefore the angle ADG is greater than a right angle. 

Therefore the angle in a segment ADG, less than a oi^mi- 
drcle, is greater than a right angle. 

Wberefore^ the angle &a q.e.d. 
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CoROLLART. From the demonstration it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angle. 

For the angle adjacent to it is equal to the same two 
angles ; [I. 32. 

and when the adjacent angles are equal, they are right 
angles. [I. Definition 10. 

PEOPOSITION 82. THEOREM, 

If a straight line touch a circle, and from the point of 
contact a straight line be dravm cutting the circle^ the 
angles which this line makes with the line touching the 
circle shall be equal to the angles which are in tlie alternate 
segments qfthe circle. 

Let the straight line EF touch the circle ABCD at 
the point B^ and from the point B let the straight line BD 
be <&awn, cutting the circle : the angles which BD msikes 
with the touching line EF, shall be equal to the angles in 
the alternate segments of the circle; that is, the angle 
DBF shall be equal to the angle in the segment BADy 
and the angle DnE shall be equal to the angle in the seg- 
ment BCD. 

From the points draw BA 
at right angles to EF^ [1. 11. 

and take any point C in the 
arc J5Z>, and join AD^ DC, 
CB. 

Then, because the straight 
line EF touches the circle 
^5(72) at the point 5, [Hyp, 

and BA is drawn at right 
angles to the touching line 
from the point of contact B, {Construction. 

therefore the centre of the circle is in BA. [III. 19. 

Therefore the angle ADB, being in a semicircle, is d right 
angle. [III. 31. 

Therefore the othei two angles BAD, ABD are equal to a 
right angle, [I- 32. 

^a^ uijBI'ia also a right angle. \Cw*tffuctvm, 
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Therefore the angle ABF is equal to the angles BAD, 
ABD. 

From each of these equals take away the common angle 
ABD, 

therefore the remaining angle DBF is equal to the remain- 
log angle BAD, [Axiom S. 

which is in the alternate segment of the circle. 

And because ^jB(72> is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are together equal to two 
right angles. [III. 22. 

But the angles DBF, DBF are together equal to two 
right angles. [I. 13. 

Therefore the angles DBF, DBF are together equal to the 
angles BAD, BCD. 

And the angle DBF has been shewn equal to the angle 
BAD; 

therefore the remaining angle DBF is equal to the re- 
maining angle BCD, [Annom 3. 

which is in the alternate segment of the circle. 

Wherefore, if a straight line &c. q.b.d. 



PROPOSITION 33. PROBLEM, 

On a given straight line to describe a segment qf a 
circle, containing an angle eqital to a given rectilineal 
angle. 

Let AB he the given straight line, and C the given 
rectilineal angle : it is required to describe, on the given 
straight line AB, Sk segment of a circle containing an angle 
equal to the angle C. 

First, let the angle C 
be a right angle. 

Bisect AB at F, [1. 10. 
and fi*om the centre F, at 
tiie distance FB, describe 
the semicircle AHB. 

Then the angle AHB 
in a semicircle ia equal to the right angVe 0. \Vi^. ^' 
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But if the angle C be 
not a right angle, at the 
point A, in the straight line 
AB, make the angle BAD 
equal to the angle (7; [1. 23. 
from the point A^ draw AE 
at right angles to -^1Z>;[I.11. 

bisect AB^iF\ [1. 10. 
from the point F, draw FG 
at right angles to AB; [1. 11. 

and join GB. 

Then, because ^^ is 
equal to BF, [Comt. 

and FG is common to the 
two triangles AFG, BFG\ 

the two sides ^Z*, i^6r are 
equal to the two sides 
BF^ FGy each to each ; 

and the angle AFG is 

equal to the angle BFG ; [I. B^nition 10. 

therefore the base AG ia equal to the base BG; [I. 4. 

and therefore the circle described from the centre G, at the 
distance GA, will pass through the point B. 

Let this circle be described; and let it be AHB, 

The segment AHB shall contain an angle equal to the 
given rectilineal angle (7. 

Because from the point A, the extremity of the diameter 
AEy AD is drawn at right angles to AE, [Construction, 

therefore AD touches the circle. [III. 16. Corollary, 

And because AB ia drawn from the point of contact A, 
the angle DAB is equal to the angle in the alternate 
segment AHB. [III. 32. 

But the angle DAB is equal to the angle C, [Comtr, 

Therefore the angle in the segment AHB is equal to the 
angle C, [Axiom 1. 

Wherefore, on the given straight line AB, the segment 
AHB of (I circle has been described, containing an angle 
^im/^o fAe given angle C, Q.E.P. 



BOOK IIL 34,35. 107 




PROPOSITION 84. PROBLEM. 

From a given circle to cut off a segment containing an 
angle equal to a given rectilineal angle. 

Let ABC be the giren circle, and D the given recti- 
lineal angle : it is required to cut off from the circle ABO 
a segment containing an angle equal to the angle />. 

Draw the straight 
line EF touching the 
circle ABC at the 
points; [III. 17. 

and at the point B,m the 
straight line BF, make 
the angle FBC equal 
to the angle Z>. [I. 23. 

The segment BA (7shall 
contain an angle equal 
to the angle i>. 

Because the straight line EF touches the circle ABC, 
and BCis drawn from the point of contact B, [Conatr, 

therefore the angle FBC is equal to the angle in the 
alternate segment BAC of the circle. [III. 32. 

But the angle FBC is equal to the angle Z>. [Construction, 

Therefore the angle in the segment BAC is equal to the 
angle 2). [Axiom 1. 

Wherefore, from the given circle ABC, the segment 
BAC has been cut off, containing an angle equal to the 
given angle D. Q.fi.F. 



PEOPOSITION 35. THEOREM. 

If ttoo straight lines cut one a^iother within a circle, 
the rectangle contained by the segments of one of t?ieta 
shall he equal to the rectangle ooniaxmd, by the segmeuU 
qfthe otAer, 
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Let the two straight lines AG, BD cut one another at 
the point E, within the circle A BCD : the rectangle con- 
tained by AE, EC shall be equal to 
tiie rectangle contained by BE, ED. 

liA (7and BD both pass through 
the centre, so that E is the centre, 
it is evident, since EA, EB, EC, 
ED are all equal, that the rect- 
angle AE, EC is equal to the rect- 
angle BE, ED. 

But let one of them, BD, pass through the centre, and 
cut the other AC, which does not pass through the centre, 
at right angles, at the point E. 
Then, if BD be bisected at F, F 
is the centre of the circle ABCD; 
join AF 

Then, because the straight 
line BD which passes through 
the centre, cuts the straight line 
AC, which does not pass through 
the centre, at right angles at the 
point E, [Hypothesis. 

AE is equal to EC. [III. 3. 

And because the straight line BD is divided into two 
equal parts at the point F, and into two unequal ^arts at 
the point E, the rectangle BE, ED, together with the 
square on EF, is equal to the square on FB, [II. 5. 

that is, to the square on AF. 

But the square on ^ /'is equal to the squares on^J^,^i^.[I.47. 

Therefore the rectangle BE, ED, together with the square 
on EF, is equal to the squares on AE, EF [Axwm, 1. 

Take away the common square on EF', 

then the remaining rectangle BE, ED, is equal to the 

remaining square on AE, 

that is, to the rectangle AE, EC. 

Next, let BD, which passes through the centre, cut 

the other AC, which does not pass through the centre, 

at the point E, but not at right angles. Then, if BD 

he bisected at F, F is the centre of the circle ABCD; 

join^^, and 6-om F draw FQ perpeu^c^)^ \^ AO, \V, VL 
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Then AG is equal to 0C\ [III. 3. 

therefore the rectangle AE, EG, 
together with the square on EG, is 
equal to the square on AG, [II. 5. 

To each of these equals add the 
square on GF ; 

then the rectangle AE, EC, to- 
gether with the squares on EG, 
OF, is equal to the squares on 
AG, GF. [Axiom 2. 

But the squares on EG, GF are equal to the square on 
EF; 

and the squares on AG, GF are equal to the square on 
AF. [1. 47. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the square on AF, 

that is, to the square on FB, 

But the square on FB is equal to the rectangle BE, ED, 
together with the square on EF. [II. 5. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the rectangle BE, ED, together with 
the square on EF. 

Take away the common square on EF; 

then the remaining rectangle AE, EC is equal to the 
remaining rectangle BE, ED. [Aodom 3. 

Lastly, let neither of the straight lines AC, BD pass 
through the centre. 
Take the centre F, [III. 1. 
and through E, the intersection 
of the straight lines AC, BD, 
draw the diameter GEFH. 

Then, as has been shewn, 
the rectangle GE, EH is equal 
to the rectangle AE, EC, and 
also to the rectangle BE, ED ; 

therefore the rectangle AE, EC 
Is equal to the rectaDgle BE, ED. 




\_A.xwy«^V 



Wherefore, if two straight lines &c (i-^.D. 
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PROPOSITION 36. THEOREM. 

If from any point without a circle ttco straight lines 
he dratcn, one qf which cuts the circle^ and the other 
touches it; the rectangle contained by thr whole line which 
cuts the circle^ and the part qf it without the circle, shall 
he equal to the square on the line which touches it. 

Let D be any point without the circle ABO, and let 
DC A, DB be two straight lines drawn from it, of which 
DC A cuts the circle and DB touches it: the rectangle 
AD, DC shall be equal to the square on DB. 

First, let DGA pass through 
the centre E, and join EB. 

Then EBD is a right angle. [III. 18. 

And because the straight line A C 
is bisected at E, and produced to 
D, the rectangle AD, DC together 
with the square on EG is equal to 
the square on ED. [II. 6. 

But EG is equal to EB ; 
therefore the rectangle AD, DG 
together with the square on EB is 
equal to the square on ED. 

But the square on ED is equal to the 

squares on EB, BD, because EBD is a right angle. [I. 47. 

Therefore the rectangle AD, DC, together with the square 
on EB is equal to the squares on EB, BD. 

Take away the common square on EB ; 

then the remaining rectangle AD, DC is equal to the 
square on DB. [Axiom 3. 

Next let DGA not pass through the centre of the circle 
ABC'y take the centre E ; [III. 1. 

from E draw EF perpendicular io AC; [1. 12. 

and join EB, EC, ED. 

Then, because the straight line EF\v\v\c\i \)2ka.&^%\i)MWi"^ 
tlie centre, cuts the straight line AC, \?\vvc\v ^o»e^ \iO^ ^^'e» 
through the centre, at right angles, it a\ao\>\&^c\.a*\\.-, \VW^. 
therefore ^J^ia e^ ' ' '^ JPC. 
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And because the straight line ^C7 is bisected at F^ and 
produced to i>, the rectangle AD^ DC, together with the 
square on FC, is equal to the square on FD. [IL 6. 

To each of these equals add the square on FE, 
Therefore tiie rectangle AD, DC 
together with the squares on 
CF, FE, is equal to the squares 
on DFy FE, [Axiom 2. 

But the squares on CF, FE are 
equal to the square on CE, be- 
cause CFE is a right angle ; [I. 47. 

and the squares on Z>F, FE are 
equal to the square on DE. 

Therefore the rectangle AD, DC, 
together with the square on CE, 
is equal to the square on DE. 

But CE is equal to BE; 

therefore the rectangle AD, DC, together with the square 

on BE, is equal to the square on DE. 

But the square on DE is equal to the squares on DB, 
BE, because EBD is a right angle. [I. 47. 

Therefore the rectangle AD, DC, together with the square 
on BE, is equal to the squares on DB, BE, 

Take away the common square on BE ; 

then the remaining rectangle AD, DC is equal to the 




square on DB. 

Wherefore, if from any point &c. 

CoBOLiiARY. If from any point 
without a circle, there be drawn 
two straight lines cutting it, as 
AB, A C, the rectangles contained 
by the whole lines and the parts 
of them without the circles are 
equal to one another ; namely, the 
rectangle BA, AE is equal to the 
rectangle CA, AF; for each of 
them 18 equal to tlie square on the 

gtrai^bt one AD, wliicli touclies 

the circle. 



[ila^tom 3. 



Q.E.I). 
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PROPOSITION 87. THEOREM, 

If from any point without a circle there he drawn two 
ttraight lines, one of which cuts the circle, and the other 
meets it, arid if the rectangle contained by the whole line 
which cuts the circle, and the part qfit without the circle, 
be equal to the square on the line which meets the circle, 
the line which meets the circle shall touch it. 

Let any point D be taken without the circle ABC, 
and from it let two straight lines" Z>6M, DB be drawn, 
of which DCA cuts the circle, and DB meets it; and let 
the rectangle AD, DC be equal to the square on DB: 
DB shall U)uch the circle. 

Draw the straight line DE, 
touching the circle ABC; [III. 17. 

find F the centre, [III. 1. 

md jom FB, FD, FE. 

Then the angle FED is a 
right angle. [III. 18. 

And because DE touches the 
circle ABC, and DCA cuts it, 
the rectangle AD, DC is equal 
to the square on DE, [III. 36. 

But the rectangle AD, DC is 
equal to the square on DB. [ffyp. 

Therefore the square on D-^is equal to the square onDBjiAx.1, 

therefore the straight line DE is equal to the straight line 
DB. 

And -E'^is equal to BF; [I. D^nition 15. 

therefore the two sides DE, EF are eciual to the two sides 
DB, BF each to each ; 

and the base 2>i^is common to the two triangles DEF, DBF; 

therefore the angle DEF is equal to the angle DBF. [L 8. 

But DEF is a right angle ; [Construction. 

therefore also DBF is a right angle. 

And BF, if produced, is a diameter ; and the straight lino 
which is drawn at right angles to a diameter from the 
extremity of it touches the circle ; [III. 16. Coroll^i-y, 

therefore DB touches the circle ABC, 
Wherefore, if from a point &c. QLia.i>. 
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1. A BBcrnLDTEAL figure is said 
to be inscribed in another rectilineal 
figure, when all the angles of the in- 
scribe figure are on the sides of the 
figure in which it is inscribed, each on 
each. 

2. In like manner, a figure is said 
to be described about another figure, 
when all the sides of the circumscribed 
figure pass through the angular points 
of the figure about which it is de- 
scribed, each through each. 

3. A rectilineal figure is said to 
be inscribed in a circle, when all tlie 
angles of the inscribed figure are on 
the circumference of the circle. 

4. A rectilineal figure is said to be 
described about a circle, when each 
side of the circumscribed figure touches 
the circumference of the circle. 

5. In like manner, a circle is said 
to be inscribed in a rectUinesiL figure, 
when the cmmmference of the circle 

Amctes each sido of the Gguro 






i 



^ 
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6. A circle is said to be described 
about a rectilineal figure, when the cir- 
cumference of the circle passes through 
all the angular points of the figure about 
which it is described. 

7. A straight line is said to be 
placed in a circle, when the extremities 
of it are in the circumference of the 
circle. 




PEOPOSinON 1. PROBLEM. 

In a given circle^ to place a straight line, equal to a 
given straight line, which is not grecUer than the diameter 
qf the circle. 

Let ABO be the given circle, and D the given straight 
line, not greater than the diameter of the circle: it is 
required to place in the circle ABC, a straight line equal 
ioZ>. 

Draw BC, a diameter of 
the circle ABC, 

Then, if BC is e<jual to i>, 
the thing required is done ; for 
in the circle ABC, a straight 
line is placed equal to D. 

But, if it is not, BC is greater 
than D. [Hypothesis, 

Make CE equal to i>, [I. 8. 

and from the centre (7, at the distance CE, describe the 
circle AEF, and join CA. 

Then, because C is the centre of the circle AEF, 

CA is equal to CE; [I. B^nition 16. 

but CE is equal to D ; [Construction, 

therefore CA is equal to D. [Axiom 1. 

Wherefore, in the circle ABC, a straight line CA is 
placed equal to the given straight line B, yx^Kizh is not 
greater than the diameter c^fthe circle, ^.^.y. 
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PROPOSITION 2. PROBLEM. 

In a given circle, to inscribe a triangle equiangular to 
a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle : it is required to inscribe in the circle ABC a 
triangle equiangular to the triangle DEF. 

Draw the straight 
line GAH touching 
the circle at the point 
Ai ' [III. 17. 

at the point A, in the 
straight line AHy make 
the angle^.^ (7equal to 
the angle i>^i^; [1.23. 

and, at the point A, in 
tiie straight line AG, 
make the angle GAB 
equal to the angle DFE ; 

and join BC. ABC shall be the triangle required. 

Because GAH touches the circle ABC, and AC va 
drawn from the point of contact A^ [Cmstruction, 

therefore the angle HACis equal to the angle ABC in the 
alternate segment of the circle. [III. 32. 

But the angle BACia equal to the angle DEF. [CansPr. 

Therefore the angle ABC is equal to the angle DEF, [Ax. 1. 

For the same reason the angle ACB is equal to the 
angle DFE. 

Therefore the remaining angle BAC is equal to the re- 
maining angle EDF. [I. 32, Axioms 11 and 3. 

Wherefore the triangle ABC is equiangular to the tri- 
angle DEFf and it is inscribed in tJie circle ABC. q.b.f. 



PROPOSITION 3. PROBLEM. 

A^aufaffipen ctrde, to describe a triangle equlang'ular 
^ a^pfin irian^le. 
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Let ABC be the given circle, and DEF the given tri- 
angle : it is required to describe a triangle about the circle 
AMGy equiangular to the triangle DEF, 

Produce -EF both 
ways to the points 7\ D 

Q, H\ take K the 
centre of the circle 
ABC\ [III. 1. 





from K draw any y ^ G £ F H 

radius KB\ 

at the point K^ in 
the straight line KB^ 
make the angle BKA 
equal to the angle 
DEQ, and the angle BKG equal to the angle DFR\ [L 28. 

and through the points A, B, C, draw the straight lines 
LAM, MBN, NCL, touching the circle ABC, [HI. 17. 

LMN shall be the triangle required. 

Because LM, MN, NL touch the circle ABC at the 
points A^Bf Oy [Construction, 

to which from the centre are drawn ITA, KB, KG, 

therefore the angles atthepoints-4,^, (7arerightangles.[III.18. 

And because the four angles of the quadrilateral figure 
AMBK are together equal to four right angles, 

for it can be divided into two triangles, 

and that two of them KAM, KBM are right angles, 

therefore the other two AKB, AMB are together equal 
to two right angles. \A.xlom, 3. 

But the angles DEG, DEF are together equal to two 
right angles. [I. 13. 

Therefore the angles AKB, AMB are equal to the angles 
DEQ, DEF\ 

of which the angle A KB is equal to the angle DEQ ; [Cwnxbr, 

therefore the remaining angle AMB is equal to the re- 
maining angle DEF, [Axiom, 3. 

In the same manner the angle LNM may be shewn to be 
. equal to the angle DFE, 

Therefore the remaining onglQ MLN \& ^ojaaSL \ft ^<a 
^omaiDiDg angle EDF, \1. ^i^ AxVow* \\ %scl^V 
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Wherefore the triangle LMN is equiangular to the tri- 
angle D£F, and it is described aboiU the circle ABC, Q.E.F, 

PROPOSITION 4. PROBLEM, 
To inscribe a circle in a given triangle. 

Let ABC be the given fcriangle : it is required to inscribe 
a circle in the triangle ABC. 

Bisect the angles ABC, ACB, 
by the straight lines BI), CD, 
meeting one another at the point 
2>; [1. 9. 

andfrom 2) draw 2)^, 2>^, 2)0^ per- 
pendiculars to AB, BCy CA, [1. 12. 

Then, because the angle EBD 
is equal to the angle FBD, for 
the angle ABC is bisected by 
BDf [ConsfrucHon. 

and that the ri^ht angle BED is 

equal to the right angle BFD ; [Axiom 11. 

therefore the two triangles EBD, FBD have two angles 
of the one equal to two angles of the other, each to each: 
and the side BD, which is opposite to one of the equal 
angles in each, is common to both ; 

therefore their other sides are equal ; [I. 26. 

therefore DE is equal to DF, 

For the same reason DO is equal to DF, 

Therefore DE is equal to DG. [Axiom 1. 

Therefore the three straight lines DE^ DF, DG are equal 
to one another, and the circle described from the centre 2>, 
at the distance of any one of them, will pass through the 
extremities of the other two ; 

and it will touch the straight lines AB, BC, CA, because 
the angles at the points E, F, G are right angles, and the 
straight line which is drawn from the extremity of a dia^ 
meter, at right angles to it, touches the circle. [III. 16. Cor, 

Therefore the straight lines A By BC, CA do each of them 
touch the circle, and therefore the circle is inscribed in t^^ 
triangle ABC, 

Wbere/bre a etrde has been inscrxh^ in the ^va^!^ 
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PROPOSITION 5. PROBLEM. 

To describe a circle about a given triangle. 

Let ABC be the given triangle : it is required to de- 
scribe a circle about ABC. 






Bisect ABy AC at the points 2>, E; [I. 10. 

from these points draw DF, EF, at right angles to 
AB,AC; [1.11. 

DF, EF, produced, will meet one another ; 

for if they do not meet they are parallel, 

therefore AB, AG, which are at right angles to them are 
parallel ; which is absurd ; 

let them meet at F, and join FA ; also if the point F be 
not in BC, join BF, CF. 

Then, because AD\& equal to BD, [Comtruction. 

and DF is common, and at right angles Ui AB, 

therefore the base FA is equal to the base FB. [I. 4. 

In the same manner it may be shewn that FC is equal to FA. 

Therefore FB is equal to FC ; {Axiom 1. 

and FA, FB, FC are equal to one another. 

Therefore the circle described from the centre F, at the 
distance of any one of them, will pass through the extre- 
mities of the other two, and will be described about the 
triangle ABC. 

Wherefore a circle has been described dbotU the 
given triangle, Q.B.P. 

Corollary. And it is manifest, that when the cenixe 

of the circle falls within the triangle, each of its angles is 

less than a right angle, each of them being in a se^^ent 

greater than a semicircle ; and when the centre is m one 

of the sides of the triangle, the angle opi^«»\\.^ tio thia aide, 

beiDf '" " 9eiiucircie, is a ngbt an^e *, Mvd.\?Wi>i5aft (:,^i^^ 
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fiiDg witfaodt the triangle, the angle opposite to the side 
beyond idiich it is, being in a segment less than a semi- 
circle, is greater than a right angle. [III. 81. 

Therefore, conversely, if the given triangle be acute- 
angled, the centre of the circle falls within it ; if ib be a 
ri^t-angled triangle, the centre is in the side opposite to 
the right angle ; and if it be an obtuse-angled triangle, the 
centre £bJ1s without the triangle, beyond tiie side opposite 
to the obtuse angle. 

PROPOSITION 6. PROBLEM. 
To inscribe a square in a given circle. 

Let ABCD be the given circle : it is required to in- 
scribe a square in ABCD. 

Draw two diameters A C7, BD 
of the circle ABGD^ at right an- 
gles to one another ; [III. 1, 1. 11. 

and join ABy BC, CD, DA. 
The figure ABCD shall be the 
square required. 

Because BE is equal to DE, 
fat ESa the centre ; 

and that EA is common, and at 
right angles to BD ; 

therefore the base BA is equal to the base DA, [I. 4. 

And for the same reason BC, DC are each of them equal 
to BA, or DA, 

Therefore the quadrilateral figure ABCD is equilateral 
It is also rectangular. 

For the straight line BD being a diameter of the circle 
ABCD, BAD is a semicircle; [Constructim, 

therefore the angle BAD is a right angle. [III. 31. 

For the same reason each of the angles ABC, BCD, CD A 
is a right angle ; 

therefore the quadrilateral figure ABCD is rectangular. 

And it has been shewn to be equilateral ; therefore it is 
a square. 

Wberefyre a square has been inscribed in tlv© gx-wfi^ i 
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PROPOSITION 7. PROBLEM. 

To describe a square about a given circle. 

Let ABOD be the given circle: it is required to 
describe a square about it. 

Draw two diameters AC^ BD 
of the circle ABCD, at right an- 
gles to one another; [EII. 1, 1. 11. 

and through the points A,ByC, D, 
draw FG, GH, HK, KF touching 
the circle, [III. 17. 

The figure GHKF shall be the 
square required. 

Because FG touches the circle ABCD^ and EA is drawn 
from the centre E to the point of contact A, [Ccmstruction, 

therefore the angles at A are right angles. [III. 18. 

For the same reason the angles at the points B^ C^ D are 
right angles. 

And because the angle AEB is a right angle, [Construction, 

and also the angle EBG is a right angle, 

therefore 0^^ is parallel to ^(7. [1.28. 

For the same reason AG is parallel to FIT. 

In the same manner it may be shewn that each of the 
Imes GFy HK is parallel to BD. 

Therefore the figures GK, GG, GF, FB, BK are parallelo- 
grams; 

and therefore GF\s equal to HK^ and GH\xi FK, [1. 34. 

And because AG\s equal to BD^ 
and that ^C7is equal to each of the two GH^ FK^ 
and that BD is equal to each of the two GF^ HK, 
therefore GH, FK are each of them equal to GF, or nK\ 
therefore the quadrilateral figure FGHKiA equilateral 

It is also rectangular. 
For since AEBG is a parallelogram, and AEB a right angle, 
therefore AGB is also a right angle. [I. 84. 

In the same manner it may be sliQiWii \ilnsi \K<b «x^l<&« at 
^^ ^are right angles ; 
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therefore the quadrilateral figure FGHITis rectangular. 

And it has been shewn to be equilateral ; therefore it 
is a square. 

Wherefore a square has been described about the gif>en 
circle, q.e.f. 

PROPOSITION 8. PROBLEM, 

To inscribe a circle in a given square. 

Let ABCD be the given square : it is required to in- 
scribe a circle in ABCD. 

-Bisect each of the sides AB^ X E D 

AD at the points F, E ; [I. 10. 

through E draw EH parallel to 
AB or DC, and through F draw 
i^'JT parallel to AD or BC. [I. 31. 

Then each of the figures AK, 
KB, AH, HD, AG, GG, BG, GD 
is a right-angled parallelogram ; 

and their opposite sides are equal. 

And because -42> is equal to AB, 



r 

G 


A 


V 


J 



H 



[1.84. 

[I. Definition 30. 

and that ^ ^ is half of A Z>, and AF half of AB, [C(mstr. 

therefore AEis equal to AF, [Axiom 7, 

Therefore the sides opposite to these are equal, namely, 
FG equal to GE, [I. 34. 

In the same manner it may be shewn that the straight 
lines GHf GK are each of them equal to FG or GE, 

Therefore the four straight lines GE, GF, GH, GK are 
equal to one another, and the circle described from the 
centre (r, at the distance of any one of them, will pass 
through the extremities of the other three ; 

and it will touch the straight lines AB, BC, CD, DA, 
because the angles at the points E, F, H, K are right 
angles, and the straight line which is drawn from the 
extremity of a diameter, at riglit angles to it, touches 
the circle. [III. 16. Corollary. 

Therefore the straight lines AB, BC, CD, DA do each 
of them touch the circle. 

Wherefore a circle has been inscribed in IKft gxtefa 
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PROPOSITION 9. PROBLEM, ^ 

To describe a circle about a given square. 

Let ABCD be the given square: it is required to 
describe a circle about ABCD. 

Join AC, £I>, cutting one an- 
other at E, 

Then, because AB \a equal to 

ADy 

and AC is common to the two tri- 
angles BAC, DAC; 

the two sides BA, AC are equal to 
the two sides DAy ^ (7 each to each ; 

and the base BC is equal to the base DC; 

therefore the angle BAC is equal to the angle DAC, [I. 8. 

and the angle BAD is bisected T>y the straight line AC 

In the same manner it may be shewn that the angles 
ABCf BCD, CD A are seyerally bisected by the straight 
lines BD, AC 

Then, because the angle DAB is equal to the angle ABC, 

and that the angle EAB is half the angle DAB, 

and the angle EBA is half the angle ABC, 

therefore the angle EAB is equal to the angle EBA ; [Ax. 7. 

and therefore the side EA is equal to the side EB, [I. 6. 

In the same manner it may be shewn that the straight 
lines EC, ED are each of them equal to EA or EB, 

Wherefore the four straight lines EA, EB, EC, ED are 
equal to one another, and the circle described from the 
centre E, at the distance of any one of them, will pass 
through the extremities of the other three, and will be 
described about the square ABCD. 

Wherefore a circle has teen described about the given 
iquare. q.e.f. 

PROPOSITION 10. PROBLEM. 

7b deserve an isosceles triangUy hamng cacli o/ t^e 
an^/eg af lAe base double qf the third angle. 
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Take any straight line 
AB, and diyide it at the 
point Cf so that the rectan- 
gle ABy BC may be equal 
to the square on A C; [II. 11. 

from the centre A, at the 
distance AB, describe the 
circle BDE^ in which place 
the straight line BD equal 
to AG^ which is not greater 
than the diameter of the 
circle BDE\ [IV. 1. 

and join 2>^. The triangle 
ABD shall be such as is re- 
quired; that is, each of the angles ABD, ADB shall be 
double of the third angle BAD, 

Join DO; and about the triangle ACD describe the 
circle AOD. [IV. 6. 

Then, because the rectangle AB, BO is equal to the 
square on AG, [Comtruciion, 

and that AOh equal to BD, [Construction, 

therefore the rectangle AB, BO is equal to the square 
on BD. 

* And, because from the point B, without the circle AOD, 
two straight lines BOA, BD are drawn to the circumference, 
one of which cuts the circle, and the other meets it, 

and that the rectangle AB, BO, contained by the whole of 
tiie cutting line, and the part of it without the circle, is 
equal to the square on BD which meets it ; 

therefore the straight line J52> touches the circle A OD. [III.37. 

And, because BD touches the circle AOD, and DO is 
drawn from the point of contact D, 

therefore the angle BDO is equal to the angle DAO in the 
alternate segment of the circle. [III. 32. 

To each of these add the angle ODA ; 

therefore the whole angle BDA is equal to the two angles 
ODA, DA O. \Axwyw. ^. 

Bai the exterior angle BCD is equal to l\i© «xi^^^ ^^-^^ 
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Therefore the angle BDA is 
equal to the angle BCD. [Ax. 1. 

But the angle BDA is equal 
to the angle DBA, [I. 5. 

because AD is equal to AB, 

Therefore each of the angles 
BDA, DBA, is equal to the 
angle BCD. [Axiom 6. 

And, because the angle 
DBC Is equal to the angle 
BCD, the side DB is equal 
totheside2)(7; [1.6. 

but DB was made equal to CA ; 

therefore CA is equal to CD, [Axiom 6. 

and therefore the angle CAD is equal to the angle CD A. [1. 5. 

Therefore the angles CAD, CD A are together double of 
the angle CAD. 

But the angle BCD is equal to the angles CAD, CD A. [1. 32. 

Therefore the angle BCD is double of the angle CAD. 

And the angle BCD has been shewn to be equal to each 
of the angles BDA, DBA ; 

therefore each of the angles BDA, DBA is double of the 
angle BAD. 

Wherefore an isosceles triangle has teen described, 
having each of the angles at the base doiMe of th^ third 
angle* q.e.f. 



PROPOSITION 11. PROBLEM. 

To inscribe an equilateral and equiangidar pentagon 
in a given circle. 

Let ABCDE be the given circle: it is required to 
inscribe an equilateral and equiangular pentagon in the 
circle ABCDE. 

Describe an isosceles triangle, FOH, having each of 
the angles at G, H, double of the angle at F; [IV. 10. 

j'n the circle ABCDE, inscribe the tnanLg\ft ACD, wa^jvx^sn- 
erular to the triangle FQH, so thai \iiO wi^Xft CA1> \!Ms:5 
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be equal to the angle at F, and each of the angles ACD, 
ADC equal to the angle at G or H\ [lY. 2. 

and therefore each of 
the angles ACD, ADC is 
double of the angle CAD ; 
bisect the angles ACD, 
ADC by the straight 
lines CE, DB ; [I. 9. 

and jom AB, BG, AB, 
ED 

ABODE shaU be the 
pentogon required. 

For because each of 
the angles ACD^ ADC iff double of the angle CAD, 
and tl^t they are bisected by the straight lines CE, DB, 
therefore the five angles ADB, BDC, CAD, DOE, ECA 
are equal to one another. 

But equal angles stand on equij arcs ; [IIL 26. 

therefore the five arcs AB, BCi CD, DE, EA are equal to 
one another. 

And equal arcs are subtended by equal straight lines ; [III.291 

therefore the five straight lines AB, BC, CD, DE, EA are 
equal to one another ; 

and therefore the pentagon ABODE is equilateral 

It is also equiangular. 

For, the arc ^^ is equal to the arc DE ; 
to each of these add the arc BOD ; 

therefore the whole arc ABGD is equal to the whole 
arc BODE, [Axiom 2. 

And the angle AED stands on the arc ABOD, and the 
angle BAE on the arc BODE. 

Therefore the angle AED is equal to the angle BAE. [III. 27. 

For the same reason each of the angles ABC, BCD, 
ODE is equal to the angle AED or BAE-, 

therefore the pentagon ABODE is equiangular. 

And it has been shewn to be equilateral. 

• Wherefore an equilateral and eguianguXar peuto^w^ 
Am been tnecribed in the given circle, <i.¥i,¥. 
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PROPOSITION 12. PROBLEM. 

To describe an equilateral and equiangular pentagon 
about a given circle. 

Let ABODE be the given circle; it is required to 
describe an equilateral and equiangular pentagon about 
the circle ABODE. 

Let the angles of a pen- 
tagon, inscribed in the circle, 
by the last proposition, be 
at the points A, B, (7, D, E 
so that the arcs AB, BO, 
CD, DEy EA are equal; 
and through the points A, 
B, 0, D, E, draw GH, HK, 
KL, LMf MGj touching the 
circle. [III. 17. 

The figure GHKLM shall be the pentagon required. 
Take the centre jP, and join FB, FK, FC, FL, FD. 

Then, because the straight line KL touches the circle 
ABODE at the point to which FO is drawn from the 
centre, 

therefore FO is perpendicular to KL, [III. 18. 

therefore each of the angles at C7 is a right angle. 

For the same reason the angles at the points B, D are 
right angles. 

And because the angle i^^ is a right angle, the square 
on FKi^ equal to the squares on FO, OK. [I. 47. 

For the same reason the square on FK is equal to the 
Sijuares on FB, BK. 

Therefore the squares on FO, OK are equal to the squares 
on FB, BK) [Axiom 1. 

of which the square on FO is equal to the square on FB ; 

therefore the remaining square on OK is equal to the 
remaJDing square on BK, [Axiom 3. 

and therefore the straight line CK ift eqjaaX Vi tVi^ straight 
line^jr. 
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And becanse FB is equal to FC, 

and FK]r common to the two triangles BFKj CFK) 

the two sides BF, FK are equal to the two sides CF^ FK, 
each to each ; 

and tho/hase BKwbs shewn equal to the base CK; 

therefore the angjie BFK is equal to the angle CFK, [I. 8. 

and the angle BKF to the angle CKF. [I. 4. 

Therefore the angle BFC is double of the angle CFK, 
and the angle BKC is double of the angle CKF. 

For the same reason the angle CFD is double of the 
angle GFLj and the angle CLD is double of the angle CLF, 

And because the arc BC is equal to the arc CD, 

the angle BFC is equal to the angle CFD ; [III. 27. 

and the angle BFC is double of the angle CFK, and the 
angle CFD is double of the angle CFL ; 

therefore the angle CFK is equal to the angle CFL, [Ax. 7. 

And the right angle FCK is equal to the right angle FCL, 

Therefore in the two triangles FCK, FCL, there are two 
angles of the one equal to two angles of the other, each to 
each; 

and the side FC, which is adjacent to the equal angles in 
each, is common to both ; 

therefore their other sides are equal, each to each, and the 
third angle of the one equal to the third angle of the other ; 

therefore the straight line CK is equal to the straight line 
CL, and the angle FKC to the angle FLC. [I. 26. 

And because CK is equal to CL, LK is double of CK 

In the same manner it may be shewn that UK is 
double of BK -* 

' And because BK is equal to CK, as was shewn, 
and that HKia double of BK, and ZiT double of CK, 
therefore HK is equal to LK, [Axiom 6. 

In the same manner it may be shewn that Gil,. 
GM, ML are each of them equal to HK or LK\ 

therefore ihe pentagon GHKLMSa eqvula^i^Y^ 

It 18 also equiangular. 
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For, since the angle FKG\& equal to the angle FLC^ 

and that the angle HKL is double 
of the angle FKG, and the angle 
KLM double of the angle FLO, 
as was shewn, 

therefore the angle HKL is equal 
to the angle KLM, [Axiom 6. 

In the same manner it may be 
shewn that each of the angles 
KHG, HGM, GML is equal to 
the angle HKL or KLM] 

therefore the pentagon GHKLM is equiangular. 

And it has been shewn to be equilateraL 

Wherefore an equilateral and equiangular pentagoti 
has been described about the given circle, q.e.p. 




PROPOSITION 13. PROBLEM, 

To inscribe a circle in a given equilateral and equi- 
angular pentagon. 

Let ABGDE be the given equilateral and equiangular 
pentagon: it is required to inscribe a circle in the pen- 
tagon ABGDE. 

Bisect the angles BGD^ 
GDE by the straight lines 
GF, DF', [I. 9. 

and from the point Fy at 
which they meet, draw the 
straight lines FB, FA, FE, 

Then, because BGS& equal 
to 2>(7, [Hypothesis, 

and GF is common to the two 
triangles ^aF,2>6'i^; 

the two sides BG, GF are 
equal to the two sides 2>(7, GFy 
each to each ; 

and the angle BCF i& equal to tlio angle BGF \ \C<mstr. 
therefore the base BF \a equal to tXioV^a© DF,m^\Jaa 
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other angles to the other angles to whidi the equal ddea 
are opposite; [I. 4. 

therefore the angle CBFia equal to the angle CDF. 

And because the angle CDJE is donble of the angle 
CDFf and that the angle CDE is equal to the angle C£A, 
and the angle CDF\b equal to the angle CBFy 

therefore the angle CBA is double of the angle CBF; 
therefore the angle ABF is equal to the angle CBF ; 
therefore the angle ABC is bisected by the straight line BF. 

In the same manner it may be shewn that the angles 
BAEy AED are bisected by the straight lines AF^ EF, 

From the point F draw FO, FH, FK, FL, FM perpen- 
diculars to the straight lines AB, BC, CD, DE, EA. [L 12. 

Then, because the angle FCH is equal to the angle 
FCK, 

and the right angle FHC equal to the right angle FKC\ 
therefore in the two triangles FHC^ FKC, there are two 
angles of ihe one equal to two angles of the other, each to 
eadi; 

and the side FC, which is opposite to one of the equal 
angles in each, is common to both ; 

therefore their other sides are e^ual, each to each, and 
therefore the perpendicular FH is equal to the perpen- 
dicular FK, [1. 26. 
In the same manner it may be shewn that FL, FM, FG 
are each of them equal to FH or FK. 

Therefore the five straight lines FQ, FH, FK FL, FM are 
equal to one another, and the circle described from the 
centre F, at the distance of any one of them will pass 
through the extremities of the other four ; 

and it will touch the straight lines AB, BC, CD, DE, EA, 
because the angles at the points (7, H, K, Z, M are right 
angles, [Construction, 

and the straight line drawn from the extremity of a dia- 
meter, at right angles to it, touches the circle ; [III. 16. 

Therefore each of the straight lines AB, BC, CD, DE, EA 
touches the circle. 

Wheretore a circle has been trwcribed in thA gvMww 
jSfii^ef^ara/ an^ egfutanfftUar pentagon, ^s^- 

•9 
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PEOPOSITION 14. PROBLEM, 

To describe a circle aboitt a given equiiaferal and equi- 
wngvlar pentagon. 

Let ABODE be the given equilateral and equiangular 
pentagon : it is required to describe a circle about it. 

Bisect the angles BCD, CDE 
by the straight lines CFy DF\ [1.9. 

and from the point F, at which 
they meet, draw the straight lines 
FB, FA, FE. 

Then it may be shewn, as in 
the preceding proposition, that 
the angles CBA, BAE, AED are 
bisected by the straight lines BF, 
AF, EF. 

And, because the angle BCD is equal to the angle CDE, 

and that the angle FCD is half of the angle BCD^ 

and the angle FDC is half of the angle CDE, 

therefore the angle FCD is equal to the angle FDC\ [Ax. 7. 

therefore the side -PC is equal to the side FD. [I. (J. 

In the same manner it may be shewn that FB, FA, FE 
are each of them equal to FC or FD ; 

therefore the five straight lines FA, FB, FC. FD, FE are 
equal to one another, and the circle descrioed from i^e 
centre F, at the distance of any one of them, will pass 
through the extremities of the other four, and will be de- 
scribed about the equilateral and equiangular pentagon 
ABODE, 

Wherefore a circle has been described about the given 
eqtulateral and equiangular pentagon, q.e.f. 

PROPOSITION 15. PROBLEM. 

To insert an equilateral and equiangular hexagon 
in a given circle. 

Let ABCDEFhe the given circle : it is required to in- 
scnbe an equilateral and equianguLax be^aigou in it 

-P^d the centre Q of the drcle ulBCDEP^ \v\v, V 
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«nd draw the diameter AGD ; 

from the centre 2), at the dis- 
tance DOy describe the circle 
EGCH\ 

jomEGf CGfSnd produce them 
to thepoints Bj F\ and join^^, 
BG, CD, BE, EF, FA.. 

The hexagon ^^OD^i?' shall 
be equilateral and equiangular. 

For, because G is the centre 
of the circle ABCDEF, GE is 
equal to GB ; 

and because B is the centre 
of the circle EGCH, BE is 
equal to BG ; 

therefore GE is equal to BE, 

and the triangle EGB is equilateral ; 

therefore the three angles EGB, GBE, BEG are equal to 
one another. [I. 5. Corollary, 

But the three angles of a triangle are together equal to 
two right angles; [I. 82. 

therefore the angle EGB is the third part of two right 
angles. 

In the same manner it may be shewn, that the angle 
DGC is the third part of two right angles. 

And because the straight line GC makes with the 
gtraie^ht line EB the adjacent angles EGC, CGB together 
equal to two right angles, [1. 18. 

therefore the remaining angle CGB is the third part of two 
right angles; 

therefore the angles EGB, BGC^ CGB are equal to one 
another. 

And to these are equal the rertical opposite angles 
EGA, AGF, FGE. \v« ^s.. 

Therefore the six angles EGB, DQC^ CGB, BGA, A^'P. 
J^^are eqiud to one anotheiv _ \ 
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But equal angles stand on equal arcs ; [III. 26. 

therefore the six arcs -4J5, BC^ CD, DE, EF^ FA are 
equal to one another. 

And equal arcs are subtended by equal straight lines ; [III.29. 

therefore the six straight lines are equal to one another, 
and the hexagon is eqiulateral. 

It is also equiangular. 

For, the arc ^^is equal to 
the arc ED ; 

to each of these add the 
arc ABCD ; 

therefore the whole arc 
FABCD is equal to the 
whole arc ABODE; 

and the angle FED stands 
on the arc FABCD, 

and the angle AFEatsaida 
on the arc ABCDE; 

therefore the angle FED is 
equal to the angle AFE. 

In the same manner it may be shewn that the other 
angles of the hexagon ABCDEF are each of them equal 
to the angle AFE or FED ; 

therefore the hexagon is equiangular. 

And it has been shewn to be equilateral ; and it is inscribed 
in the circle ABCDEF 

Wherefore an equilateral and equiangular hexagon 
has been inscribed in the given circle. q.e.f. 

CoROLLART. From this it is manifest that the side of 
the hexagon is equal to the straight line from the centre, 
that is, to the semidiameter of the circle. 

Also, if through the points A, B, C, D, E, F, there be 
drawn straight lines touching the circle, an equilateral and 
equiangular hexagon will be described about the circle, 
as may be shewn from what was said of the pentagon ; and 
a circle may be inscribed in a given equilateral and equi- 
AD^lar hexagon, and circumscribed al)Out it, by a method 
like that used for the pentagon. 



[III. 27. 
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PROPOSITION 16. PROBLEM, 

To inscribe an equilater aland equiangular quindecagon 
in a given circle. 

Let ABCp be the given circle: it is required to in- 
Bcribe an equilateral and equiangular quindecagon in the 
circle ABCD, 

Let ^(7 be the side of an 
equilateral triangle inscribed 
in the circle; - [IV. 2. 

and let AB be the side of an 
equilateral and equiangular 
pentagon inscribed in the 
drde. [IV. 11. 

Then, of such equal parts 
as the whole circumference 

ABGDF contains fifteen, the arc ABC, which is the third 
part of the whole, contains five, and the arc AB^ which is 
the fifth part of the whole, contains three; 

therefore their difference, the arc BC, contains two of the 
same parts. 

Bisect the arc BCsitE; [III. 80. 

therefore each of the arcs BE, EG is the fifteenth part of 
the whole circumference ABCDF, 

Therefore if the straight lines BE^ EC be drawn, and 
straight Imes equal to them be placed round in the whole 
drde, [IV. 1. 

an equilateral and equiangular quindecagon will be in- 
scribed in it Q.E.F. 

And, in the same manner as was done for the pentagon, 
if through the points of division made by inscribing the 
quindecagon, straight lines be drawn touching the circle, 
an equilateral and equiangular quindecagon will be de- 
scribed about it ; ana also, as for the pentagon, a circle 
may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 
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1. A LESS magnitude is said to be a part of a greater 
magnitude, when the less measures the greater ; that is, 
when the less is contained a certain number of times ex- 
actly in the greater. 

2. A greater magnitude is said to be a multiple of a 
less, when the greater is measured by the less; that is, 
when the greater contains the less a certain number of 
times exactly. 

3. Ratio is a mutual relation of two magnitudes of the 
same kind to one another in respect of quantity. 

4. Magnitudes are said to have a ratio to one another, 
when the less can be multiplied so as to exceed the other. 

5. The first of four magnitudes is said to have the 
same ratio to the second, that the third has to the fourth, 
when any equimultiples whatever of the first and tiie third 
being taken, and any equimultiples whatever of the second 
and the fourth, if the multiple of the first be less than that 
of the second, the multiple of the third is also less than that 
of the fourth, and if the multiple of the first be equal to 
that of the second, the multiple of the third is also equal to 
that of the fourth, and if the multiple of the first be greater 
than that of the second, the multiple of the third is also 
greater than that of the fourth. 

6. Magnitudes which have the same ratio are callod 
proportionsds. 
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When four magnitades are proportionals it is usually 
eiz|»essed by saying, the first is to ui6 second as the third 
is to the f oiurth. 

7. When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is greater 
than the multiple of the second, out the multiple of the 
third is not greater than the multiple of the fourth, then 
the first is said to have to the secona a greater ratio than 
the third has to the fourth ; and the third is said to have 
to the fourth a less ratio than the first has to the second. 

8. Analogy, or proportion, is the similitude of ratios. 

9. Proportion consists in three terms at least 

10. When three magnitudes are proportionals, the first 
is said to haye to the thu-d the duplicate ratio of that 
which it has to the second. 

[The sec(»ul magnitude is said to be a mean propor* 
tianal between the first and the third.] 

1 1 . Wh^n four magnitudes are continued proportionals, 
the first is said to have to the fourth, the triplicate ratio of 
that which it has to the second, ana so on, quadruplicate, 
&c. increasing the denomiuation still by unity, in any num- 
ber of proportionals. 

Definition of compound ratio. When there are any 
number of magnitudes of the same kind, the first is said to 
haye to the last of them, the ratio which is compounded of 
the ratio which the first has to the second, and of the ratio 
which the second has to the third, and of the ratio which 
the third has to the fourth, and so on imto the last mag- 
nitude. 

For example, if A, B, C, D be four magnitudes of the 
same kind, the first A is said to haye to the last Z>, the 
n^o compoimded of the ratio of A to B, and of the ratio 
ofBio(f, and of the ratio of (7 to 2> ; or, the ratio of -4 to 
D is said to be compounded of the ratios of AU> B, BU> 
CsjidCtoD. 

And if A has to B the same ratio that E has to F; 
and Bio C the same ratio that G has to H; and C \/o D 
the same ratio that K has to L ; then, by this definition, 
A is said to haye to i> the ratio compo\mdedolT^\Aft%'^\skJ^ 
aret2i0i6aBidffi^ ^eratiosof^toJP, GtoH,%s^K\«^I^ ^ 
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And the same thing is to be understood when it is more 
briefly expressed by saying, A has to D the ratio com- 
pounded of the ratios of E to F,0 to H^ and Kto L, 

In like manner, the same things being supposed, if M 
has to N the same ratio that A has to Z> ; then, for the 
sake of shortness, M is said to have to N the ratio com- 
poimded of the ratios ofEtoF, Gto H, and K to X. 

12. In proportionals, the antecedent terms are said to 
be homologous to one another ; as also the consequents to 
one another. 

Geometers make use of the following technical words, 
to signify certain ways of changing either the order or the 
magnitude of proportionals, so that they continue still to be 
proportionals. 

13. Permutando, or alternandOy by permutation or 
alternately; when there are four proportionals, and it is 
inferred tnat the first is to the third, as the second is to 
the fourth. V. 16. 

14. Invertendo, by inyersion ; when there are four 
proportionals, and it is inferred, that the second is to the 
first as the fourth is to the third. Y. B. 

15. ComponendOy by composition ; when there are four 
proportionals, and it is inferred, that the first together 
witn the second, is to the second, as the third together 
with the fourth, is to the fourth. Y. 18. 

16. Dividendo, by division ; when there are four pro- 
portionals, and it is inferred, that the excess of the first 
aboYO the second, is to the second, as the excess of the 
tiliird above the fourth, is to the fourth. Y. 17. 

17. Convertendo, by conversion ; when there are four 
proportionals, and it is inferred, that the first is to its 
excess above the second, as the third is to its excess above 
the fourth. Y. E. 

18. Ex ceqitali distantia, or ex cequo, from equality of 
distance ; when there is any number of magnitudes more 
than two, and as many others, such that they are propor- 
tionals when taken two and two of each rank, and it is 
Inferred, that the first is to the last of the first rank of 

'o^giutades, aa the first is to the last oi t\iQ o\\i€r^ 
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Of this there are the two following kinds, which arise 
from the different order in which the magnitudes are taken, 
two and twa 

19. Ex (gquali. This term is used simply by itself, 
when the first magnitude is to the second of tne first rank, 
as the first is to the second of the other rank ; and the 
second is to the third of the first rank, as the second is to 
the third of the other ; and so on in order ; and the inference 
18 that mentioned in the preceding definition. Y. 22. 

20. Ex CEquali inproportioneperturhatd seu inordinate, 
from equality in perturbate or disorderly proportion. This 
term is used when the first magnitude is to the second of 
the first rank, as the last but one is to the last of the second 
rank ; and the second is to the third of the first rank, as the 
last but two is to the last but one of the second rank ; and 
tibe third is to the fourth of the first rank, as the last but 
three is to the last but two of the second rank ; and so on 
in a cross order ; and the inference is that mentioned in the 
^hteenth definition. Y. 23. 



AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

2. Those magnitudes, of which the same or equal mag- 
nitudes are equimultiples, are equal to one another. 

3. A multiple of a greater magnitude is greater than 
the same multiple of a less. 

4. That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude. 



J 
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PROPOSITION 1. THEOREM. 

If any number of magnitudes he equimultiples qf as 
many, each of each; whatever multiple any one of them is 
of its part, the same multiple shall all th>e first magni- 
tudes be of all the othsr. 

Let any number of magnitudes AB, CJD be equimul- 
tiples of as many others E, F, each of each: whatever 
multiple AB is of E, the same multiple shall AB and CJD 
together, be of E and F together. 

For, because AB is the same multiple of E, that CD is 
of JP, as many magnitudes as there are in 
AB equal to E^ so many are there in CD -^ 
equal to F, 

Divide AB into the magnitudes AG, GB, q 
each equal to E; and CD into the magni- 
tudes CH, HD, each equal to F. 

Therefore the number of the magnitudes ^ 
CH, HD, will be equal to the number of , 
the magnitudes AG, GB. 

And, because AG is equal to E, and 
CjH" equal to F, therefore AG and CH jj 
together are equal to E and F together ; 
and because GB is equal to E, and HD 
equal to F, therefore GB and HD together j> 
are equal to E and ^together. [Axiom 2. 

Therefore as many magnitudes as there are in AB equal to 
E, so many are there in AB and CD together equal to E 
and F together. 

Therefore whatever multiple AB is of ^, the same multiple 
is AB and CD together, of j^and F together. 

Wherefore, if any number of magnitudes &c. q.k.d. 

PROPOSITION 2. THEOREM. 

If the first be the sams multiple of the second that the 

third is of the fourth, and the fifth the same multiple of 

the second that the sixth is of the fourth; the first toge- 

t?ier zmth the fifth shall be the same multiple qfthe second, 

/AiU (Ae third togeth>er with the sixth U c/ tfie fowrth. 
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Let AB the first be the same multiple of G the second, 
that DE the. third is of F the fourth, and let BG the fifth 
be the same multiple of C the second, that EH the sixth 
is of i^ the fourth : AG, the first together with ihe fifUi, 
shall be the same multiple of C the second, that 2>J7, the 
third together with the sixth, is of i^ the fourth. 

For, because AB is the same multiple of C that DE 
is of ^, as many magnitudes as 
there are in AB equal to C, so ^ 

many are there in DE equal to i^. "" 

For the same reason, as many 
magnitudes as there are in BG 
wasl to C, so many are there in 
.Efl' equal to F, 

Therefore as many magnitudes 
as there are in the whole AG 
equal to (7, so many are there in 
the whole DH equal to F, 

Therefore AGia the same multi- 
ple of (7 that DH\& ofF. 

Wherefore, if tlie first he the 
tame midtiple &c. q.e.d. 

Corollary. From this it is 
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plain, that if any number of mag- 
nitudes AB, BG, GH be multi- 
51es of another C', and as many 
)jE', EK, KL be the same mul- 
tiples of F, each of each ; then 
the whole of the first, namely, 
AHj is the same multiple of C> 
that the whole of the last^ namely, 
DL.iAoiF. 
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PKOPOSITION 3. THEOREM. 



Xf the first he the same multiple of tlie second that the 
third is qfthe fourth, and if of the first and the third 
there he taken equimultiples, these skill be equiw.'uj.lxplw^ 
the one qfthe eecond, and the other of the /ourtK* 



140 



EUCLIUS ELEMENTS. 



K 



i 



a 6 



i 



Let A the first be the same multiple of B the second, 
that Cthe third is of D the fourth ; and of A and C let 
the equimultiples EF and GIT be taken: EF shall be 
the same multiple of B that GHU of 2>. 

For, because EF is the same multiple of A that GJI is 
of Cf [Hypothesix. 

as many magnitudes as ' 
there are in EF equal 
to ^, so mauy are there 
in G^^ equal to C, 

Divide EF into the 
magnitudes EK, KF, 
each equal to A ; and 
GH into the magni- 
tudes GL, LHy each 
equal to (7. 

Therefore the number of 
the magnitudes EK^ KFy 
will be equal to the number of the magnitudes GLy LH, 

And because A is the same multiple of B that C is 
of 2>, [Hypothesia, 

and that ^^is equal to A, and GL is equal to C ; [Constr, 

therefore EK\a the same multiple of B that GL is of 2>. 

For the same reason KF is the same multiple of B that 
ZiSTisof Z>. 

Therefore because EK the first is the same multiple 
of B the second, that GL the third is of 2> the fourth, 

and that ^i^ the fifth is the same multiple of ^ the second, 
that LH the sixth is of Z> the fourth ; 

EF the first together with the fifth, is the same multiple 
of B the second, that GH the third together with the 
sixth, is of i> the fourth. [Y. 2. 

In the same manner, if there be more parts in ^i^ equal 
to u4 and in GH equal to (7, it may be shewn that EF is 
the same multiple of B that G^^is of D. [V. 2, Cor. 

Wherefore, if the first &c. q.e.d. 

PROPOSITION 4. THEOREM. 

ff i^ Jlrst have the 9ame ratio to tlie second that ths 
MtraAas to the fourth, and if tluvrfi b« talcm au-u equv 
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nnulHplei whatever of the first and the thirds and oho 
any equimtdtiples whatever of the second and the fourth, 
then the mtdtiple of the first shall have the same ratio to 
the mtdtiple qf the second, that the multiple of the third 
hat to the multiple of the fourth. 

Let A the first have to B the second, the same ratio 
that Cthe third has to i> the fourth ; and of A and C let 
tiiere be taken any equimultiples whatever £ and F, and 
of £ and £> any equimultiples whatever G and H\ E shall 
have the same ratio to G tnat F has to H, 

Take of E and F any equi- 
multiples whatever K and Z, 
and of G and H 2Jij equimul- 
tiples whatever M ana N, 

Then, because E is the same 
multiple of A that ^is of (7, 

and of E and F have been taken 
equimultiples K and Z; 

therefore K is the same mul- iC il 
tiple of ^ that Z is of C. [V. 8. I. F 

For the same reason, M is the 
same multiple oiB that N is of D. 

And because A is to J9 as C7 
is to 2), [Hypothesis, 

and of ^ and (7 have been taken 
certain equimultiples K and Z, 
and of B and Z> have been taken 
certain equimultiples M and iV^; 
therefore if iT be greater than 
M, L is greater than N ; and if 
equal, equal ; and if less, less. 

But JTand Z are any equimultiples whatever of E and F, 
and Jtf and iVare any equimultiples whatever of G and H\ 
therefore J? is to (r as -F is to H, fV. B^nition 5. 

Wherefore, if the first &c q.b.d. 

OoROLLABY. Also if the first have the same ratio to 
the second that the third has to the fourth, tliexv^xi^ ^j^- 
multiples whatever of the first and tYiVrd ^"s^ Skk^^ ^^ 
same ratio to the second and fo\irt\i\ aaiSL \)aft ^x^X» «s^^ 
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[Y, B^nition 5. 
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third shall haye the same ratio to any equimultiples what- 
ever of the second and fourth. 

Let A the first have the same ratio to B the second, 
that C ilie third has to D the fourth : and of A and G let 
there be taken any equimultiples whatever E and Fx E 
shall be to ^ as i^ is to 2>. 

Take of E and F voj equimultiples whatever K and L, 
and of B and D any equimultiples whatever G and H, 

Then it mav be shewn, as before^ that K is the same 
multiple of A that L is of (7. 

And because ^ is to ^ as C7 is to D, [Hy^thtM. 

and of A and C have been taken certain equimultiples K 
and Ly and of B and D have been taken certain equimul- 
tiples G and H\ 

therefore if ^ be greater than G^ L is greater than H\ and 
if equal, equal ; and if less, less. [Y. D^nition 5, 

But K" and L are any equimultiples whatever of E and F, 
and G and ^are any equimultiples whatever of B and £>; 

therefore Eisto B bs FibIo D, [V. DtfinUUm 5. 

In the same way the other case may be demonstrated. 

PROPOSITION 5. THEOREM. 

If one magnitvde he the same mtdtiple qf another that 
a magnitude taken from the first is qf a magnitude taken 
from the other, the remainder shaU he the same multiple 
qf the remainder that the whMe is of the whole. 

Let AB be the same multiple of (72), that AE taken 
from the first, is of CF taken from the other : the remain- 
der EB shall be the same multiple of the remainder FDy 
tiiat the whole AB is of the whole CD, 

Take AG the same multiple of FD^ that AE is of OF; 
therefore AE is the same multiple of CF that EG is 
of CD. [V. 1. 

£ut AE is the same multiple of CF that AB is of CD\ 

therefore EG is the same multiple of CD that AB is 
ofGD; 

therefore ^^ is equal to uiJB. \5 « A^wUrawV 
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From eadi of these take the common 
magnitude AE\ then the remamder AG 
is equal to the remamder EB. 

Then, because AE is the same multiple 
•f CF that ^ G^ is of FD, iConstruction, 

and that AG is equal to EB ; 

therefore AE is the same multiple of CF 
tbBi EB is oi FD. 

But AE is the same multiple of CF that 
AB is of C£> ; [ffypothesit. 

therefore EB ii the same multiple of 
FD that AB is of CD, 

Wherefore, if onemagnitude&c. q.e.d. 
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PROPOSITION «. THEOREM. 
If two magnitudes he equimultiples of two others^ and 
if equimultiples of these be taken from the first two, the 
remainders shall be either eqiuU to these others, or equU 
multiples cfthem. 

Let the two magnitudes AB, CD be equimultiples of 
the two E^ F\ and let AG^ GH, taken from the first two, 
be equimultiples of the same E, F\ the remainders GB, 
HD shall be either equal to Ey F, or equimultiples of them. 

Firsts let GB be equal to E : HD shall be equal to F. 

Make CK equal to F. 

Then, because ^ 6r is the same mul- 
tiple of J? that 00" is of i^, [Hyp. 

and that GB is equal to E^ and 
C^JTis equal to ^; 

therefore AB is the same multi- 
ple of -^ that JT^is of F. 

But ^^ is the same multiple 
ei E ihsLt CD ia of F ; [Hypothesis. B D £ F 

therefore KH la the same multiple of F that CD is of i''; 
therefore KH is equal to CD. [V. Axiom 1. 

From each of these take the common magnitude Cff; 
then the remainder CKia equal to the Temaiiiidsc HD. 
But OJTiB equal to F; \Ccmslffu(^^«^ 

therefore ITD ia equal to F, 
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Next let GBhQ 2k multiple of E: HD shall be the 
same multiple of J^. 

Make CK the same multiple X 

of -F that 6?5 is of JS?. 

Then, because AG \& the same 
multiple of E that CH is of 
Fy {Hypothesis, 

and GB is the same multiple 
of J^that CiTisofi^; [Comtr. 

therefore AB is the same mul- 
tiple of J^tliatZS' is of i?: [V.2. 

But AB is the same multi- 
ple of E that CD\&oiF\ [Hyp, 

therefore KH is the same multiple of F that CD is of J^; 
therefore KH is equal to CD. [V. Axiom 1. 

From each of these take the common magnitude CHi 
then the remainder CK is equal to the remainder HD, 

And because CK is the same multiple of F that GB is 
of Ef [Construction. 

and that CK is equal to HD ; 

therefore HD is the same multiple of J'tliat GB is of E, 

Whereioroy if two magnittides kxi, q.ej). 
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PROPOSITION A, THEOREM. 

If the first of four magnitudes have th>e same ratio to 
the second that the third has to thefourthy then, if the first 
he greater than the second, the third shall also be greater 
than the fourth, and if equal equal, and if less less. 

Take any equimultiples of each of them, as the doubles 
of each. 

Then if the double of the first be greid»r tiian the double 
of the second, the double of the third is greater than the 
double of the fourth. \Y. DffimitionS. 

But if the Srst he greater than tbe aeoond, the doaUe of 
the £rst is greater than the douible ol the «agoiA\ 
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therefore the donble of the third is greater than the double 
of the fourth, 

and therefore the third is greater than the fourth. 

Iji the game manner, if the first be equal to the second, 
or less than it, the third may be shewn to be equal to the 
foartl]^ or less than it. 

Wherefore, if the first &c. q.b.d. 
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PROPOSITION B, THEOREM. 

Xf f(mr magnittides he proportionals^ they shall also he 
proportionals vohen taken inversely. 

Let ^beto^as(7isto2>: then also, inversely, B 
shall be to ^ as 2> is to C 

Take of B and 2> any equunul- 
tiples whatever E and F \ 

and of A and G any equimultiples 
whatever G and H, 

JHrst, let E be greater than (r, then 
Q is less than E. 

Then, because ^ is to jS as O is 
to D ; [Hypothtm. 

and of A and C the first and third, 
G and j^Tare equimultiples; 

and of B and D the second and 
fourth, E and F are equimultiples ; 

and that G is less than E ; 

therefore H is less than F ; [V. Dtf. 5, 

that is, F is greater than H. 

Therefore, if J? be greater than G, F is greater than Jff, 

In the same manner, if E he equal to G, F may be 
shewn to be equal to H; and if less, less. 

But E and F are any equimultiples whatever of B 
and 2>, and G and H are any equimultiples whatever of A 
and O; [Construction, 

therefore J?isto^a9i>istoC7. \;sr, BejvniiAivcya^. 

Wherefore, if/our Tnagnitudes &c. q,ik^.i>. 
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PROPOSITION 0, TEEORBM. 
If the firil be the tame multiple qf the teeond, or the 
tame part qf it, that the third U qf the fourth, the firtt 
thaU hetothe teeond at the third it to the fourth. 

First let A be the game multiple of B that (7 is of i>: 
A Bball be to £ as a ia to i). 

Take of A and C kdj equimaltaplea 
irtiatover E and F; and of B and D anf | 

eqnimnltiples whatever G and H, 

Then, because ^ is the same multiple I , 

offthat (7isofZ>; [Bypothau. I I I 

And that £ ia the same multiple of A that 
FiaofGi [Conttruetion. 

therefore £ is the same multiide of B 
that JfisofU; [V. 8. 

thatia r^andJ'are eqnimultipleBof £andi>. 

But & and S are equimnltiples of B 
and D ; [Constmctiim. 

therefore if £^ be a greater mnltiple of 
B than G m of B, F ia a. greater multi- 
ple of I> than IliaolD; 
that is, if S be greater than G, F ia 
greater than ff. 

In the same maimer, if £ be eqnal to 



But E and F are any equimnltiplea 
v^terer of A and C, and O and M are any equimultiplea 
whatever of S and £> ; [ComtraOMTi, 

tlierefore ^ is t« ^ as (7 ia to i>. [V, B^niUon B. 

Next, let A be the aame part of B that C is of 2); 
A Hhall be to j5 aa (7i3 to D. 



tbenfore, iavenelj, ^istoBuOiatoZ'. 
Wbavtore, ift&ejirtt &o. H-lD. 
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PROPOSITION 2>. THEOREM. 

ff the first he to the second cu the third is to the fourth, 
and if the first be a mtdtiple, or a part, of the second, the 
third shaU he the same mtdtiple, or th>e same part, of the 
fourth, 

Let ^betoi3a8(7istoi>. 

And first, let ^ be a multiple oiB\ 
€ shall be the same multiple of i>. 

Take B equal to A ; and what- 
ever multiple ^ or J^ is of B, make 
F t^e same multiple of D, 

Then, because ^ is to i3 as (7 
is to 2), [Rypothesis, 

and of B the second and 2> the A b d 

fourth have been taken equimultiples 
JS and F; [Construction, 

therefore ^istoj&as(7isto 

jP, [V. 4, Corollwry, 

But A is equal to E', [Construction. 

therefore (7 is equal to jP. [V. A. 

And F is the same multiple of 
D that ^ is of ^ ; [Construction. 

therefore C is the same multiple of D that ^ is of J3. 

Next, let ^ be a part of B:C shall be the same part of 2>. 
For, because ^isto5as(7isto2>; [Hypothesis. 

therefore, inversely, 5 is to -4 as i> is to C7. [V. B. 

But -4 is a part of B ; [Hypothesis. 

that is, ^ is a multiple of A ; 

therefore, by the preceding case, D is the same multiple of (7; 
that is, (7 is the same part of D that ^ is of ^. 

"Wherefore, if the first &a q.e.d. 



PROPOSITION 7. THEOREM. 

Equal magnitudes have the same ratio to the sornA 
magnitude/ and ths same has the same ratio to eq'UAl 
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Let A and B be equal magnitudes, and C any other 
magnitude: each of the magnitudes A and B shall have 
the same ratio to C\ and G shall have the same ratio to 
each of the magnitudes A and B, 

Take of A and B any equimultiples 
whatever D and E ; ana of (7 any mul- \ 

tiple whatever jP. 

Then, because D is the same mul- 
tiple of A that Eiaof B, [Coiuiruotion. 

and that^ is equal to B ; [ffppothesis, 

therefore 2> is equal to E, [V. uAofiom 1. 

Therefore if 2> be greater than iP, ^ is 
greater than F; and if equal, equal; 
and if less, less. 

But £> and E are any equimultiples 
whatever of A and B, and E is any 
multiple whatever of C; [Constructum, 

therefore u4 is to (7 as ^ is to (7. [V- -Z><f. 5. 

Also C shall have the same ratio to A that it has to B, 

For the same construction being made, it may be shewn, 
as before, that JD is equal to E, 

Therefore if jP be greater than D, ^ is greater than E ; 
and if equal, equal ; aiid if less, less. 

But E is any multiple whatever of (7, and D and E are 
any equimultiples whatever of A and B ; [Construction. 

therefore (7 is to ^ as C is to B. [V. D^/Smfton 5. 

Wherefore, eqiiaZ magnitudes &c. q.b.d. 



PKOPOSITION 8. THEOREM, 

Of uneqtial magnititdes, the greater has a grecUer 
ratio to the same than the less has; and the saane mag- 
nitude has a greater ratio to the less than it has to the 
greater. 

Let AB and BC be unequal magnitudes, of which AB 

is the greater; and let D be any other magnitude what- 

ever: AB shall have a greater ratio to D than BG has 

to jD; and D shall have a grQa\AT taUo to BO than it 
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If the magnitade which is not the mater of the two 
AC. CBy be not less than D, take EF, FG the doubles of 
ACf, CB (Figure 1). 

But if that which is not the Xi Fig. i. 

greater of the two AG, CB, be 

kss than D (Figures 2 and 3\ 

this magnitude can be multiplied, 

so as to become greater than i>, 

whether it be ^(7 or CB. 

Let it be multiplied until it be- 
comes greater than D, and let the 
other l^ multiplied as often. 

Let J^J^be the multiple thus taken 
of AC. and FO the same multiple 
ofGff; 

therefore EF and FG are each 
of them greater than D, 

And in all the cases, take H 

the double of D, JTits triple, Fig. «. 

and so on, until the multiple 

of D taken is the first which 

isgp:'eaterthanjP6S^. Let Z be 

that multiple of D, namely, 

the first which is greater 

than FG ; and let K be tiie 

multiple of Z> which is next 

less than L. 

Then, because L is the first 
multi^eofi) which is greater 
than JFG^ [Construction, 

the next preceding multiple 
K\a not greater than F&\ 

that is, FG is not less than K. 

And because EF is the same 
multiple of AC that FG is 
of CBf [Construction. 

therefore EG is the same multiple of AB that FG ia 
of 05; \NrA, 

tiuU iB, ^aand FG are equimultiples oi AB waA. OB. 
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And it was shewn that FG is not less than JT, 

and ^jP is greater than i>; [Conttruetion, 

therefore the whole EG is greater than K and Z> together. 

But JT and D together are equal to L ; 

therefore EG is greater than Z. 

But FG is not greater than L, 

And EG and FG were shewn to be equi- 
multiples oiAB and BG\ 

and Z is a multiple of D, [C(mstruciion, 

Therefore AB has to 2> a greater ratio 
thMi 5(7 has to Z>. [V. Dtfinkionl, 

Also, D shall have to 5C7 a greater 
ratio than it has to AB, 

For, the same construction being made, 
it may be shewn, that Z is greater than 
FG but not greater than EG, 

And Z is a multiple of D, [Construction, 

and EG and FG were shewn to be equi- 
multiples of AB and CB, 

Therefore D has to BC a greater ratio than it has 
to AB, [V. Definitim 7. 

'Wherefore^ cf unequal magnitudes &c. q.e.d. 
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PROPOSITION 9. THEOREM. ' 

Magnitudes which have the same ratio to the same 
magnitude, are equal to one another; and thx>se to which 
the same magnitude has the sams ratiOy are equal to one 
another. 

First, let A and B have the same ratio toC: A shall 
be equal to B, 

For, if ^ is not equal to B, one of them must be greater 
tiban the other; let A be the greater. 

UTien, by what was shewn in YTopow^ou ^^ tVi^^tQ are 
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[Construction. 
[V. i>^n«^ion 5. 



some eqnimtiltiples of A and J3, and 
some multiple of (7, such that ^e 
multiple of A is greater than the 
multiple of C, but the multiple of 
B is not greater than the multiple 
of CI 

Let such multiples be taken; and 
let D and B be the equimultiples 
of A and B, and F the multiple 
of C7; so that £> is greater than 
F, but ^is not greater tiban F. 

Then, because ^ is to (7 as i3 is 
to C; and of A and i3 are taken 
equimultiples D and ^, and of G 
is taken a multiple F; 

and that Z) is greater than F; 

therefore E is also greater than F. 

But E is not greater than F ; 
which is impossible. 

Therefore A and B are not unequal ; that is, they are 
equal 

Next, let C have the same ratio to A and B: A shall 
be equal to B, 

For, if A is not equal to B, one of them must be greater 
than the other ; let A be the greater. 

Then, by what was shewn in Proposition 8, there is 
some multiple F of C, and some equimultiples E and D of 
B and A, such that F is greater than ^, out not greater 
than D. 

And, because (7 is to ^ as C is to ^, [ffypotheris. 

and that F the multiple of the first is greater than E the 
multiple of the second [CoTistruction, 

therefore F the multiple of the third is greater than D 
the multiple of the foiffth. [V. D^nithn 6. 

But F is not greater than D ; [Construction, 

which is impossible. 

Therefore A and B are not imequal ; that is, they are 
equal 

Wherefore, magnitvdes which &c. (^.^,T>. 
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PROPOSITION 10. TSEORSM. 

That magnitude which has a greater ratio than another 
has to the same m>agnitttde is the greater of the ttoo ; and 
that m>agnitude to which the sams ?ias a greater ratio than 
it has to another magnitude is the less cf the two. 

First, let A have to C7 a greater 
ratio than B has to (7: ^ E^all be 
greater than B, . 

For, because A has a greater ratio AJ 

to C than B has to C, there are some < 

equimultiples of A and B^ and some I 

multiple of G, such that the multiple G) F 

of ^ IS greater than the multiple of (7, * 

but the multiple of B is not greater 
than the multiple of C. [V. Def. 7. B 

Let such multiples be taken; and 
let D and E be the equimultiples of 
A and B, and F the multiple of C\ 
so that D is greater than P, but E 
is not greater than F\ 

therefore D is greater than E, 

And because D and E are equimultiples of A and J9, and 
that D is greater than E, 

therefore A is greater than JB. [V. Axvm 4. 

Next, let G have to J? a greater ratio than it has to A : 
B shall be less than A. 

For there is some multiple F of G, and some equi- 
multiples E and D oi B and A, such that F is greater 
tiian jK, but not greater than D j [V. Definition 7. 

therefore ^ is less than 2>. 

And because ^ and D are equimultit^es of i3 and A, and 
that j& is less than D, 

therefore B is less than ^. {Y. iijcjom 4. 

Wherefore, ^^^ magnitude &c q.ili>. 



E 



BOOK V. 11. 153 



PROPOSITION 11. THEOREM, 

RatioM that are the game to the same rcUio, are the iame 
to one another. 

Let AhetoB B&C isU> D, and letChetoDs^Eh 
ioF: ^ shall be to ^ as j& is to F. 
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Take of A,C, E any equimultiples whatever GyHyK\ 
and of By Z>, F any equimultiples whatever L, M, N, 

Then, because ^ is to B as C7is to i>, [ffypotJieait. 

and that G and H are eauimultiples of A and C, and L 
and M are equimultiples of B and Z> ; [(7(m«fru(;f{on. 

therefore if 6^ be greater than Z, H is greater than JV; 
and if equal, equal ; and if less, less. [Y. D^nitim 5. 

Again, because (7isto2>as.^istOjP, [ffypotheait, 

and that H and K are equimultiples of C and B, and itf 
and N are equimultiples of 2> and F ; [Cons^ruceion. 

therelbre if j^ be greater than 3f, iT is greater than N; 
and if equal, equal ; and if less, less. [Y. DtfinUAcn 5. 

But it has been shewn that if (7 be greater than Z, H 
18 greater than M ; and if equal, equal ; and if less, less. 

Therefore if 6? be greater than L,K\& greater than N\ 
and if equal, equal ; and if less, less. 

And G and K are any equimultiples whatever of A and E^ 
and L and N are any equimultiples whatever of B and F. 

Therefore ud is to J9 as j& is to jP. [V. B^nition 5, 

Wherefore, ratios that are the same &G, a^^. 
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PROPOSITION 12. THEOREM. 

If any number of magnitudes he proporiiondU; as one 
cfthe antecedents is to its consequent, so shall all the anta- 
cedents be to all the consequents. 

Let any number of magnitudes A, B, C. D, E, F h^ 
proportionals ; namely, as il is to i3, so let C^be to Z), and 
E io F: as u4 is to i3, so shall A, G^ E together be to 
-S,Z),i^ together. 
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Take of -4, C7, ^any equimultiples whatever G,HyK; 
and of B, D, F any equimultiples whatever X, M, N. 

Then, because ^isto^as(7istoi> and bs EistoF. 
and that G, II, K are equimultiples of -4, (7, E^ and Z, M^ N 
equimultiples of B, D, F; [Construction. 

therefore if 6r be greater than L, H is greater than -Sf, 
and JTis greater than N\ and if equal, equal ; and if less, 
less. [V. Definition 5. 

Therefore, if G be greater than Z, then G, II, JT together 
are ^eater than Z, M, N together; and if equals equal; 
and if less, less. 

But G, and G, ff, K together, are any equimvltmles 
whatever of -4, and A, (7, E together ; [v* !• 

and Z, and Z, M, N together are any equimultiples what- 
ever of B, and B, 2>, F together. [V. 1. 

Therefore as -4 is to -S, so are -4, C, i^ together to 
B, 2>, i?' together. [V. D^nitian 6. 

Wherefore, if any number, &c. q.b.d. 

PROPOSITION 13. THEOREM. 

^ If the first have the same ratio to the second which the 
third has to the fourth, but the third to the fourth a greater 
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roHo than thej^fth to the sixth, the first shall have to the 
second a greater ratio than the fifth has to the sixth. 

Let A the first have the same ratio to B the second 
that O the third has to i> the fourth, but the third a 
greater ratio to D the fourth than E the fifth to F tiie 
tarth: A the first shall have to B the second a greater 
ratio than E the fifth has to jPthe sixth. 
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For, because (7 has a greater ratio to D than E has to jP, 
there are some equimultiples of C and E, and some equi- 
multiples of £> and F, such that the multiple of (7 is greater 
than the multiple of £>, but the multiple of i? is not greater 
than the multiple of F. [Y. Definition 7. 

Let such multiples be taken, and let G and H be the equi- 
multiples of (f and E, and K and L the equimultiples of 
2>and^; 

so that G is greater than JT, but Hia not greater than Z. 

And whatever multiple G is of C, take M the same mul- 
tiple of A ; and whatever multiple JT is of i>, take N the 
same multiple of B. 

Then, because ^istoi3as(7istoi>, [ffypoikesis. 

and M and G are equimultiples of A and C, and iV and 
iT are equimultiples of B and 2> ; [Cbfutruc^ion. 

therefore if itf be greater than N, G h greater than K; 
and if equal, equal ; and if less^ less. [Y. D^nition 5, 

But G is greater than K; [Constructwn, 

therefore itf is greater than N, 

But H is not greater than L ; [Construction, 

and M and ^ are equimultiples of A and E, and iV and Z 
are equimultiples of B and F; [Construction. 

therefore A has a greater ratio to B than E haa tA F« 

Wherefore, if the first &c. Q.E.D. 
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Oo&OLtiAAT. And if tiie first have a greater ratio to 
the second than the third has to the fbnrth, but the third 
the same ratio to the fourth that the fifth has to the sixth, 
it may be shewn, in Ihe same manner, that the first has a 
greater ratio to the second than the fifth has to the sixth. 



PROPOSITION 14. THEOREM. 

If the first have the same ratio to tJie second that the 
third has to the fourth, then if the first he greater than 
the third the second shall he greater than the fourth; and 
ifequaly eqtial; and if less, less. 

Let A the first have the same ratio to B the second 
that C the third has to D the fourth : if ^ be greater than 
C, B shall be greater than D ; if equal, equal; and if less, 
less. 

1 3 8 
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First, let A be greater than (7: B shall be greater than D. 

For, because A fa greater than (7, [Hypothem, 

and B is any other magnitude ; 

therefore -4 has to 5 a greater ratio than Chsus to A [V. 8. 

.But J is to J9 as (7 is to D. [Hypothesis, 

Therefore (7 has to i> a greater ratio than <7 has to -S. [Y. 13. 

But of two magnitudes, that to which the same has the 
greater ratio is the less. [V. 10. 

Therefore 2> is less than B ; that is, B is greater than Z). 

Secondly, let A be equal ioC: B shall be equal to Z). 

For, AiatoBdAC, that is A^ is to i>. [Hypothesu, 

Therefore £ ia equal to 2>. \Nr .^, 
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Thirdly, let ^ be less than G: £ shall be less than 2>. 
For, C is greater than A, 

And because (7 is to Z> as ^ is to J9; [HypoiMM. 

and C is greater than A ; 
therefore, by the first case, Z> is greater than B; 
that iSfBiB less than Z>. 

Wherefore, ifthefirtt &c. q.b.d. 



PBOPOSinON 15. THEOREM. 

Mctgnittides have the same ratio to one another that 
their equimultiples have. 

Let AB be the same multiple of G that DE is of F: 
C shall be to i^ as ^^ is to 2>.B^. 

For, because AB is the same multiple of C that DE is 
of Fy [ffypothem. 

therefore as many magnitudes as 
there are in AB equal to C, so 
many are there in DE equal to F, 

Divide AB into the magnitudes 
AG, GH, HB, each equal to C; 

and DE into the magnitudes ] 

DKy KL, LE, each equal to F, 
Therefore the nimiber of the mag- 
nitudes ^0^,O^Zr, ^5 will be equal fl C ft F 
to the niunber of the magnitudes 
2>jr, KL, LE, 

And because AG, GH, HB are all equal; [OonstrucHon, 

and that DK, KL, LE are also all equal ; 

therefore AG is to DK as GH is to JTZ, and as HB is 
to LE, [V. 7. 

But as one of the antecedents is to its consequent, so are 
all the antecedents to all the consequents. [V. 12. 

Therefore as AG is to DKsxi is AB to DE, 

But AG is equal to (7, and DKis equal to F, 

Therefore as (7 is to Fbo is AB to DE. 



K 
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PROPOSITION 16. THEOREM. 

If four magnitvde9 of the same kind he proportionaUf 
they shall also be proportionals when taken alternately. 

Let A, B, C, D he four magmtudes of the same kind 
which are proportioiials; namely, as^istoiSsolet Che 
to D: they snail also be proportionals when taken alter- 
nately, that is, A shall be to (/as J? is to 2>. 



E a 

A 0- 



D 



Take of A and B any equimultiples whatever E and F, 
and of C and 2> any equimmtiples whatever G and ff. 

Then, because E is the same multiple of A that F is of 
By and that magnitudes have the same ratio to one another 
that their equimultiples have ; [Y. 15. 

therefore ^isto2?as^istoJ^. 

But ^ is to ^ as (7 is to i>. [Hypothesis. 

Therefore (7 is to 2> as ^ is to i^l [V. 11. 

Again, because G and H are equimultiples of G and D, 
therefore (7 is to 2> as 6^ is to ^. [V. 16. 

But it was shewn that (7 is to 2> as i7 is to F. 

Therefore ^ is to i^as GiatoH. [V. 11. 

But when four magnitudes are proportionals, if the 
first be greater than the third, the second is greater than 
the fourth ; and if equal, equal ; and if less, less. [Y. 14. 

Therefore if i^ be greater than G, F is greater than ff; 
and if equal, equal ; and if less, less. 

But E and F are any equimultiples whatever of A and 
B, and G and H are any equimultiples whatever of G 
and D. [ConstmcHon. 

Therefore A ia to Oaa BiBtoD. [V. DffaMim 5. 

Wherefore^ if /our magnitude &c. ^^i>» 
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PROPOSITION 17. THEOREM. 

If magnittides, taken jointly, be proporttonaUy they 
ihall alto be proportionals when taken separately; that 
is, if two magnittides taken together have to one qf them 
the same ratio which ttoo others have to one qf these, the 
remaining one of the first two shall have to the other the 
same ratio which the remaining one qf the last two has to 
the other qf these. 

Let AB, BE, CD, DF be the magnitades which, taken 
jointly, are proportionals ; that is, let AB be to BE as CD 
18 to DF\ they shall also be proportionals when taken 
separately ; that is, AE shall be to EB as CF is to FD, 

Take of AE, EB, CF,FD any ^ 

equimultiples whatever brH, HK, ^ 

and, again, of EB, FD take any 
eqnimoltiples whatever KX, NP. 

Then, because GH is the same 
multiple of ^^ that HITisofEB; 

therefore GH is the same multiple 
of AE that GK is of AB, [V. 1. 

But Gff is the same multiple of 
AE that ZM is of CF, [Constr. 

therefore ^rJTis the same multiple 
gSAB that ZMia of CF 

Again, because LM is the same 
multiple of CF that MN is of FD, 

therefore LM is the same multiple of CF that LN is 
of CD. [V. 1. 

But LM was shewn to be the same multiple of CF that 
GK \s of AB. 

Therefore GK is the same multiple of AB \kiS^ Lli^ \^ 
of CD; 

OuU ia, OJTand ZJ\rare eqiiimiiitip\e% oi AB wAOD- 
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Again, because HK is the same multiple of EB that 
MN is of iPD, and that KX is the same multiple of EB 
that iVP is of FDy [C7onrtrttction. 

therefore HX is the same multiple 

of ^^ that MP is of i^i>; [V. 2. x 

that is, HX and itfP are equimulti- 
ples of EB and i^i>. 

And because ^^ is to BE as CD 
is to Di'', [ffypothesis, 

and that G^iT and ZiV are equimul- 
tiples of AB and CD, and ^X and 
MP are equimultiples of j^^ and 
FD, 

thereforeifG^-ET)egreaterthanJ3X, 
ZiVis greater thai]JtfP;andif equal, 
equal ; and if less, less. [Y. D^, 5. 

But if GH be greater than iOT, 
then, by adding the common mag- 
nitude HK^ to bothjt GIT is greater 
than HX ; 
therefore also ZiVis greater than MP; 

and, by taking away the common magnitude MN from 
both, LM is greater than NP, 

Thus if GHhe greater than KX, LM is greater than NP. 

In like manner it may be shown that, if GH be equal 
to JCX, LM is equal to NP ; and if less, less. 

But GH and LM are any equimultiples whatever of 
AE and CF, and KX and NP are any equimultiples 
whatever of EB and FD\ [Constmction. 

therefore AE is to J&J? as CF is to FD, [V. D^fimliwn 5. 

Wherefore, if four magnitudeB &a q.e.d. 
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PBOPOSITION 18. THEOREM, 

If magnitudesy taken separately, he proportionaiSf they 
%hall also he proportionals when taken jointly; thai w, ^ 
the first he to the second as the third to the fourth, the 

Jirst a7id second together %hall he to the second as the third 

and fourth togeth&r to t?i6/ourtk 



BOOK V, la 



161 



Let AEy EB, CF, FD be proportionals ; that is, let 
AE be to EB as (7F is to FD\ they shall also be proper- 
tionals when taken jointly ; that is, AB shall be to BE as 
CD is to DF. 

Take of AB^ BE^ CD, DF any eqnimnltiples whatever 
GH,HK,LM,MN\ 

and, again, of BE^ DF take any eqnimnltiples whatever 
JTO, NP. 

Then, because KO and NP are eqnimnltiples of BE 
and DjP, and tiiat iT^ and NM are also eqnimnltiples of 
BE and Di^ ; [Conxtruc^ion. 

therefore if JTO, the multiple of BE^ be greater than KH^ 
which is a multiple of the same BE^ then NP the multiple 
of DF is also greater than NM the multiple of the same 
DF\ and if iTO be equal to KH^ NP is equal to NM\ 
and if less, less. 

First, let KO be not greater than Kn\ 

therefore NP is not greater than NM, 

And because GH and HK \ 

Kte equimultiples of AB 

and BE, [CoMtruction, q 

and that AB is greater 
than BE, 

therefore GH is greater 

than HK] [V. Axiom 3. * 

but irO is not greater 
than KH; [Hypothesis. 

therefore GH is greater 
than KO. 

In like manner it may 
be shewn that LM is 
greater than NP. i 

Thus if KO be not greater 

than KH, then GH, the multiple of AB, is always greater 

than KO, the multiple of BE ; 

and likewise ZM, the multiple of CD, ib gteaAAx \})cia3i I^P i 
ihe multiple otDF. 
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Next, let KO be g^reater than KH\ 

therefore, as has been shewn, NP is greater than NM. 

And because the whole GH is the same multiple of the 
whole AB that HK is of BEy [Construction, 

therefore the remainder GJC is the same multiple of the 
remamder AE that GH isofAB; [V. 6. 



which is the same that LMis of CD. 



[Construction. 



In like manner, because the whole LM is the same 
multiple of the whole CD that MN\& of DF, [Cimstruction. 

therefore the remainder LN is the same multiple of the 
remamder C!F that Z-if is of C!Z>. [V;5. 

But it waB shewn that LM is the same multiple of CD that 
6?irisof^-E: 

Therefore GK is the same multiple of AE that LN is 
ofCF; 

that is, 6?Jrand ZiV are equimultiples of AE and CF, 

And because KO and NP are equimultiples of i^i^and 
DF; [Construction. 

therefore, if from KO and NP there be taken ITff and 
NM, which are also equimultiples of BE and DF, [Constr. 

the remainders HO and ilfP are either equal to BE and 



2>jP, or are equimultiples of them. 

Suppose that HO and MP 
are equal to BE and DF. 

Then, because ^jB' is to EB 
mCF 18 to FDy [Hypothesis. 

and that GK and ZiV are 
equimultiples of AE and CF; 

therefore GKis to EBbs LN 
is to FD. [V. 4, Cor. 

But ^0 is equal to BE, and 
J!fP is equal to DF; [Hyp. 

therefore GJS'ia toHOB&LN 
is to Mr. 



[V. 6. 
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Therefore if GK be greater than HO^ LN is greater than 
MP\ and if equal, equal; and if less, less. [V. A, 

Again, suppose that HO and MP are equimultiples 

Then, because AE is to EB 
as CF is to FD\ [Hypothesis, 

and that GK and LN are 
equimultiples of ^^ and CF, 
and jETO and MP are equi- 
multiples of EB and i^/> ; 

therefore if GK be greater 
than HO, LN is greater than 
MP \ and if equal, equal ; and 
if less, less ; [V. Definition 5. 

which was likewise shewn on 
the preceding supposition. 
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But if GH be greater than KO, then by taking the com- 
mon magnitude KH from both, GK is greater tlmn HO ; 

therefore also ZiV is greater than MP ; 

and, by adding the common magnitude NM to both, LM 
is greater than NP, 

Thus if GH be greater than KO, LM is greater than NP. 

In like manner it may be shewn, that if GH be equal 
to KO, LMia equal to NP; and if less, less. 

And in the case in which KO is not greater than KH, 
it has been shewn that GH is always greater than KO, 
and also LM greater than NP. 

But GH and LM are any equimultiples whatever of AB 
and CD, and JTO and NP are any equimultiples whatever 
of BE and 2>-F, [Construction. 

therefore AB is to j^i^as CD is to 2>i^. [Y. J)^mtion5. 

Whwefore, if magnitudes &c. q.e.d. 
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PROPOSITION 19. THEOREM, 

If a whole magnittide be to a whole as a magnitttde 
taken from the first is to a magnitude taken from the 
other, the remainder shall he to the remainder as the 
whole is to the whole. 

Let the whole AB be to the whole CD as AE, a mag- 
nitude taken from AB, is to CF, a magnitude taken from 
CD: the remainder EB shall be to the remainder FD as 
tiie whole AB is to the whole CD. 

For, because AB is to CD as AE is to 
CFy [Hypothesis. 

therefore, alternately, AB is to AE as 

CD is to CF. \Y. 16. ] 

And if magnitudes taken jointly be pro- 
portionals, they are also proportionals 
when taken separately; [V. 17. 

therefore EB is to AE as FD is to CF; 

therefore, alternately, EB is to FD as 
^J? is to CF. \Y. 16. 

But AE is to CFos AB is to CD; [Hyp. 

therefore jK5 is to i?7> BsABisio CD. [V.ll. 

Wherefore, if a whole &c. q.e.d. 

CoROLLAB-T. If the whole be to the whole as a mag- 
nitude taken from the first is to a magnitude taken from 
the other, the remainder shall be to the remainder as the 
magnitude taken from the first is to the magnitude taken 
from the other. The demonstration is contained in the 
preceding. 

PROPOSITION E. THEOREM. 

If four magnitudes he proportio7ials, they shall also he 
proportionals hy conversion; that is, tJie first shall he to 
its excess above the second as the third is to its excess above 
thefourth. 

LetAB be to BE as CD is to DF: AB shall be to 
Aj^ M CD in to CR 
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For, because AB is to BE as CD is 
to DF; [ffypothesis, 

therefore, by diyision, AE is to EB as 
GF is to jPi>; [V. 17. 

and, by inyersion, EB is to AE as FD 
ia to CF. [V. B. 

Therefore, by composition, AB is to AE 
as (7i> is to CF. [V. 18. 

VfherefoTe,i/fourmagnitudes&c, q.e.d. 
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PROPOSITION 20. THEOREM. 

Jf there "be three magnitudes, and other three, which 
hate the same ratio, taken two and two, t?ien, if the first 
he greater than tJie third, the fourth shall be greater than 
the sixth; and if equal, eqtud; and if less, less. 

Let A, B, O be three magnitudes, and 2), E, F other 
three, which have the same ratio taken two and two ; that 
is, let ^ be to jB as i> is to jS', and let ^ be to (7 as ^ is 
to ^: if ^ be greater than C, D shall be greater than F\ 
and if equal, equal ; and if less, less. 

First, let A be greater than C\ D 
shall be greater than F. 

For, because A is greater than C, and B 
is any other magnitude, 

therefore A has to ^ a greater ratio than 
ahasto5. [V. 8. 

But A is to i5 as 2> is to -&; [Hypothesis, 

therefore 2> has to j^ a greater ratio than 
a has to i5. [V. 13. 

And because J? is to (7as JS^is to F, [Hyp. 

therefore, by inversion, (7 is to jB as -F is 
to E. [V. B. 

And it was shewn that D has to j^ a 
greater ratio than C has to B ; 

therefore D has to J^ a greater ratio than 
F has to J^; [V. 1^, Cor. 

iAare/bre 2> IS greater than i^. \N'.10. 
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Secondly, let A be equal to (7: 2> shall 
be equal to F, 

For, because A is equal to C, and B is any 
other magnitude, 

therefore -4 is to -S as (7 is to jB. [V. 7. 
But ^ is to jB as 2> is to E, [Hypothesis, 
and (7is to J? as i^is to E, [Hyp. V. B. 
therefore D is to JS?as ^is to E-, [V. 11. 
and therefore D is equal to F* fV. 9. 

Lastly, let A be less than C : i> shall 
be less than F, 
For G is greater than A ; 

and, as was shewn in the first case, (7 is to 
J5asi^isto J^; 

and, in the same manner, ^ is to ^ as J^ is 

to2>; 

therefore, by the first case, F is greater 

than D ; 

that is, 2) is less than F, 

Wherefore, if there he three diic. q.h.d. 
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PROPOSITION 21. THEOREM. 

If there he three magnitudes, and other three^ which 
have the same ratio, taken ttoo and two, hut in a cross 
order, then if the first he greater than the third, the 
fourth shall he greater than the sixth; and if equal, 
equal; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other 
three, which have the same ratio, taken two ana two, but 
in a cross order ; that is, let ^ be to ^ as J5^ is to JP, and 
let J? be to (7 as 2) is to -^: if -4 be greater than C, D 
shall be greater than F\ and if equal, equal ; and if less, 
less. 

First, let A be greater than C*. D &baIL be greater 
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For, becaoBO A is greater than (7, 
and B is any other magnitude, 

therefore A has to ^ a greater ratio 
than (7 has to jS. [Y. 8. 

But -4 is to jB as ^ is to -F; [Hypothesis. 

therefore E has to ^ a greater ratio 
than (7 has to -S. [V. 13. 

And because J9 is to O as 2) is 
to Ey [Hypothesis, 

therefore, by inversion, (7 is to ^ as 
^istoD. \y,B. 

And it was shewn that E has to ^ a 
greater ratio than C has to B) 

therefore E has to ^ a greater ratio 
than JS? has to 2); [V. 13, (7or. 

therefore F is less than D ; [V. 10. 

that is, 2) is greater than F, 

Secondly, let A be equal to (7: D 
shall be equal to F. 

For, because A is equal to (7, and jB 
is any other magnitude, 

therefore -4 is to 5 as (7 is to ^. [V. 7. 

But -4 is to jB as jE^ is to JP; [Hyp. 

and (7is to jB as JS? is to Z> ; [Hyp. V. B. 

therefore JS? is to i^ as ^ is to Z> ; [V. 11. 

and therefore D is equal to F. [V. 9. 

Lastly, let A be less than C: D 
shall be less than F. 

For C is greater than A ; 

and, as was shewn in the first case, 
(7is to jB as ^ is to i> ; 

and, in the same manner, ^ is to ^ as 
F\RtoE\ 

therefore, by the first case, ^is greater 
tiian D\ 

that is, 2) is less than F. 

Wherefore, if there he three &c. <v^.\k 
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PEOPOSITION 22. THEOREM. 

If there be any number qf magnitude*, and a$ many 
oiheri, which have the tame ratio, taken two and two in 
order, the JirH thall ftave to the last of the firtt mag- 
nitude! the iOXM ratio which the Jirtt of the oth»ri hat 
to the last 

[Thia propositioii ia nsnallj cited by the nonlg cz cequali, ] 

First, let there be three magnitudes A, B, C, and other 
three D, E, F, which have the same ratio, taken two and 
two in order; that is, let ^ be to 5 as Z) is to .£■, and let B 
bet«<7as£istoi^: .4 shall be to (7as i>iato j*. 

Take of A and D any e^- 
moltiples whatever G and H; 
and of B and E any eqttimul' 
iiples whatever K and L ; 
and of C and F any equimul- 
tiples whatever M and N. 
Then, becanee Aiato B asD 

iflto^; [ffypothlM. 

and that G and H are equi- 
multiples at A and D, 



111 



G K ■M H L N 



therefore G iato^asifiato 
L. \Y. 4. 

For tbe same reason, f is to ^ as £ is to JV. 
And because Ibere are three magnitudes G, K, M, and 
other three H, L, N, which have the same ratio taken two 
and two, 

therefore if ff be greater than M, M is greater than N; 
and if equal, equal ; and if less, less. [V. 20. 

But G and H are any equimultiples whatever of A and 2>, 
and J(f and Nare any equimnltipleB whatever of (7 and F. 
Therefore ^isto(7asi>i3toJr. [V, D^itian 6, 

Jfei^ let tiiere be fonr uu^patadfiB, A, B, G, D,«iA 
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oOier fbnr B, F, O, H, which have the 
now ratio taken two and two in order ; 
uamelT, let ^ be to S as £ b to i^, and 
^toCas^isto G, and Cto i>a8 
0isto^:^ BhaUbetoi>a8£isto^. 

For.becanse A, B, (7 are three ms^tudea, and f , f , O 
otiier three, which have the same ratio, t^en two and two 
in order, [EypotKe^. 

therefore, b; the first case, ^istoCasfiftoG. 
BntCistoi^aaGiiitoZr; [HypoOttk. 

therefore also, \yj the first case, ^ is to i) as J? is to H, 

And 80 on, whatever be the number of magnitudes. 

Wherefore, %f there be any number tc. q.b.i). 



PROPOSITION 23. THEOREM. 
If there be any number of tnaynitudet, and a* many 
other*, «Aieh have the eame ratio, taken two and two in 
a eroii order, the firet thall have to the latl qf the Jint 
magnitudet the tame ratio which the jint of the othen 
hat to the last. 

First, let there be three magnitudes. A, B, C, and other 
three D, E, F, which hare the »ame ratio, taken two and 
two in a cross order; namely, lot .<1 be to £ as £ is to J*, 
andfito(;»sZ»Jst«£:J ahaU be to OaaDatoF. 

Take of A, B, D any 
eqaimultiples whatever G, 
B, K-, and of C, E, F any 
equimultiples whatever L, 
M,N. 

Then because O and H are 
equimoltifdes of A and B, 
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therefore ^1 is to 5 
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have ; [V. 16. 
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8 as £ is to 
\_Hiipothaa. 
Therefore <3 is to Hoa M 

is to a: [v. II. 

And because £ is to C 
as D is to J?, \My^th.eat. 
and tbat H and K are 
equimultiples of B tmd D, 
and L and M are equimul- 
tiples of Cand .£; [Ooiutr. 
therefore ZT is to Z as JT 
is to 3f. rv- *. 

Aud it has been shewn 
thateisto^asJfii 
toJV. 

Then nnce there are three magnitudeB Q, H, L, and 
other three K, M, N, which have Uis some ratio, taken two 
and two in a cross order; 

therefore if (3 be greater than L,K\m greater tlian N; and 
if equal, equal i and if less, less. [V. 21. 

But Q and E are any equimultiples whatever of A and D, 
and L and ^ are any equimultiples whatever of G and F; 
therefore .4 is to Gas DiaiaF. [V- D^foMon E. 

Ifeit, let there be four magnitudes 
A, B, C, -D, and other four E, F, &, H, 
which have the same ratio, taken two 
and two in a cross order ; namely, let 
.^ be to £ as C7 is to ^, and J7 to C 
as J" is to ff, and GU)DaAEiiU>F: 
.^ shall be to Z) as £ is to f. 

For, because .^, 5, (7 are three magnitudes, and J*, 0,^ 
other tiiree, which have tho same ratio, taken two and two 
in a cross order ; [Hypathai: 

therefore, by the first case, .^istoC^as^istof. 
But (7iB toDasfis to ^; [Hypothem. 

therefore also, by the first case, A iaio Doa Eisto H. 
And BO OB, whatover be the number of m^nitudes. 
Wherefore, if there be any number ^. ctJk:i>. 
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PROPOSITION 24. THEOREM. 

If the first have to the second the same ratio which the 
third has to the fourth, and the fifth have to the second 
the same ratio which the sixth has to the fourth, then the 
first and fifth together shaU have to the second the same 
ratio which the third and sixth together have to the fourth 

Let AB the first have to C the second the same ratio 
which BB the third has to ^ the fourth ; and let BG the 
fifth have to O the second the same ratio which BH the 
sixth has to jP the fourth : AG, the first and fifth together, 
shtdl have to C the second the same ratio which DH, the 
third and sixth together, has to jPthe fourth. 

For, because jB6r is to (7 as JKfl" 
is to F, [Hypothesis, 

therefore, by inversion, C7 is to BG 
BsFis to Bff. [y.JB, 

And because AB is to (7 as DB is 
to Ff [Hypothesis, 

and CiatoBGsA Fis to Bff; 

therefore, ex sequali, AB is to BG 
as BB is to Bff, [V. 22. 

And, because these magnitudes are 
proportionals, they are also propor- 
tioiuds when taken jointly; [V. 18. 

therefore AG i& to BGb& DHiato Bff, 
BntBGiatoCiisBffistoF; 
therefore, ex sequali, ^ ^ is to C7 as Dff is to -F. [V. 22. 
Wherefore, if the first &c q.b.d. 

GoaoLLABY 1. If the same hypothesis be made as in 
the proposition, the excess of the first and fifth shall be to 
the second as the excess of the third and sixth is to the 
fourth. The demonstration of this is the same as that dl 
the proposition, if division be used instead of composition. 

GoEOLLART 2. The proposition holds true of two ranks 
of magnitudes, whatever be their number, of which each of 
the first rank has to the second magnitude t\i<^ «»xfiL^ ^t:^i>^<^ 
that the corresponding one of t\ie ae(iOTk!\ t«E^\ias^ \ft S^aa 
fourth ma^tude; as is manifeat. 
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PEOPOSmON 2fi. THEOREM. 
If four magnitude of the tame kind be proportionalt, 
the greateit and leatt ^ them together shall le greater 
than the other two together. 

Let the four magnitndeH AB, OD,E, F be propor- 
tionaJsi Dttmol;, let AB be to CD a» E ie U> F; and let 
AB be the greatest of them, and cooBequentlj F the 
least: [V, A,T. 14, 

AB and F tc^tber shall be greater than C.D and E 
together. 

Take AG eqtial to E, and d 

Cff equal to F. 

Then, because AS ia to CD as G 

^istoi^, [ffspothtti*. ? 

and that AO is equal to E, and ^ ' 

CH equal to F ; [Conttructkm. 
therefore AB is io CD as AG 
is to Cff. [V. 7, V. n. 

And because the whole AB is to A C E F * 

the whole CO as ^G is to CH; 

therefore iho remainder GB is to the remainder HD as 
the whole AB is to the whole CD. \y. 19. 

But AB is greater than CD ; [Hypothat*. 

therefore BG is greater than DH. [V. A . 

And because AG is equal io E and CH equal to F, [ComW. 
tiierefore AQ and F together are equal to CH and E 
together. 

And if to the unequal maenitndes BG, DH, of which 
BQ is the greater, there oe added equal magnitudes, 
namely, ^G and ^ to BQ, and Cff and £ to DH, then 
AB and ^ together are greater than CD and E together. 

Wherefore, if four magnitudet &c. Q.B.D. 
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DBFINITIONa 



1. SnciLAB rectilineal 

JSgai*es are those which ^. 

baye their several angles y^\ ^ 

equal, each to each, and ^^ \ ^^\ 

the sides about the equal ^ ' ^ * 

angles proportionals. 

2. Reciprocal figures, namely, triangles and parallelo- 
grams, are such as haye their sides about two of their 
angles proportionals in such a manner, that a side of the 
first figure is to a side of the other, as the remaining side 
of this other is to the remaining side of tibe first. 

3. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as 
the greater segment is to the less. 



4. The altitude of any figure is 
the straight line drawn from ita yer- 
tex perpendicalar to the basa 
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PROPOSITION 1. THEOREM. 

s altitude are 

Let the trianglea ABC, AGD, and the parallelograms 
EC, CF have the same altitnde, namely, the perpeDtUcidar 
drawn from the point A to BD : as the base BG is to the 
base CD, so shaJl the triangle ABC be to the triangle ^Ci>, 
and the parallologram EC to the parallelogram CE. 

Produce BB both 
ways; 

take any number of 
straight lines B&, GH. 
each equal to BC, and 
any number of straight 
lines DKj KL, each 
equal to CD ; [I, 3, 
wA'ymAQ,AH,AK, 
AL. 

Then, because GB, BG, Off are all equal, [ConKntdtoik 
the trianglea ABC, AGS, AffG are aU equal [I. 38. 

Therefore whaterer multiple the base ffC is of the base 
BC, the same multiple is the triangle AHC of the tri- 
M«le ABC. 

Por the same reason, whatever multiple the base CL is of 
the base CD, the same multiple is the biangle ACI, of 
the triangle AGD. 

And if the base HC be equal to the base CL, the triai^le 
AHC is equal to the triable ACL ; and if the base ffC 
be greater than the base CL, the triangle AJIG is greater 
than the triangle ACL ; and if less, less. [I. SS. 

Therefore, mnce there aro four magnitudes, namely, the 
two bases BG, CD, and the two triangles ABC, AGD-. 
sad of the base BG, and the triangle ABG, the first and 
the third, any equimultiples whatever have been taken, 
namely, the baae HG andT the triangle AHC; and of tiie 
base CD and the triangle AGD, the second and the fourth, 
aitx egaimtilti^ea whatever have been taken, namely, Uie 
ibae0 GL and uie triangle ACL \ 
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and sinoe it has been shewn that if the base HC be greater 
tiian the base CL, the triangle AHC is greater than the 
triangle ACL ; and if equal, equal; and if less, less ; 

therefore as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD, [V* D^nitim 5: 

And, because the parallelogram CB is double of the 
triangle ABC, and the parallelogram CF is double of the 
triangle ACD ; [L 41. 

and that magnitudes have the same ratio which their equi- 
multiples have ; [Y. 15. 

therefore the parallelogram BC is to the parallelogram CF 
as the triangle ABCis to the triangle AvD, 

But it has been shewn that the triangle ABC is to the 
triangle ACD as the base BC is to the base CD ; 

therefore the parallelogram BC is to the parallelogram CF 
as tiie base BC is to the base CD. [V. 11. 

Wherefore, triangles &c. Q ji.d. 

CoEOLLART. From this it is plain that triangles and 
parallelograms which have equal altitudes, are to one an- 
other as their bases. 

For, let the figures be placed so as to have their bases 
in the same straight line, and to be on the same side of it ; 
and haying drawn perpendiculars from the vertices of the 
triangles to the bases, the straight line which joins the ver- 
tices IS parallel to that in which their bases are ; [I. 33. 

because the perpendiculars are both equal and parallel to 
one another. [I. 28. 

Then, if the same construction be made as in the pro- 
position, the demonstration will be the same. 

PROPOSITION f^ THEOREM, 

If a straight line he drawn parallel to one of the sides 
qf a triam/gle, it shaU cut the other sides, or those sides 
prodticedj proportionally; and if the sides, or the sides 
produced, be cut proportionally, the straight line which 
joifis the points of section, •feoll be parallel V> iU* t«>- 
mainififf side qf the triangle. 
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Let DE be drawn parallel to BG^ one of the sides of 
the triangle ABG: BD shall be to i>.d as CE is to EA. 




Join BE, CD. 

Then the triangle BDE is equal to the triangle CDE^ 

because they are on the same base DE and between the 
same parallels DE, BG, [I. 37. 

And ADE is another triangle ; 

and equal magnitudes have the same ratio to the same 
magnitude ; [V. 7. 

therefore the triangle BDE is to the triangle ADE as the 
triangle GDE is to the triangle ADE, 

But the triangle BDE is to the triangle ADE as BD 
is to DA ; 

because the triangles have the same altitude, namely, the 
perpendicular drawn from E to AB, and therefore they are 
to one another as their bases. [VI. 1. 

For the same reason the triangle GDE is to the triangle 
ADEb&GE\&\^EA, 

Therefore BD is to Z)^ as (7^ is to EA. |y. 11. 

Next, let j5Z> be to Z>^ as OlS^ is to EA, and join DE: 
DE shall be parallel to BG, 

For, the same construcClbn being made, 

because BD is to DA as C7^is to EA, [ffypoihem, 

and as BD is to DA, so is the triangle BDE to the 
triangle ADE, [VI. 1. 

aodasdFiBtoEA so is the triangle (72>j^ to the triangle 
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therefore the triangle BDBis to the triangle ADE as the 
triangle CDJS is to the triangle ADB; [V. 11. 

that is, the triangles BDB and CDB have the same ratio 
to the triangle ADB, 

Therefore the triangle BDB is equal to the triangle 
C£>E, [V. 9. 

And these triangles are on the same base DB and on the 
same side of it ; 

but equal triangles on the same base, and on the same side 
of it, are between the same parallels ; [I. 39. 

therefore DB is parallel to BC, 

Wherefore, if a straight line &c. q.b.d. 



PEOPOSITION 8. THEOREM. 

If the vertical angle of a triangle he bisected by a straight 
line which also cuts the baset th^ segments of the base shall 
have the same rcUio which the other sides of the triangle 
h^x/oe to one another; and if the segments of the base have 
the same ratio which the other sides of the triangle have to 
one another, the straight line drawnfrom the vertex to the 
point of section shall bisect the vertical angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight line AD, which meets the base at 
D: BD shall be to i>a as BA is to ^(7. 

Through C draw CE 
parallel to DA, [I. 81. 

and let BA produced 
oaeet GE&t E, 

Then, because the 
straight line AG meets 
the parallels AD, EG, 
the angle AGE is equal 
to the alternate angle 
CAD ; [I. 29. 

but the angle GAD is, by hypothesis, equal ifs tSx^ %sn!^^ 
BAD; 

iberef<»re the angle BAD is ecrasdio V)aa axM^e^ AC^.XA^"^ 
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Again, because the straight line BAE meets the parallels 
AD^ EC, the exterior angle BAD is equal to the interior 
and opposite angle AEG) [I. 29. 

but the angle BAD has 
been shewn equal to the 
angle AGE] 

therefore the angle AGE 
is equal to the angle 
AEG", [Axiom 1. 

and therefore AG is 
equal to AE. [I. 6. 

And, because AD is 
parallel to EG^ [Comtr, 
one of the sides of the 
triangle BGEy 

therefore BD is to 2X7 as J9^ is to AE ; [VI. 2. 

but AE is equal to AG\ 

therefore BD\a\^ DGza BA\a\^ AG. [V. 7. 

Next, let BD be to DG as BA is to ^(7, and join ADi 
the angle BAG shall be bisected by the straight line AD. 

For, let the same construction be made. 
Then J9i> is to DGb&BA is to AG\ [Hypoihe»i». 

and BD is to 2>C7 as i?^ is to AEy [VI. 2. 

because AD is parallel to EG; [Constrwtion. 

therefore BA is to ^(7 as BA is to AE ; [V. 11. 

therefore AGia equal to AE ; [V. 9. 

and therefore the angle AEG is equal to the angle A CE. [1. 6. 
But the angled j&(7is equal to the exterior angle J9^2> ; [1. 29. 
andthe angle^C^isequaltothealtemateangleCT^li^; [L29. 
therefore the angle BAD is equal to the angle GAD ; [Ax, 1. 
that is, the angle BAG is bisected by the straight line AD, 

Wherefore, if the vertical angle &c. q.e.i>. 
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PROPOSITION A, THEOREM. 

If the exterior angle of a triangle, made by producing 
one cf its sides, he bisected by a straight line ivhich also 
cuts the base produced, the segments between the dividing 
straight line and the extremities of the base shall have the 
same ratio which the other sides of the triangle have to 
one another; and if the segments qf the base produced 
have the same ratio which the other sides of the triangle 
have to one another, the straight line drawn from, the 
vertex to the point of section shall bisect the exterior angle 
of the triangle. 

Let ABC be a triangle, and let one of its sides BA be 

E reduced to E\ and let the exterior angle GAE be 
isected by the straight line AD which meets the base 
produced at D : BD shall be to DC as BA is to AG, 

Through G draw GF 
parallel to AD, [I. 31. ^ 

meeting AB at F, 

Then, because the 
straight line AG meets ^ 

the parallels AD, FG, the 
angle A GF is equal to the 
altemateangleCM2>;[L29. B O D 

but the angle GAD is, by hypothesis, equal to the angle 
DAE\ 

therefore the angle i>-4^ is equal to the angle AGF, [Aon, 1, 

Again, because the straight line FAE meets the parallels 
JiDy FG, the exterior angle DAE is equal to the interior 
and opposite angle AFG\ [I. 29. 

but the angle DAE\saA been shewn equal to the angle AGF\ 

therefore the angle AGF is equal to the angle AFG\ {Ax. 1. 

and therefore AGva equal U> AF, [I. 6. 

And, because AD is paralled to FG^ [Constraction. 

one of the sides of the triangle BCF \ 

therefore BD is to DC as BA is to AF •, ^;:^ V n.- 

but ui^ia equal to AG \ 

^reforeBI>iatoI>C^BA\&\^AO. ^ "^^^ 




V2. 



— ^ 
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Next, let BD be to DC 
as BA is to -4(7; and join 
AD\ the exterior angle 
CAE shall be bisected oy 
the straight line AD, 

For, let the same con- 
struction be made. 

Then BD is to DC as BA 
\&U>AC\ {Hypothesis. 

and BD is to DCbsBA is to AF; [VI. 2. 

therefore jB-4 is to -4(7 as BA is to ^^; [V. 11. 

therefore AC is equal to AF, [V. 9. 

and therefore the angle A CFia equal to the angle AFC. [1.6. 

But the angle -4-F(7 is equal to the exterior angle i>-4j& ; [1. 29. 

and the angle A CFis equal to the alternate angle CA D ; [1. 29. 

therefore the angle CAD is equal to the angle DAE; [Ax, 1. 

that is, the angle CAE is bisected by the straight line AD, 

Wherefore, if the exterior angle &c. q.b.d. 



PROPOSITION 4. THEOREM. 

The sides about the equal angles of triangles which are 
equiangular to one another are proportionals; and those 
which are opposite to the equal angles are hovmAogous sides, 
that is, are the antecedents or the consequents of the ratios, 

Letthetriangle^^(7be equiangular to the triangle 2>(7JE^, 
haying the angle ABC equal to the angle DCE, and the angle 
ACB equal to the angle DEC, and consequently the angle 
J9-4(7equaltotheangle CDE: the sides about the equal angles 
of the triangles^^a, DCE, 
shall be proportionals ; and 
those shall oe the homolo- 
gous sides, which are oppo- 
site to the equal angles. 

Let the triangle DCE 

be placed so that its side CE 

may be contiguous to BC, 

and in the same straight 

Uae with it [I. 22. 
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Then the angle BGA is equal to the angle CED ; \Hy^, 

add to each the angle ABC ; 

therefore the two angles ABC^ BOA are equal to the two 
angles ABC, CED ; U«wm 2. 

but the angles ABCy BCA are together less than two 
right angles; [1. 17. 

therefore the angles ABCy CED are together less than 
two right angles ; 

therefore BA and ED, if produced, will meet. [Axiom 12. 

Let them be produced and meet at the point F, 

Then, because the angle ABC is equal to the angle 
DCEf [Hypothem, 

BFis parallel to CD; [L 28. 

and because the angle A CB is equal to the angle DEC, [Hyp, 

AChA parallel to FE. [I. 28. 

Therefore FACD is a parallelogram; 

and therefore -^^isequal to (7Z>, and-4 Cis equal to iPi>. [1. 84. 

And, because AC ia parallel to FE, one of the sides of 
the triangle FBE, 

therefore BA is to AF BsBCistoCE', [VI, 2. 

but AF is equal to CD ; 

therefore BA is to OZ) as BC is to CE; [V. 7. 

and, alternately, AB is to BC as DC is to CE. [V. 16. 

Again, because CD is parallel to BF, 

therefore BC is to CE as FD is to DE ; [VI. 2. 

but FD is equal to AC; 

therefore i?(7 is to O^ as ^(7 is to DE ; [V. 7. 

and, alternately, BC is to CA as CE is to ^Z). [V. 16. 

Then, because it has been shewn that AB is to BC ba DC 
is to CE, and that BCh to 04 as CE is to jEZ>; 

therefore, ex sequali, BA is to ^(7 as CD is to Z)-R [V. 22. 

Wherefore, the sides &c. q.e.d. 

PROPOSITION 5. THEOREM. 

Jf the sides of two triangles, about each of their angles, 
he proportionals, the triangles shall be equiangulQ/r to ortv^ 
anotJier, and shall have those anglM equaXiiDh.ich.areoppo^XA 
^ the homologotu sides. 
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Let the triangles ABO^ DEF have their sides propor- 
tional, so that AB is to BG aa 2>J^ is to EF) and BG to 
GA as EF is to FD ; and, consequently, ex sequali, BA 
to -4 (7 as ED is to DF\ the triangle -4-5^ shall be equian- 
gular to the triangle DEF^ and they shall have those angles 
equal which are opposite to the homologous sides, namely, 
the angle ABG equal to the angle DEF^ and the angle 
BGA equal to the angle EFD, and the angle BAG equal to 
the angle EDF, 

At the point E, in the 
straight line EF, make the 
angle FEG equal to the angle 
ABG; and at the point F, in 
the straight line EF, make the 
angle EFG equal to the angle 
BGA ; [I. 23. 

therefore the remaining angle 
EGF is equal to the remain- 
ing angle BAG, 

Therefore the triangle ABG is equiangular to the triangle 
GEF; 

and therefore they have their sides opposite to the equal 
angles proportionals ; [VT. 4. 

therefore AB is to BG as GE is to EF, ^ 

But AB is to BG as DE is to EF : [/TjjppoiAcsM. 

therefore BE is to EF as GE \&\xiEF\ [V. 11. 

therefore DE is equal to GE. [V. 9. 

For the same reason, DF\& equal to GF, 

Then, because in the two triangles DEF, GEF, 
DE is equal to GE, and EF is common ; 

the two sides DE, EF are equal to the two sides GE, EF, 
each to each; 

and the base DF is equal to the base GF ; 

therefore the angle DEFia equal to the angle GEF, [I. 8. 

and the other angles to the other ttn^^ ea«2tL \ft ^fdf^^ 
TFluch the equal sides are opposite. \^« ^* 

therefore the angle DFE is equal to t\i© «Ji^^ 0^^> «^^ 
^a ajigle JSI>JPls equal to the angle EGF. 
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And^ because the angle DEF is equal to the angle GEF^ 
and the angle GEF is equal to the angle ^jSC7, [ComW, 

therefore the angle ABC is equal to the angle DEF. [Ax. 1. 

For the same reason, the angle ACB is equal to the angle 
DFE, and the angle at A is equal to the angle at D, 

Therefore the triangle ABC is equiangular to the triangle 
DEF, 

Wherefore, if the sides &c. q.b.d. 



PROPaSITION 6. THEOREM. 

If two triangles have one angle qf the one eqrual to ovs 
angle cf the other, and the sides dbout the equal angles 
proportionals, the triangles shall he equiangular to one 
another, and shall have those angles eqtud which are op- 
posite to the homologous sides. 

Let the triangles ABC, DEF have the angle BAG in 
the one, equal to the aL>gle EDF in the other, and the 
sides about those angles proportionals, namely, BA. io AC 
as ED is to DF: the triangle ABC shall be equiangular to 
the triangle DEF, and shdl have the angle ABC equal to 
the angle DEF, and the angle A CB equal to the angle DFE, 

At the point D, in the 
straight linei>i^, make the 
angle FDG equal to either 
of the angles BAC, EDF ; 
and at the point F, in the 
straight line DF, make 

the angle DFG equal to 

the angle ^(7^; [1.23. B C E 

therefore the remaining angle at G^ is equal to the remain- 
ing angle at B, 

Therefore the triangle ABC is equiangular to the triangle 
DGF', 

therefore BA is to ^(7 as GD is to DP. X^^^ ^* 

But ^^ is to AC as ED la to DF', VH^j-pot-K^^^ 
therefore J^D is to Z>^as GZ) is to DF •, ^ *^^* 

tiierefore ^Dia equal to GD. ^* 
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And DF is common to the two triangles EDF, QDF ; 
therefore the two sides ED, DF are equal to the two sides 
GD, DFy each to each; 

and the angle EDF is equal 
to the angle GDF\ [Constr. 

therefore the base EF is 
«qiml to the base GF, and 
the triangle EDF to the 
triangle GDF, and the re- 
maining angles to the re- 
maining angles, each to each, 
to which the equal sides are 
opposite ; [I. 4. 

therefore the angle DFG is equal to the angle DFE, and 
the angle at G is equal to the angle at E, 

But the angle DFG is equal to the angle ACB; [Constr, 
therefore the angle ACS is equal to the angle DFE. [Ax, 1. 
And the angle BAGis equal to the angle EDF; [Hypothem. 

therefore the remaining angle at J? is equal to the remain- 
ing angle at E. 

Therefore the triangle ABC is equiangular to the triangle 
DEF, 

Wherefore, %f ttvo triangles &c. q.b.d. 

PROPOSITION 7. THEOREM, 

If two triangles have one angle qf the one equal to one 
angle of the other, and the sides abotU two other angles 
proportionals; then, if each of the remaining angles he 
either less, or not less, than a right angle, or if one of 
them he a right angle, the triangles shall he equiangular 
to one another, and shall have thjose angles equal about 
which the sides are proportionals. 

Let the triangles ABC, DEF have one angle of the 

one equal to one angle of the other, namely, the angle 

^AC equal to the angle EDF, and the sides about two 

olAer angles ABC, DEF, proportioiiaVa, ao \)aa.\, AB S& \*i 

^O as I>^ is to EF', and, ftrst, let eac\i ol >:)m^ Tca«&ssa^ 

fg!^^^^ O and jR be less than a rigYvt wi^^^- ^^ "^Tt^l^ 

^^O shall be equiangular to tbe tma«\e DBI'>«^^ ^^^ 
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have the angle ABC equal to the angle DBF, and the 
angle at G equal to the angle at F, 

For, if the angles ABC, 
DBF be not equal, one of 
them must be greater than 
the other. 

Let ABC be the greater, 
and at the point B, in the 
straight line AB, make the 
angle ABG equal to the angle DBF, [1. 28. 

Then, because the angle at A is-equal to the angle at 2>, [Hyp, 

and the angle ABG is equal to the angle DBF, [Constr, 

therefore the remaining angle AGB is equal to the re- 
maining angle DFB; 

therefore the triangle ABG is equiangular to the triangle 
DBF. 

Therefore AB jstoBGa& DE is to EF. [VI. 4. 

But ABSaiQBC as DE is to EF; [ffypothesis. 

therefore AB ia to BCqa AB is to BG; [V. 11. 

therefore BC is equal to BG ; [V. 9. 

and therefore the smgleBCG is equal to the angle BGC. [1. 5. 
But the angle BCG is less than a right angle ; [Byp, 
therefore the angle BGC is less than a right angle ; 

and therefore the adjacent angle AGB must be greater 
than a right angle. [I. 13. 

But the angle AGB was shewn to be equal to the angle 
at^; 

therefore the angle at F is greater than a right angle. 

But the angle at jF" is less than a right angle ; [BypotheHs, 

which is absurd. 

Therefore the angles ABC and DBF are not unequal ; 
that is, they are equal. 

And the angle at A is equal to the angle ^ D\ \R'^'^'Omx». 

therefore the remaining angle at is ecgas^l \jci >OaaTeifiSfla\"- 
mgr angle at F; 

^^pore ibe triangle ABC ia equiangvaax to >[>aa Xsoaa^^ 
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Next, let each of the angles at C and F be not less 
than a right angle : the triangle ABC shall be equiangular 
to the triangle DEF, 

For, the same con- 
struction being made, 
it may be shewn in the 
same manner, that BG 
is equal to BG ; 

therefore the angle 

BCG is equal to the 

angle BGG, [I. 5. 

But the angle BCG is not less than a right angle ; [Hyp, 

therefore the angle BGG is not less than a right angle ; 

that is, two angles of the triangle BCG are together not 
less than two right angles ; which is impossible. [I. 17. 

Therefore the triangle ABC may be shewn to be equi- 
angular to the triangle DBF, as in the first case. 

Lastly, let one of the angles at C and ^ be a right 
angle, namely, the angle at Ci the triangle ABC shall be 
equiangular to the triangle DEF. 

For, if the triangle ABC 
be not equiangular to the 
triangle DEF, at the point 
B, in the straight line AB. 
make the angle ABG equal 
to the angle DEF, [I. 23. 

Then it may be shewn, as 
in the first case, that BC 
is equal to BG ; 

therefore the angle BCG is 
eqiml to the angle BGC. [1. 5. 

But the angle BCG is a 
right angle : [Hypoikem. 

therefore the angle BGC 
is a right angle ; 
iibat 18, two angles of the triangle BGG are together equal 
to two right angles ; which is impoaaMe. CI* 17. 

Therefore the triande ABC la eq^aaswagvi^ax Vft^^HjwsMi^^ 

Wherefore, iftvH> triangUi &c. Q.^^* 
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PROPOSITION 8. THEOREM, 

In a right-angled triangle, if a perpendicular be drawn 
from the right angle to the base, the triangles on each side 
qf it are similar to the whole triangle, and to one another. 

Let ABC be a right-angled triangle, having the right 
angle BAG; and from the point A, let AD be drawn per- 
pendicular to the base BG: the triangles DBA, DAG 
shall be similar to the whole triangle ABG^ and to one 
another. 

For, the angle BAG is equal 
to the angle BDA, each of them 
being a right angle, [Axiom 11. 

and the angle at B is common to 
the two triangles ABG, DBA ; 

therefore the remaining angle 
AGB is equal to the remaining 
angle DAB, 

Therefore the triangle ABG is equiangular to the triangle 
DBA, and the sides about their eqjaSL angles are propor- 
tionals; [VI. 4c. 

therefore the triangles are similar. [VI. Definition 1. 

In the same manner it may be shewn that the triangle 
DAG is similar to the triangle ABG, 

And the triangles DBA, DAG being both similar to the 
triangle ABG, are similar to each other. 

Wherefore, in a right-angled triangle &c. q.e.d. 

Corollary. From this it is manifest, that the perpen- 
dicular drawn from the right angle of a right-angled 
triangle to the base, is a mean proportional between the 
segments of the base, and also that each of the sides is a 
mean proportional between the base and the segment of 
the base adjacent to that side. 

For, in the triangles DBA, DAG, 

BD is to DA z&DAi^io DG\ CVL 4, 

and m the trianglea ABG, DBA^ 

^{/ia to BA as BA is to BD\ X^- *^^ 

and in the triangles ABC, DAGy 
^C^is to OAaaOA is to CD. ^^' 
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PROPOSITION 9. PROBLEM. 
Fr<ym a given straight line to cut off any part required. 

Let AB be the given straight line : 
it is required to cut oflF any part from it. 

From the point A draw a straight 
line AGi making any angle with AB ; 

in AG take any point i>, and take -4 (7 the 
same multiple oiAD, that ^^ is of the 
mrt which is to be cut oflF from it ; join 
j5(7, and draw DE parallel to it. AE 
shall be the part required to be cut off. "** *^ 

For, because ED is parallel to BC^ [Construction, 

one of the sides of the triangle ABC, 

therefore CD is to DA as ^^ is to JE^ ; " [VI. 2. 

and, by composition, CA is to AD as BA is to AE, [V. 18. 

But CA is a multiple of AD ; [Construction, 

therefore BA is the same multiple of AE ; [V. D. 

that is, whatever part AD is of AC, AE is the same part 
of AB, 

Wherefore, from the given straight line AB, the part 
required has been cut off, q.e.f. 

PROPOSITION 10. PROBLEM, 

To divide a given straight line similarly to a given 
divided straight line, that is, into parts which shall have 
the same ratios to one another^ that the parts of the given 
divided straight line have. 

Let AB be the straight line given to be divided, and 
-4C7the given divided straight line: it is required to divide 
AB similarly \^ AG, 

Let -4(7 be divided at the points 
2>, -ET; and let AB, ^(7 be placed 
so as to contain any angle, and join 
J90; through the point D, draw DF 

JamlJel to BC, and through the point 
draiv ^OpsLTSLllel to BC, II. 31. 
^^sbaU be divided at the points 
-^^ ^, ^uml&rly to AC. 
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Through D draw DfflT parallel to AB, p. 31. 

Then each of the figures FH, HB is a ^parallelogram ; 
therefore DH\& equal to FG^ and HK\& equal to GB, [1. 34. 
Then, because HE is parallel to KG, [Construction, 

one of the sides of the triangle DKG, 
therefore KH is to HD as 0^7 is to ED. [VI. 2. 

But KHia equal to BG, and HD is equal to GF; 
therefore BG is to GF as (7^ is to jEZ). [V. 7. 

Again, because i^2> is parallel to GE, [Construction, 

one of the sides of the triangle AGE, 

therefore G^i^is to FA as ED is to DA. [VI. 2. 

And it has been shewn that BG is to GF as C^ is to ED, 

Therefore BG is to GF as 0^7 is to ED, and G^^ is to FA 
as ED is to i>-4. 

Wherefore tlie given straight lineAB is divided simi- 
larly to the given divided straight line AC. Q.E.F. 

PROPOSITION 11. PROBLEM, 

To find a third proportional to two given straight lines. 

Let A B, AC he the two given straight lines: it is re- 
quired to find a third proportional to AB, AC- 

Let ABj AC he placed so 
as to contain any angle ; produce 
AB, AC, to the points D, E; and 
make BD equal to AC; [I. 3. 

join BC, and through D dT&wDE 
psffallel to BC. [I. 31. 

CE shall be a third proportional 
to AB, AC. 

For, because BG is parallel to DE, [Construction, 

one of the sides of the triangle ADE, 
therefore AB is to BD s,aACisto CE ; (Vl. ^. 

hut BD is equal to AC; \(3(y«A\.tM^HMtv. 

therefore AB is to AG 2^ AC ia to CE. ^ C *o 

Wherefore to tJie two given straight Uues AB, A ^ ^ 
*Mrd proportional CE isjTound. Q.^.^. 
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PEOPosrrioN 12. problem. 

To find a fourth proportional to three given straight 
lines. 

Let A, B, C be the three given straight lines : it is 
required to find a fourth proportional to A, B, C, 

Take two straight lines, 
DE, DFy containing any an- 
gle EDF ; and in these make 
2>6r equal to A, GE equal to 
By and DH equal to (7; [I. 3. 

join GH, and through E draw 
EF parallel to GH, [I. 81. 

HF shall be a fourth propor- 
tional to Ay By 0, 

For, because GH is parallel to EF, • [C<mstTwstii(m. 
one of the sides of tbe triangle DEF^ 
therefore DG is to 6?^ as DH is to HF, [VI. 2. 

But DG is equal to A, GE is equal to J9, and DH is 
equal to C7; [Comtraction, 

therefore ^ is to j5 as a is to ^i^. [V. 7. 

Wherefore to the three given straight lines A, B, Q a 
fourth proportional HF is found, q.e.f. 



PEOPOSITION 13. PROBLEM, 

To find a mean proportional between two given straight 
lines. 

Let ABy BG be the two given straight lines: it is 
required to find a mean proportional between them. 

Place -4J9,J9(7 in a straight 

line, and on AG describe the 

semicircle ADC] from the 

point JS draw BD at right 

anfflea to AC. [1. 11. 



-^^ shall be a moan propor- 
'«/ between AB and BG. 
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Join ADy DC. 
Then, the angle ADC, being in a semidrde, is a right 
angle ; [lil- 81. 

and because in the right-angled triangle ADC^ DB is 
drawn from the right angle perpendicular to the base, 
therefore DB is a mean proportional between AB, BCy 
the segments of the base. [YI. 8, Corollary, 

Wherefore, between the ttoo given straight lines AB, 
BCf a mean proportional DB is found, q.e.p. 



PROPOSITION 14. THEOREM, 

Equal parallelograms which ham one angle qf the one 
equal to one angle of the other y have their ndes about the 
equal angles reciprocally proportioned; and parallelo- 
grams which have one angle of the one eqttal to one angle 
qfthe other, and their sides about tJ^e equal angles red- 
procally proportional, are eqitcU to one another. 

Let AB, BG be equal parallelograms, which have the 
angle FBD equal to the angle JSBG: the sides of the 
parallelograms about the equ^ angles shall be reciprocally 
proportional, that is, DB shall be to BE as GB is to BF, 

Let the parallelograms be 
^aced, so that the sides DB, 
^E may be in the same 
straight line ; 

therefore also FB, BG are in 
one straight line. [1. 14. 

Complete the parallelog^m 
FE. 

Then, because the parallelogram AB is equal to the 
parallelogram BC, [ffypothesis, 

and that FE is another parallelogram, 

therefore AB 18 to /'^as £Ciato FE. \:^ *^' 

But AjB 18 to FE&a the base DB ia lo \Xift\>^J^ B'E.,^:^^^- 
and ^(7 18 toFEsa the base GB ia to \^^\>^m» B:F '"^"^' 
tberefore J>Bi& to BE^ 6B ia to ^"B. ^ * 
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Next, let the angle FBD be equal to the angle EBG, 
and let the sides about the equal angles be reciprocally 
proportional, namely, DB 
to BE ss GB \s to BF: 
the parallelogram AB shall 
be equal to the parallelo- 
gram BG, 

For, let the same con- 
struction be made. 

Then, because DB is to BE 

as GB is to BF, [Hypothesis, 

and that DB is to BE as the parallelogram AB is to the 
parallelogram FE, [VI. 1. 

and that GB is to BF as the parallelogram BG is to the 
parallelogram FE ; [VI. 1. 

therefore the parallelogram AB is to the parallelogram FE 
as the parallelogram BG is to the parallelogram FE] [V. 11. 
therefore the parallelogram AB \a equal to the parallelo- 
gram BG, [V. 9. 

Wherefore, eqiud parallelograms &c. q.b.i). 



PROPOSITION 15. THEOREM, 

Equal triangles which have one angle of the one eqtud 
to one angle qf the other, have their sides about the eqtuU 
angles reciprocally proportional; and triangles which 
have one angle of the one equal to one angle of the other, 
and their sides about the equal angles reciprocally pro- 
portional, are equal to one another. 

Let. ABG, ADE be equal 

triangles, which have the angle 

BAG equal to the angle DAEi 

the sides of the triangles about 

the equal angles shall be reci- 
proc&lfy proportionBl ; that is, GA 
aball betoADasEA is to AB, 



^^t the trfangles be placed so 
that the sides GA, AD may be 
«» the same straight line, 
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therefore also EA, AB are in one straight line; [1. 14. 

join BD, 

Then, because the triangle ABC is equal to the trian- 
gle ADEy [Hypothesis, 

and that ABD is another triangle, 

therefore the triangle ABC is to the triangle ABD as the 
triangle ADB is to the triangle ABD, [V. 7. 

But the triangle ABC is to the triangle ABD as the base 
CA is to the base AD, [VI. 1. 

and the triangle ADB is to the triangle ABD as the base 
JS4 is to the base AB ; [VI. 1. 

therefore C7^ is to u4Z) as ^^4 is to AB, [V. 11. 

Next, let the .angle BAC be equal to the angle DAE, 
and let the sides about the equal angles be reciprocally 
proportional, namely, CA to AD Si& EA is to -4^: the 
triangle ABC shall be equal to the triangle ADE* 

For, let the same construction be made. 

Then, because CA is to AD as EA is to AB, [Hypothesis^ 

and that CA is to AD as the triangle ABC is to the 
triangle ABD, [VI. 1. 

and that EA is to AB as the triangle ADE is to the 
triangle ABD, [VI. 1. 

therefore the triangle ABC is to the triangle ABD as the 
triangle ADE is to the triangle ABD ; [V. 11. 

therefore the triangle-4-B(7is equal to the triangleu42>-K[V.9. 

Wherefore, equal triangles &c. q.e.d. 



PROPOSITION 16. THEOREM. 



Jf four straight lines be proportional^^ \\\a recta-n^Xe 
containsid by the extremes is eqvjoU to the rcctauglft <^«^ 
tainedbp the means; and if the rectangle coutaxuca ^o^ 
tAe extremes be eqtud to tJie rectangle coutamed vy 
meansy the four straight lines are proportlonola. 
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E- 



F- 



G 



B 




Let the four straight lines. u4-S, CD, E, F, be propor- 
tionals, namely, let AB be to (7/> as j& is to JT : the rect- 
angle contained by AB and F shall be equal to the rect- 
angle contained by CD and E, 

From the points A, 
Cy draw ^6?, CH^i right 
angles to AB, CD ; [1. 11. 

make A G equal to F, and 
CR equal to E ; [I. 3. 

and complete the paral- 
lelograms jBG^,2>^. [1.31. 

Then, because AB is 
to (72) as -Sis to i^, IHyp, 

and that E is equal to 
Cff, and F is equal to 
AQy [Construction, 

therefore AB ia to CD b& CJI ia to AG ; [V. 7. 

that is, the sides of the parallelograms BG, DH about the 
equal angles are reciprocally proportional; 

therefore the parallelogram BG is equal to the parallelo- 
gram DH, [VI. 14. 

But the parallelogram BG is contained by the straight 
lines AB and jP, because AG\a equal to F ; \Conii/ruction. 

and the parallelogram DH is contained by the straight 
lines CD and E, because GH\& equal to E\ 

therefore, the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, 

Next, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E\ these four 
straight lines shall be proportional, namely, AB shall be 
to CZ) as J5? is to i^. 

For, let the same construction be made. 

Then, because the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, [ffypothesis, 

and that the rectangle BG is contained by AB and F, 
because AGia equal to F, [Conatruetwn, 

and that the rectangle DH is contained by CD and E^ 
because Olfia equal to E^ VCw^Vfue^iwm. 
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therefore the pandlelogram BG is equal to the paral- 
lelogram DH, [Axiom 1. 

And these parallelograins are equiangular to one another; 

therefore the sides about the equal angles are reciprocally 
proportional; [VL 14 

therefore -4 -B is to CD as C^is U> AG, 

But CH is equal to E, and AG is equal to F', [Constr. 

therefore AB is to CD as j& is to i^. ' [V. 7. 

Wherefore, if four straight lines &c. Q.E.D. 



PROPOSITION 17. THEOREM, 

If three straight lines be proportionals, t?ie rectangle 
contained by the extremes is eqtud to the square on the 
mean; and if the rectangle contained by the extremes be 
equal to the square on the mean, the three straight lines 
are proportionals. 

Let the three straight lines A, B, C be proportionals, 
namely, let ^ be to ^ as ^ is to C7: the rectangle containea 
by A and C shall be equal to the square on B, 

Take D equal to B, 

Then, because -4 is to 
J? as ^ is to (7, [Hyp. B 

and that B is equal to D, B 

therefore -4 is to J? as 2> C 

is to (7. [V. 7. 

But if four straight lines 
beproportionals, the rect- 
angle containea by the 

extremes is equal to the 

rectangle contained by ^AT j> 

the means ; [VI. 16. 

therefore the rectangle contained by A and C is equal to 
the rectaugle contained by B and 2>. 

But the rectangle contained by B and D is the square on B, 
because B is equal to D ; \C(mitrwtwn, 

therefore the rectangle contained \)^ A «iA C \& «*^as^>» 
the square on B. 

\7i— ^ 
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Next, let the rectangle contained by A and C be equal 
to the square onB: A shall be to i? as J? is to C, 
For, let the same construction be made. 

Then, because the rectan- ^ 

gle contained by ^ and G 

is equal to the square on B 

By {Hypothesis. 0— 

and that the square on B 
is equal to the rectangle 
contained by B and Z>, 

because B is equal to 

Dy [Construction, 

therefore the rectangle . ' -^ ' 

contained by A and ^is 

equal to the rectangle contained by B and 2>. 

But if the rectangle contained by the extremes be equal 
to the rectangle contained by the means, the four straight 
lines are proportionals; [VI. 16. 

therefore ^ is to j? as i> is to (7. 

But B is equal to 2> ; [Constmction, 

Therefore ^ is to i? as ^ is to (7. [V. 7. 

Wherefore, if three straight lines &c. q.e.d. 

PROPOSITION 18. PROBLEM, 

On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 

Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides : it is required to de- 
scribe on the given straight line AB, a rectilineal figure, 
similar and similarly situated to CDEF. 

Join DF\ at the 

point A, in the straight 

une AB, make the 

angle BAG equal to 

the BngleDCF; and at 

tie point JB, in the 

jstraigbt line A B, make 

fbe angle ABG equal 

^^^^gleCDF'^ilJiZ. 
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therefore the remaining angle AQB is equal to the remain- 
ing angle CFD, 

and the triangle AGB is equiangular to the triangle CFD. 

Again, at the point B, in the straight line BG, make the 
angle GBH G(\y\s\ to the angle FDE\ and at the point G^, 
in the straight line BG, naake the angle BGH equal to 
the angle DFE ; [I. 23. 

therefore the remaining angle BHG is equal to the re- 
maining angle DEF^ 

and the triangle BHG is equiangular to the triangle BEF. 

Then, because the angle A GB is equal to the angle (7F2>, 
and the angle 'J96^^ equal to the angle DFE\ [Construction. 

therefore the whole angle AGH is equal to the whole 
angle GFE, [Axiom 2. 

For the same reason the angle ABH is equal to the 
angle CDE, 

And the angle BAG is equal to the angle DOF, and the 
angle BUG is equal to the angle BEF, 

Therefore the rectilineal ^gwte ABHG is equiangular to 
the rectilineal figure CBEF, 

Also these figures have their sides about the equal 
angles proportionals. 

For, because the triangle BA G is equiangular to the triangle 
DCF, therefore B A is to AG sls DC ia to OF. [VI. 4. 

And, for the same reason, -4 G^ is to GB as CF is to FD, 
oadBGiBto GH&s BFia to FE\ 

therefore, ex sequali, ^G^ is to GH2A OF is to FE, [V. 22. 

In the same manner it may be shewn that AB is to BH 
as (72> is to BE, 

And GH is to HB as FE is to ED. [VI. 4. 

Therefore, the rectilineal figures ABHG and CDEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 

tiierefore tbej are similar to one anotliQir. \Y1. BeijlmiW^'V- 

Next, let it he required to describe onVSie ^^«^^>?^^^ 
UneAB, a rectilineal Ggure, similar, and B\Tm\ax\l «s.\sxsC^^ 
to the rectilineal Ggure CDKEF of &^e svdea. 
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Join DE, and on the given strafeht line AB describe, 
as in the former case, the rectilineal figure ABHO^ similar, 
and similarly situated to the rectilineal figure CDEF of 
four sides. At the point 
B, in the straight line 
BH, make the angle 
HBL equal to the an- 
gle EDK] and at the 
point H, in the straight 
line BH, make the an- 
gle BHL equal to the 
angle DEK\ [I. 23. 

therefore the remaining angle at Z is equal to the remain- 
ing angle at K, 

Then, because the figures ABHQ, CDEF are similar, 

the angle ABH is equal to the angle CDE\ [VI. Def, 1. 

and the angle HBL is equal to the angle EDK\ [Constr, 

therefore the whole angle ABL is equal to the whole 
angle CDK. [Axiom 2. 

For the same reason the whole angle GHL is equal to the 
whole angle FEK, 

Therefore the fire-sided figures ABLHQ and CDKEF are 
equiangular to one another. 

And, because the figures ABHG and CDEF are similar, 
therefore AB is to BH as (7i> is to DE\ [VI. DefiniH<m 1. 
but BH\& to BL as DE is to DK\ [VI. 4. 

therefore, ex sequali, AB is to BL as C2> is to DK. [V. 22. 
For the same reason, ^^is to HL as FE is to EK. 
And 5Z is to LH2& DJSTis to EE. [VI. 4. 

Therefore, the fire-sided figures ABLHQ and CDKEF 
are equiangular to one another, and hare their sides about 
the equal angles proportionals ; 
therefore they are similar to one another. [VI. D^i^wm 1, 

In the same manner a rectilineal figure of six sidea 

may he described on a given straight line, similar and 

Bimilarlj situated to a giren xectV^eS^ ^^oi^ oil «a^ ^\^^ \ 

And so on Q,E.F, 
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PROPOSITION 19. THEOREM, 

SimUar triangles are to one another in the duplieaie 

ratio qf their homologotu sides. 

Let ABC and DBF be similar triangles, having the 
angle B equal to the angle E^ and let AB hQ to BC as DE 
is to EF, 80 that the 
side BC is homolo- 
gous to the side EF: 
the triangle ABC 
shall be to the tri- 
angle DEF in the 
diqdicato ratio of BC 
io EF. 

Take BG a third proportional to BC and EF, so that 
BCm&j heioEF OS EF\& to BG\ [VI. IL 

and join ^^. 

Then, because AB is to BC as DE is to EF, [Hypothesis, 

therefore, alternately, AB is to DE as BC is to EF; [V. 16. 

bat BCis to EFos EF\b to BG; [CcmstrucUom. 

therefore AB is to DEbs EF\a to 56?; [V. IL 

that is, the sides of the triangles ABG and DEF, about 
their eqtlal angles, are reciprocally proportional ; 

but triangles which have their sides about two equal angles 
reciprocally proportional are equal to one another, [VI. 15. 

therefore the triangle ABG is equal to the triangle DEF, 

And, because BCis to EF as EFia to BG, 

therefore BC has to BG the duplicate ratio of that which 
BC has to EF. [V. DffinitUm 10. 

But the triangle ABC is to the triangle ABG as BC is 
to BG ; [VI. 1. 

therefore the triangle ABC has to the triangle ABG the 
duplicate ratio of that which BC has te EF, 

But the triangle^ jB^ was shewn equal to the triangle DEF; 

therefore the triangle ABC has to tho tnaxi'^'^ D£¥ ^^ 
duplicate ratio of that which BG Vvaa lo EF. "^ -"^^ 

Wherefore, similar triangles &c. Ci.i^.T>% 
CoMOLLAST. From thia it la mwoii^^V, ^^^ '^^ ^^^*^ 
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straight lines be prt)portionals, as the first is to the third, 
so is any triangle described on the first to a similar and 
sinularly described triangle on the second. 



PROPOSITION 20. THEOREM. 

Similar polygons may he divided into the Bams number 
tf similar triangles ^ having the sam^ ratio to one another 
that the polygons have; and the polygons are to one 
another in the duplicate ratio qf their homologotis sides. 

Let ABGDEy FQHKL be similar polygons, and let 
AB be the side homologous to the side i'G : the polygons 
ABCDE, FGHKL may be divided into the same number 
of similar triangles, of which each shall have to each the 
same ratio which the polygons have; and the polygon 
ABODE shall be to the polygon FGHKL in the duplicate 
ratio of AB to FG, 

Join BE, EG, GL, LH. 

Then, because the polygon ABODE is similar to the poly- 
gon FGHKL, [Hy^them, 

the angle BAE is equal to the angle GFL, and BA is 
to AE as 6?i^ is to FL, [VI. D^nition 1. 

And, because the triangles ABE and FGL have one angle 
of the one equal to one angle of the other, and the sides 





about these equal angles proportionals, 

therefore the triangle ABE is equiangular to" the triangle 

^Dd therefore these triangles are aimWar •, \!^^* ^• 

therefore the angle ABB is equal to ^o w^V^ ^^^^ 
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But, because the polygons are similar, [ffypoihesis, 

therefore the whole angle ABCia equal to the whole angle 
FGH; [VI. D^niU(m 1. 

therefore the remaining angle EBG\& equal to the remain- 
ing angle LGU, [Axiom 8. 

And, because the triangles ABE and FGL are similar, 
therefore EB is to BA as LG is to GF\ 
and also, because the polygons are similar, [Hypotliesis, 
therefore ^ J? is to j5(7 as JT^ is to 6?-£r ; \Y1. D^nitUml. 
therefore, ex sequali, EB is to BG as LG is to GH\ [V. 22. 

that is, the sides about the equal angles EBG and LGH 
are proportionals ; 

therefore the triangle EBG is equiangular to the triangle 
LGH) [VL6. 

and therefore these triangles are similar. [YI. 4. 

For the same reason the triangle EGD is similar to the 
triangle LHK, 

Therefore the similar polygons ABGDE, FGHKL may be 
diyided into the same number of similar triangles. 

Also these triangles shall have, each to each, the same 
ratio which the polygons hare, the antecedents being ABE. 
EBG, EGD, and the consequents FGL, LGH, LHK\ and 
the polygon ABGDE shall be to the polygon FGHKL in 
the duplicate ratio of AB to FG. 

For, because the triangle ABE is similar to the tri- 
angle FGL, 

therefore ABE is to FGL in the duplicate ratio of EB 
to LG. [VI. 19. 

For the same reason the triande EBG is to the triangle 
LGH in the duplicate ratio ofEB to LG, 

Therefore the triangle ABE is to the triangle FGL as the 
triangle EBG is to the triangle LGH (Y. 11. 

Again, because the triangle EBG ia smoXax \» XJaa ^x^^- 
aagle ZGIT, 

there^re BBC ia to LGH in tke dmUcate t«XK^ J^'J^^^v 



202 EUCLID'S ELEMENTS. 

For the same reason the triangle BCD is to the triangle 
LHK in the duplicate ratio of EG to LH, 

Therefore the triangle EBC is to the triangle LGH as the 
triangle BCD is to the triangle LHK, [V. 11. 

But it has been shewn that the triangle EBC is to the tri- 
angle LGH as the triangle ABE is to the triangle FGL. 

Therefore as the triangle ABE is to the triangle FGL, so 
is the triangle EBC to the triangle LGH, and the triangle 
BCD to the triangle LHK) [V. 11. 

and therefore as one of the antecedents is to its consequent 
so are all the antecedents to all the consequents ; [V. 12. 

that is, as the triangle ABE is to the triangle FGL so is 
the polygon ABCDE to the polygon FGHKL. 

But the triangle ABE is to the triangle FGL in the 
duplicate ratio of the side AB to the homologous side 
FG', [VI. 19. 

therefore the polygon ABCDE is to the polygon FGHKL 
in the duplicate ratio of the side AB to the homologous 
side FG, 

Wherefore, similar polygons &a q.b.d. 

OoROLLAET 1. In like manner it may be shewn that 
similar four-sided figures, or figures of any number of sides, 
are to one another in the duplicate ratio of their homo- 
logous sides ; and it has already been shewn for triangles ; 
therefore universally, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 

Corollary 2. liUyAB and FG, two of the homologous 
sides, a third proportional M be taken, [YI. 11. 

M 





J^en A^ baa to Mthe duplicate Ta\\o oi V>m^^ ^>»$2s^ -^;^ 
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Bat any rectilineal figure described on AB is to the similar 
and similarly described rectilineal figure on FQ in the 
duplicate ratio of AB to FG^ [Corollary 1. 

Therefore 2^ AB is io M, so is the figure on AB to the 
figure on ^(^j [V. 11. 

and this was shewn before for triangles. [VI. 19, OorolUvry, 

Wherefore, universally, if three straight lines be propor- 
tionals, as the first is to the third, so is any rectilineal 
figure described on the first to a similar and similarly 
described rectilineal figure on the second. 




PROPOSITION 21. THEOREM. 

Rectilineal figures which are similar to the same recti-- 
lineal figure^ are also similar to each other. 

Let each of the rectilineal figures A and B be similar 
to the rectilineal figure (7: the figure A shall be similar 
to the figure B. 

For, because A is 
similar to (7, [Byp. 

A is equian^ar to 
(7, and A and G have 
their sides about the 
equal angles propor- 
tionals. [VI. Brf. 1. 

Again, because B is 
similar to (7, [Hyp. 

B is equiangular to G, and B and G have their sides about 
the equal angles proportionals. [VI. Definition 1. 

Therefore the figures A and B are each of them equian- 
gular to (7, and have the sides about the equal angles of 
each of them and of G proportionals. 

Therefore A is equiangular to B^ [Aasiom 1. 

aad u4 and B have their sides aboul IVe ec^vaX ^si^^'ii*^^^ 
portionala; ^ .^^* 

therefore the Ggure A is similar tot\i©^gvtt^ B.\;5^'^^^^^ 

Wherefore, rectilineal Jigures &c. d.^^- 



204 EUGLIUS ELEMENTS. 



PROPOSITION 22. THEOREM. 

If four straight lines he proportionals^ the similar rec- 
tilineal figures similarly described on them shall also be 
proportionals; and if the similar rectilineal figures simi- 
larly described on four straight lines be proportionals, 
those straight lines shall be proportionals. 

Let the four straight lines AB, CD, EF, GH be pro- 
portionals, namely, AB to CD as EF is to Gil; and on AB, 
CD let the similar rectilineal figures KAB, LCD be simi- 
larly described ; and on EF, GH let the similar rectilineal 
figures MF, NH be similarly described : the figure KAB 
shall be to the figure LCD as the figure MF is to the 
figure NH. 




8 



ri\ 



To AB and CD take a third proportional X, and to EF 
and 6r-ff a third proportional O. [VI. 11. 

Then, because AB is to CD as EF is to GH, [Hypothesis. 
and AB is to (7Z) as CD is to X; [Comtruction, 

and EF is to GH as GH is to ; [Comtruction. 

therefore CD\%toX2&GH is to 0. [V. H. 

And AB is to CD as EF'\b to GH-, 
therefore, ex sequali, AB is to X as EF is to 0. [V. 22. 
Bat as ^jB ia to X, so is the recti^iieaV ^^t^ KAB tft 
tibe rectilineal Bgwre LCD ; \y^- "^^^ CoTolVwra 'L. 

^das^^iato O, so is the rectiamea\ ^gvae. MP ^Jjv^ 
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therefore the figure KAB is to the figure LCD as the 
%are MF is to the figure NH, [V. 11, 



Next, let the figure KAB be to the similar figure LCD 
as the figure MF is to the similar figure NH: AB shall 
be to (7Z> as EF is to QH, 

Make as AB is to CD so EF to PR : [VI. 12. 

and on PR describe the rectilineal figure SR^ similar and 
similarly situated to either of the figures MF^ NH, [VI. 18. 

Then, because AB is to CD as EF is to PR, 

«nd that on AB^ CD are described the similar and simi- 
larly situated rectilineal figures KAB, LCD, 

and on EF, PR the similar and similarly situated recti- 
lineal figures MF, SR ; 

therefore, by the former part of this proposition, KAB is 
to LCD as MF is to SR. 

But, by hypothesis, KAB is to LCD as MFia to NH; 

therefore MF ia to SR as MF is to NH ; [V. 11. 

therefore SR is equal to NH, [V. 9. 

But the figures SR and NH are similar and similarly 
situated, [ConstructwiK 

therefore PR is equal to GH, 

And because AB is to CD as EF is to PR, 

and that PR is equal to GH ; 

therefore AB m to CD as EFis to G^^. [V. 7. 

Wherefore, if /our straight lines &c. Q.B.D. 



PEOPOSITION 23. THEOREM. 

I'arailelograTm which are eqmanqvXojt to (yae *'*^^^'^^ 
^^2%? /c? e?^ another the ratio which i« compouTftOiW*. . 
iAs ratios qf their sides. 
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Let the parallelogram AG he equiangular to the paral- 
lelogram CF, having the angle BCD equal to the angle 
EGG : the parallelogram Au shall have to the parallelo- 
gram GF the ratio which is compounded of the ratios of 
their sides. 

Let BG and GO be placed in 
a straight line ; 

therefore DG and GE are also in 
a straight line; [L 14. 

complete the parallelogram DG ; 

take any straight line K^ and 
make -K' to Z as BG is to GG, and 
L to J!f as DGha to GE\ [VL 12. 

then the ratios of ^ to Z and 
oi Lio M are the same with the 
ratios of the sides, namely, of BG 
ix> GG and of DG to GE. 

But the ratio of -K' to Jf is that which is said to be com- 
pounded of the ratios of ^ to Z and of Lix> M;\Y, D^, A, 

therefore K has to M the ratio which is compounded of 
the ratios of the sides. 

Kow the parallelogram AG is to the parallelogram GH 
B& BG ia to GG; [VL 1. 

but BG is to GG as -K' is to X ; [Construction. 

therefore the parallelogram AG ia to the parallelogram 
Offas^istoZ. [V. 11. 

Again, the parallelogram Gff is to the parallelogram GF 
BA DGia to GE; [VL 1. 

but DG is to GE as X is to J!f ; [Constructum. 

therefore the parallelogram GH is to the parallelogram 
<7i^ as X is to inf. [V. 11. 

Then, since it has been shewn that the parallelogram AG 
is to the parallelogram GHsls iTis to X, 

and that the parallelogram Gff is to the parallelogram GF 
as X is to Jf, 

therefore, ex aequali, the parallelogram AG ia to the paral- 
leJogram OjFaaKia to M. "^.^isl. 

But JT has to Jf the ratio Yrhidi \a com^\xEAa^ ^t ^^ 
-ra^Q^ of the sides ; 
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therefore also the parallelogram AC has to the parallelo- 
gram CF the ratio which is compounded of the ratios of 
the sides. 

Wherefore, parallelograms &c. q.b.d. 



PROPOSITION 24. THEOREM, 

Parallelograms abouU the diameter of any parallelo- 
gram are similar to the whole parallelogram and to on$ 
another. 

Let ABCD be a parallelogram, of which AC \a % 
diameter ; and let EG and HK be parallelograms about 
the diameter: the parallelograms EG and HK shall be 
similar both to the whole parallelogram and to one another. 

For, because DC and 
GF are parallels, A E_ 

the angle ADC is equal 

to the angle A GF, [I. 29. q^ 

And because -6(7 and EF 
are parallels, 

the angle ABC is equal 
to the angle AEF. [1. 29. 

And each of the angles 

BCD and EFG is equal to the opposite angle BAD, [1. 34. 

and therefore they are equal to one another. 

Therefore the parallelograms ABCD and AEFG are equi- 
angular to one another. 

And because the angle ABC is equal to the angle 
AEF, and the angle BAC is conmion to the two triangles 
BAC2^dLEAF, 

therefore these triangles are equiangular to one another ; 
and therefore AB is to BC as AE is to EF, [VI. 4. 

And the opposite sides of parallelograms are equal to one 
another; ^,^^, 

therefore AB ia to AD as AE is to AG> 

^od J?(7i8 to CB SLs GF \& U> FE, 

•Bd CZ> ia to I^A Q& FG \& Xo QA. "^^ 
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Therefore the sides of the parallelograms ABGD and 
AEFG about their equal angles are proportional, 

and the parallelograms are therefore simijar to one an- 
other. 

For the same reason the 



parallelogram ABCD is 
similar to the parallelogram 
FHCK, 

Therefore each of the pa- 
rallelograms EG and HK 
is similar to BD ; 

therefore theparallelogram 

EG is similar to the parallelogram HK, 

Wherefore, parcMdograrm &c. q.b.©. 



[VI. Definition 1. 
A E B 




PBOPOSITION 25. PROBLEM. 

To describe a rectilineal figure which shall he similar 
to one given rectilineal figure and eqttal to another given 
rectilineal figure. 

Let ABC be the given rectilineal figure to which the 
figure to be described is to be similar, and I> that to which 
it is to be equal: it is required to describe a rectilineal 
figure similar to ABC and equal to D, 




On the straight line BC describe the parallelogram BE 
equal to the figure ABC, 

On the straight line CE describe t\ie -^'ax^^'Ji^raaa. CM 
oqual to £>, and having th.© ttDgV^ I^CE fts^^ "^^ "^^ 
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therefore BC and CF will be in one straight line, and LE 
and EM will be in one straight line. 

Between BC and CF find a mean proportional GH^ [VI. 13. 

and on GH describe the rectilineal figure KGH, similar and 
similarly situated to the rectilineal figure ABC, [VI. 18. 
KGH shall be the rectilineal figure required. 

For, because BC is to GH as GH is to CF, [Construdim, 

and that if three straight lines be proportionals, as the first 
is to the third so is any figure on the first to a similar and 
similarly described figure on the second, [VI. 20, Cor, 2. 

therefore as BC is to CF so is the figure ABC to the 
figure KGH. 

But as BC is to CF so is the parallelogram BE to the 
parallelogram CM; [VI. L 

therefore the figure ABC is to the figure KGH as the pa- 
rallelogram BE is to the parallelogram CM, [V. 11. 

And the figure ABC is equal to the parallelogram BE; 

therefore the rectilineal figure KGH is equal to the paral- 
lelogram CM. [V. IL 

But the parallelogram CM is equal to the figure D ; [Cofutr. 

therefore the figure KGH is equal to the figure 2>, [Axiom 1. 

and it is similar to the figure ABC, [Comtruetion, 

Wherefore t?ie rectilineal figure KGH has been de- 
%cribed similar to the figure ABC, and equal to D, q.b.f. 



PEOPOSITION 26. THEOREM, 

If two similar parallelograms have a common angU, 
and he similarly situated, they are about the same diam^eter. 

Let the parallelograms ABCD, 
AEFG be similar and similarly si- 
tuated, and have the common angle 
BAD\ ABCD and AEFG shall 
be about the same diameter. 



For, if not, let, if possible, the 
paraUelogr&m BD have its diamo- 

/fcf ^ ^^^ * different straiglit 
Une&omAF, the diameter of the 




^V 
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parallelogram EQ\ let GF 
meet AHC at H, and througfa 
H draw HK parallel to AD or 
BC. [L 31. 

Then the parallelograms 
ABCD and AKHG are about 
the same diameter, and are 
therefore similar to one an- 
other; [VL 24. 

therefore DA is to AB as GA is to -^JT. 

But because ABCD and AEFG are similar parallelo- 
grams, [^^potA«M». 

therefore DA is to -4-B as GA is to .4^. [VL D^nition 1. 

Therefore 6?^ is to AIT as GAw to AE, [V. 11. 

that is, GA has the same ratio to each of the straight lines 
AK and AE, 

and therefore ^^is equal to AE, [V. d. 

the less to the greater ; which is impossible. 

Therefore the parallelograms ABCD and AEFG must 
have their diameters in the same straight line, that is, they 
are about the same diameter. 

Wherefore, If two similar parallelograms &c. q ji.d. 



PROPOSITION 30. PROBLEM. 
To cut a given straight line in eatreme and inean ratio. 

Let AB be the given straight line: it is required to cut 
it in extreme and mean ratio. 

Divide ^^ at the point C7, so 
that the rectangle contained by 



J[^, J§d may be equal to the square ^ OB 

on AC. [ILIL 

Then^ because the rectangle AB^ BC is equal to the 
jsqimre on AC, [ConstmctUm. 

therefore AB iato AC 9^ AC\a\j^ CB. \:^Wl, 

fPTier^ore AB %9 cvi in extr^rm and meau r<A\o a\ 
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PROPOSITION 31. THEOREM, 

In any right-angled triangle, any rectilineal figure de- 
tcribed on the side subtending the right angle is equal to 
the similar and similarly described figures on the sides 
containing the right angle. 

Let ABC be a right-angled triangle, haying the right 
taigle BAG: the rectilineal figiure described on BO shall 
be equal to the similar and similarly described figures on 
BA and CA. 

Draw the perpendicular 
AD. [1. 12. 

Then, because in the right- 
angled triangle ABO, AD 
is drawn from the right 
angle at A, perpendicular 
to the base Bv, the triangles 
ABD, CAD are similar to 
the whole triangle CA^^,and 
to one another. [YI. 8. 

And because the triangle OB A is similar to the triangle 
ABD, 

therefore CB is to BA as B A \a to BD. [VI. Def, 1. 

And when three straight lines are proportionals, as the 
first is to the third so is the figure described on the first 
to the similar and similarly described figure on the 
second; [VI. 20, Corollary 2. 

therefore as CB is to BD so is the figure described on CB 
to the similar and similarly described figure on BA ; 

and inversely, as BD is to BC so is the figure described 
on BA to that described on CB, [V. B. 

In the same manner, as CD is to CB so is the figure 
described on CA to the similar figure described on CB, 

Therefore as BD and CD together are to (75 so are the 
fig^es described on BA and CA together to the figure 
described on CB. CV , nA. 

But BD and CD together are equal \/o CB •, 
therefore the Ggure described on BC \a ecwfi\ \*i >i>aft ^^J^^ 
sad BimUarly described figures on B A aoA C A. \> * ^ 

Wherefore, in any right^ngUd triartgle ^ic ^^^^^ 
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PROPOSITION 32. THEOREM, 

If two triangles, lohich Tiave two sides of the one pro- 
portional to two sides of the other, he joined at one angle 
so as to have their homologous sides parallel to one another, 
the remaining sides shaU he in a straight line. 

Let ABC and DCE be two triangles, which have the 
two sides BA, AC proportional to the two sides CD, DE, 
namely, BA to -4(7 as CD is to DE\ and let AB be 
parallel to DC and AC parallel to DE : BC and CE shall 
be in one straight line. 

For, because AB is parallel 
to DC, [Hypothesis, 

and ^(7 meets them, 

the alternate angles BAC, 
ACD are equal; [I. 29. 

for the same reason the angles 
A CD, CDE are equal ; 

therefore the angle BACi& equal to the angle CDE, [Ax, 1. 

And because the triangles ABC, DCE have the angle at 
A equal to the angle at D, and the sides about these angles 
proportionals, namely, BA to -4(7 as CD is to DE, [Hyp. 

therefore the triangle ABC is equiangular to the triangle 
DCE; [VI. 6. 

therefore the angle ABC is equal to the angle DCE, 

And the angle BAC was shewn equal to the angle ACD ; 

therefore the whole angle ACE is equal to the two angles 
ABC and BAC, [Axiom 2. 

Add the angle ACB to each of these equals ; 

then the angles ACE and ACB are together equal to the 
angles ABC, BAC, ACB, 

But the angles ABC, BAC, ACB are together equal to 
two right angles ; [I. 82. 

therefore the angles ACE and AOB aac^ \ft%<&V)M5t <ssk^qs^ tA 
two light angles. 

And since at the point 0, m \ho «teroa^^>Mi^ ^^^^t 
^o straight Jines BOlCB i?bicYi «to ou ^^ ovfi«®M6 ^s^'s 



BOOK VL 32, 33. 213 

of it> make the adjacent angles ACE^ ACB together equal 
to two right angles, 

tiierefore BG and CE are in one straight line. [1. 14. 

Wherefore, if two triangles &c. Q.E.D. 



•PEOPOSinON 33. THEOREM, 

In equal circles, angles, whether at the centres or at the 
circumferences, have the same ratio which the arcs on 
which they stand have to one another ; so also have the 
sectors. 

Let ABCBXid DEF be equal circles, and let BGG and 
EHF be angles at their centres, and BAG and EDF 
angles at their circumferences : as the arc BG is to the arc 
EF so shall the angle BGG be to the angle EHF, and the 
angle BAG to the angle EDF-, and so also shall the sector 
BGG be to the sector EHF, 





Take any number of arcs GK, KL, each equal to BG, 
and also any number of arcs FM, MN each equal to EF\ 
and join GK, GL, HM, HN, 

Then, because the arcs BG, GK, KL, are all equal, [Constr. 

the angles BGG, GGK, KGL are also all equal ; [III. 27. 

and therefore whatever multiple the arc BL is of the arc 
BG, the same multiple is tne angle BGL of the ani^la 

For the same reason, whateyer m\x\.U^\b VSaa «t<i "E.^ "^ ^^ 
the arc BF, \hQ same multiple is V^ift «i^e» ^^S^ ^^ ^ 
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And if the arc BL be equal to the arc EN^ the angle BGL 
is equal to the angle EHN\ [III. 27. 

and if the arc BL be greater than the arc EN^ the angle 
BQL is greater than the angle EHN\ and if less, less. 

Therefore since there are four magnitudes, the two 
arcs BCy EF^ and the two angles BQC^ EHF\ 





and that of the arc BG and of the angle BGC have been 
taken any equimultiples whatever, namely, the arc BL and 
the angle BQL ; 

and of the arc EF and of the angle EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
angle EHN ; 

and since it has been shewn that if the arc BL be greater 
than the arc EN^ the angle BGL is greater than the angle 
EHN\ and if equal, eqiml ; and if less, less ; 

therefore as the arc BC is to the arc EF^ so is the angle 
BGG to the angle EHF, [V. D^niHon 5. 

But as the angle BGC is to the angle EHF, so is the 
angle BAG to the angle E£>F, [V. 15. 

for each is double of each ; [III. 20. 

therefore, as the arc BG is to the arc EF so is the angle 
BGG to the angle EffF, and the angle BAG to the angle 
E£>F, 

Also as the arc BG is to the arc EF^ so shall the sector 
^6^Cbe to the sector EHF. 

Join BC, CK, and in the arcs BC, CK -^s3«^^ ^ks ^\b5h^ 
-^ O, aadjoin BJT, XC, CO^ OK. 
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Then, because in the triangles BGC^ CGK^ the two 
cddes BG, GO are equal to the two sides CG, GK, each to 
each; 
and that they contain equal angles ; [III. 27. 

therefore the base BC is equal to the base CK, and the 
triamgle BGCia equal to the triangle CGK. [T. 4. 





And because the arc BC is equal to the arc CE", [Consir, 

the remaining part when BC is taken from the circum- 
ference is eqim to the remaining part when CK is taken 
from the circumference ; 

therefore the angle BXCia equal to the angle COK. pll. 27, 

Therefore the segment BXC is similar to the segment 
COK; [III. Definkwn 11. 

and they are on equal straight lines BC^ CK. 

But similar segments of circles on equal straight lines are 
equal to one another ; [III. 24. 

therefore the s^ment BXC\& equal to the segment COK, 

And the triangle BGC was shewn to be equal to the 
triangle CGK\ 

therefore the whole, the sector BGC, is equal to the whole^ 
the sector CGK, [Axiom 2. 

For the same reason the sector KGL is equal to each of 
the sectors BGC, CGK. 

In the same manner the sectors EHF^ FHM^ MHN xsasv.^ 
be dnewn to he equal to one another. 

Therefore whateyer multiple tYie «rc BL Va. ^^ ^^ ^"^ 
£0, the same multiple is the Beetox BGL ol ^^ ^^^^ 
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and for the same reason whatever multiple the arc EN is 
of the arc EF^ the same multiple is the sector EHN of the 
BOctorEHF, 

And if the arc BL be equal to the arc EN, the sector 
BGL is equal to the sector EHN; 

and if the arc £L be greater than the arc EN the sector 
BGL is greater than the sector EHN; and if less, less. 

Therefore, since there are four magnitudes, the two 
arcs BC, EI] and the two sectors BGC, EHF; 





and that of the arc BO and of the sector BGC have been 
taken any equimultiples whatever, namely, the arc BL and 
the sector BGL ; 

and of the arc EF and of the sector EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
sector JEfl'iV; 

and since it has been shewn that if the arc BL be greater 
than the arc EN, the sector BGL is greater tmin the 
sector EHN; and if equal, equal ; and if less, less ; 

therefore as the arc BC is to the arc EF, so is the sector 
BGC to the sector EHF. [V. B^Mtion 5. 

Wherefore, in eqteal circles &c q.£J>. 
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PROPOSITION B. THEOREM, 

Jf the vertical angle of a triangle he bisected by a straight 
line which liketcise ctUs the base, the rectangle contained 
by the sides of t?ie triangle is equal to the rectangle con- 
tained by the segments of the base, together with the square 
on the straight line which bisects the angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight Ime A£> : the rectangle BA, AG 
sludl be equal to the rectangle BD, i>(7, together with the 
square on AD. 

Describe the circle AGB 
about the triangle, [IV. 5. 

and produce AD to meet the - 
circumference at JS, 

and join EG. 

Then, because the angle 
BAD is equal to the angle 
JEAG, [Hypothem, 

and the angle ABD is equal to 
the angle AEG, for they are in 
the same segment of the circle, [III. 2L 

therefore the triangle BAD is equiangular to the triangle 
EAGt 

Therefore -B-4 is to AD as JSL4 is to AG\ [VI. 4. 

therefore the rectangle BA, -4 (7 is equal to the rectangle 
EA, AD, [VI. le. 

that is, to the rectangle ED, DA, together with the square 
on AD. [II. 3, 

But the rectangle ED, DA is equal to the rectangle 
BD,DG\ [III. 35. 

therefore the rectangle BA, AG is equal to the rectangle 
BD, DG, together with the square on AD. 

Wherefore, if the vertical angle &c. q.b.d. 
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PEOPOSITION O, THEOREM. 

If from the vertical angle of a triangle a straight line 
he draionperpendicrdar to the base, the rectangle contained 
by the sides of the triangle is equal to the rectangle con- 
tained by the perpendicular and t?ie diameter qfthe circle 
described abotU the triangle. 

Let ABO be a triangle, and let AD he the perpen- 
dicular from the angled to the base EC: the rectangle 
BAy AC shall be equal to the rectangle contained by AD 
and the diameter of the circle described about the triangle. 

Describe the circle ACB 
about the triangle ; [IV. 5. 

draw the diameter AE, and 
join EC. 

Then, because the right 
angle BDA is equal to the 
angle ECA in a semi- 
circle ; [IIL 31. 

and the angle ABD is equal 
to the angle AEC, for they 
are in the same segment of 
ihe circle ; [III. 21. 

therefore the triangle ABD is equiangular to the triangle 
AEC. 

Therefore -B^ is to AD as -E4 is to AC; [VI; 4. 

therefore the rectangle BAy AC ib equal to the rectangle 
EAy AD, [VL 16. 

Wherefore, if from the vertical angle &c« Q.K.D. 




PROPOSITION 2). THEOREM. 



TAe rectangle contained hy the diagoKiola o;f a qwidrU 
^^^raljigure inscribed in a circle is equcO. to ^th. tV\A 
^eaan^les contained hy its opposite «id6«. 
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^Let ABGD be any quadrilateral figure inscribed in 
a circle, and join AC^ BD : the rectangle contained by 
AC, BD shall be equal to the two rectangles contained by 
AB, CD and by AD, BC. 

Make the angle ABE equal to the angle DBC; [I. 23. 
add to each of these 
equals the angle EBD^ 

then the angle ABD 
is equal to the angle 
EBG, [Axiom 2. 

And the angle BDA is 
equal to the angle ^(7j&, for 
they are in the same seg- 
ment of the circle ; [III.21. 

therefore the triangle 
ABD is equiangular to the 
triangle EBG. 

Therefore AD is to DB 

ubEGis to GB; [VI. 4. 

therefore the rectangle AD, GB is equal to the rectangle. 
DB, EG, [VI. 16. 

Afi;ain, because the angle ABE is equal to the angle 
DBvl [Construction. 

and the angle BAE is equal to the angle BDG, for they 
are in the same segment of the circle ; [III. 21. 

therefore the triangle ABE is equiangular to the triangle 
DBG. 

Therefore BA is to AE as BD is to DG; [VL 4. 

therefore the rectangle BA, DG is equal to the rectangle 
AE, BD. [VI. 16. 

But the rectangle AD, GB has been shewn equal to 
the rectangle DB, EG; 

therefore the rectangles AD, GB and BA, DG are together 
equal to the rectan^es BD, EG and BD, AE ; 

that is, to the rectangle BD, AG. [IL L 

Wherefore, t/te redangle contained &c. (^«'^«\>. 
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1. A SOLID is that which has length, breadth, and 
thickness. 

2. That which bounds a solid is a superficies. 

3. A straight line is perpendicular, or at right angles, 
to a plane, when it makes right angles with every straight 
line meeting it in that plane. 

4. A plane is perpendicular to a plane, when the 
straight lines drawn m one of the planes perpendicular to 
the conunon section of the two planes, are perpendicular 
to the other plane. 

5. The inclination of a straight line to a plane is the 
acute angle contained by that straight line, and another 
drawn from the point at which the first line meets the 
plane to the point at which a perpendicular to the plane 
(htiwn from any point of the first line aboye the plane, 
meets the same plane. 

6. The inclination of a plane to a plane is the acute 
angle contained by two straight lines dmwn from any the 
same point of their common section at right angles to i1^ 
one in one plane, and the other in the other plan^. 

7. Two planes are said to have the same or a like 
inclination to one another, which two other planes haye, 
when the said angles of inclination are equal to one 

aaother, 

^. & Parallel planes are Bucb aa do Tio\. me^X* o^^ ^^'^^^ 
iiliousrh produced. 



BOOK XL DEFINITIONS. 221 

9. A solid angle is that which is made by more than 
two plane angles, which are not in the same plane, meeting 
at one point. 

10. Equal and similar solid figures are «uch as are 
contained by similar planes equal in number and magni- 
tude. [See the Note8!\ 

11. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

12. A pyramid is a solid figure contained by planes 
which are constructed between one plane and one point 
^bove it at which they meet. 

13. A prism is a solid figure contained by plane figures, 
of which two that are opposite are equal, similar, and par- 
allel to one another ; and the others are parallelograms. 

14. A sphere is a solid figure described by the revolu- 
tion of a semicircle about its diameter, which remains 
fixed. 

15. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 

16. The centre of a sphere is the same with that of the 
semicircle. 

17. The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both ways by 
the superficies of the sphere. 

18. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which side remains fixed. 

If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone ; 
if it be less than the other side, an obtw&i^^si^^ <^\^\ 
and if greater, an acute-angled cone. 

19. The axis of a cone is \ks» ^ed ^\j«asgDL\.\sDa ^^ 
wluch the triangle revolves. 
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20. The base of a cone is the circle described by that 
side containing the right angle which revolves. 

21. A cylinder is a solid figure described by the revo- 
lution of a right-angled parallelogram about one of its sides 
which remains fixed. 

22. The axis of a cylinder is the fixed straight line 
about which the parallelogram revolves. * 

23. The bases of a cylinder are the circles described 
by the two revolving opposite sides of the parallelogram. 

24. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. ' 

25. A cube is a solid figure contained by six equal 
squai'es. 

26. A tetrahedron is a solid figure contained by four 
equal and equilateral triangles. 

27. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained bj 
twelve equal pentagons which are equilateral and equi- 
angular. 

29. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opposite two are 
parallel. 

PKOPOsrriON i. theorem. 

One part of a straight line cannot he in a plane, and 
onotAer part tcithovt it. 

If it he possible, let AB, part oi ^Ve ^'waK^H* >fiBft 
'^^C, be in a plane, and the part BO ynttioxiX.^^ 
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Then since the straight 
line AB is in the plane, it can 
be produced in that plane; 
let it be produced to D ; and 
let any plane pass through the 
8traigntline^Z>^nd be turned 
about until it pass through the point C, 

Then, because the points B and C are in this plane, the 
straight line BC is in it [I. Definition 7. 

Therefore there are two straight lines ABCy ABB in the 
same plane, that have a common segment AB\ 

but this is impossible. [I. 11, Corollary* 

"Wherefore, one part of a straight line &c. q.b.d. 

PROPOSITION 2. THEOREM. 

Ttoo straight lines which cut one another are in one 
plane; and three straight lines which meet one another 
are in one plane. 

Let the two straight lines AB, CD cut one another at 
E: AB and CD shall be in one plane; and the three 
straight lines EC, CB, BE which meet one another, shall 
be in one plane. 

Let any plane pass through the 
straight line EB, and let the plane 
be turned about EB, produced if 
necessary, until it pass through the 
point C, 

Then, because the points E 
and C are in this plane, the straight 
line EC is in it ; [I. Definition 7. 

for the same reason, the strai^t 
line BCSa in the same plane ; 

and, by hypothesis, EB is in it. 

Therefore the three straight lines EC, CB, BE are in one 
plane. 

But AB and CD are in the piano in. ^YclOdl EB ^sl^'EiO 
are; \XX.^^ 

therefore ^Band CD are in one plaiie. 

Wherefore, ttoo straight line* &c- <i.i^T>. 
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PEOPOSinON 8. THEOREM. 

If two plane* cut one another their c 
it a ttraiffht lint. 

Let two planes AB, BO cut one another, and let BD 
be their commos section : BD shall bo a straight line. 

If it be not, from B Ui D, draw 
in the plane AB the etrai^t line 
BED, and in the plane BG tie 
fltraiglkt lino BFD. [Postulate 1. 
Then the two straight lines BED, 
BFD have the same extremities, 
and therefore include a space be- 
tween them ; 
but this IB impossible. [iiejom 10. 

Therefore BD, the common section of the planes AB and 
.£(7 cannot but be a straight line. 

Wherefore, if two planet &«. (j.ajfc 



L 
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PROPOSITION 4. THEOREM. 

If a ttraight line ttand at right anglet to each iff two 
ttraight linet at the point of their intertection, it thall 
aieo be at right angles to the plane which paetet through 
them, that is, to the plane in which they are. 

Let the stra^ht line EF stand at right angles to each 
of the straight lines AB, CD, at E 
the point of their intersection: EJP 
shall also be at right angles to the 
piano passing through AB, CD. 

Take the straight Unes AE, EB, 
CE, ED, all equal to one another ; 
join AD, GB ; through E draw in 
the plane in which are AB, GD, 
anvBtraigbt line cutting AD ai Q, 
and CBat M; and from any pointi 
^fl^^ draff FA, FQ, FJ>, FO, 
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Then, because the two sides AE, ED are equal to the 
two sides BE^ EC, each to each, [ComUv/Aion. 

and that they contain equal angles AED, BEG; [1. 15. 

therefore the base AD is equal to the base BC, and the 
angle DAE is equal to the angle EBC, [I. 4. 

And the angle AEG is equal to the angle BEff; [1. 15. 

therefore the triangles AEG, BEH have two angles of the 
one equal to two angles of the other, each to each ; 

and the sides EA, EB adjacent to the equal angles are 
equal to one another; [Cmatru^^ion, 

therefore EG is equal to EH, and AG is equal to 
BH. [1 26. 

And because EA is equal to EB, [Corutmction. 

and EF is common and at right angles to them, [ffypothesis. 

therefore the base ^^ is equal to the base BF. [I. 4. 

For the same reason CF is equal to DF, 

And since it has been shewn that the two sides DA, 
AF are equal to the two sides CB, BF, each to each, 

and that the base DF is equal to the base CF; 

therefore the angle DAFia equal to the angle CBF. [I. 8. 

Again, since it has been shewn that the two sides FA, 
AG are equal to the two sides FB, BH, each to each, 

and that the angle FAG is equal to the angle FBH ; 

therefore, the base FG is equal to the base FH, [I. 4. 

Lastly, since it has been shewn that GE is equal to HE, 
and EF is common to the two triangles FEG, FEH\ 

and the base FG has been shewn equal to the base FH\ 

therefore the angle FEG is equal to the angle FEH, [I. 8. 

Therefore each of these angles is a right angle. [I. D^n. 10. 

In like manner it may be shewn tbat EF makes right 
angles with every straight line which meets it in tide piano 
passing through AB, CD, 

Therefore EF is at right angles to the plane in which are 
AB, CD, PLI. D^TcUww. ^- 

Wherefore, if a straight line &c. (^.^d* 
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PKOPOsrnoN 5. theorem. 

If three straight lines meet all at one point, and a 
straight line stand at right angles to each qf them at that 
point, the three straight lines shall be in one and the same 
plane. 

Let the gtraight line AB stand at right angles to each 
of the straight Unes BG, BD, BE, at S the point where 
thejr meet : BC, BD, BE shall l>e in one and the same 
plane. 

For, if not. let, if possible, 
BD and BE oe in one plane, 
and ^(7 without it ; let a plane 
pass through AB and BG\ 
the common section of this 
plane with the ^ne in which 
are BD and BE is a straight 
lino ; [XL 3. 

lot this straight line be BF. 

Then the three straight lines 

AB, BCy BF are all in one plane, namely, the plane which 

X^asses tmrough AB and BC, 

And because AB stands at right angles to each of the 
straight linos BD, BE, [HypoikesU, 

therefore it is at right angles to the plane passing through 
them ; [XL 4. 

therefore it makes right angles with every straight line 
meeting it in that plane. [XL Defimtion 3. 

But BF meets it, and is in that plane ; 
therefore the angle ABF is a right angle. 
I3ut the angle ABC is, by hypothesis, a right angle ; 
therefore the angle ABC is equal to the angle ABF ; [4a. 11. 
and they are in one plane ; which is impossible. [Axiom 9. 
therefore the straight line BC is not without the plane in 
fvhjch are JBD and BE, 
tlwrofore the three straight linea BC, BD, BE «x^\sL^\sa 
^^d the sanie plane. 

Wherofore, ^ three straight lines ftwi. ^^^- 
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PKOPOSITION 0. THEOREM. 

If two straight lines he at right angles to the same plane^ 
they shaU be parallel to one another. 

Let the straight lines AB, CD be at right angles to the 
same plane : AB shaU be parallel to CD. 

Let them meet the plane at the 
points By D ; join BD ; and in the plane 
draw DE at right angles to BD ; [1. 11. 

make DE equal to AB ; [I. 3. 

iOLd ioin BE, AEj AD. 

Then, because AB is perpendicular 
to the plane, [Hypothesis, 

it makes right angles with every straight 
line meeting it in that plane. [XI. Def, 3. 
But BD and BE meet AB, and are 
in that plane, 

therefore each of the angles ABD, ABE is a right angle. 

For the same reason each of the angles ODB, CDE is a 
right angle. 

And because AB is equal to ED, [Constmction. 

and BD is common to the two triangles ABD, EDB, 

the two sides AB, BD are equal to the two sides ED, DB, 
each to each ; 

and the angle ABD is equal to the angle EDB, each of 
them being a right angle ; [iliciom 11. 

therefore the base AD is equal to the base EB. [L 4. 

Again, because AB is equal to ED, [Constructwn. 

and it has been shewn that BE is equal to DA ; 

therefore the two sides AB, BE are equal to the two sides 
ED, DA, each to each ; 

and the base AE is common to the two triangles ABE, 
EDA; 

therefore the angle ABE is equal to t\i^ ^Xk!^<b ED A«^«^« 

But the angle ABE is a right angle, 

therefore the angle EDA is a Tight aa^^a, 

that 18, EI> IB at right angles to AJ>. ^.^^^ 
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But ED is also at right angles 
to each of the two BD, VD ; 

therefore ED is at right angles to 
each of the three straight lines BD, 
AD, CD, at the point at which 
they meet ; 

therefore these three straight lines 

are all in the same plane. [XL 5. 

But AB is in the plane in which 

are BD, DA ; [XI. 2. 

therefore AB, BD, CD are in one plane. 
And each of the angles ABD, CDB is a right angle ; 
therefore AB is parallel to CD. [I. 28. 

Wherefore, if two straight lines &c^ q.b.d. 



PKOPOSITION 7. THEOREM. 

Jf two straight lines be parallel, the straight line dratcn 
from any point in one to any point in the other, is in the 
same plane with the parallels. 

Let AB, CD be parallel straight lines, and take an;y 
point E in one and any point F in the other : the straight 
&ne which joins E and F shall be in the same plane with 
the parallels. 

For, if not, let it be, if pos- 
sible, without the plane, as ^ ^ ? 

EGF; andmtheplane-4iJaZ>, 
in which the parallels are, 
draw the straight line EHF 
from ^ to i^. 

Then, smce EGF is also a ^ ^ ^ 

straight line, [ffypothem. 

the two straight lines EGF, EHF include a space between 
them ; which is impossible; [Axiom 10. 

Therefore the straight line ioimng the \yoiats E and F is 
not without the plane in which tJio pat«2!\fi\& AB^ OB «t^\ 

^erefore it ia in that plane. 

Wberefore, if two straight lirm &c* <V^^- 
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PEOPOSmON 8. THEOREM, 

Xftwo straight lines he parallel ^ and one of them he at 
right angles to a plane, the othsr also shall he at right 
angles to the same plane. 

Let AB, CD be two parallel straight lines ; and let one 
of them AB be at right angles to a plane : tiie other CD 
shall be at right angles to the same plane. 

Let AB, CD meet the plane 
at the points B, D ; join BD ; ' 

therefore AB, CD, BD are in 
one plane. pCI. 7. 

In the plane to which ^^ is at 
right angles, draw DE at right 
angles to BD ; [1. 11. 

make DE equal to AB ; [I. 3. 

andjoin^^,^^, ^2>. 

Then, because AB is at right 
angles to the plane, [ffypothesis. 

it makes right angles with every straight line meeting it 
in that plane ; [XI. Dtfinition B. 

therefore each of the angles ABD, ABE is a right angle. 

And because the straight line BD meets the paralld 
straight lines AB, CD, 

the angles ABD, CDB are together equal to two right 

[I. 29. 

[lTi/!pothesi8, 




[Construction, 



angles. 

But the angle ABD is a right angle, 

therefore the angle CDB is a right angle ; 

that is, CD is at right angles to BD, 

And because AB is equal to ED, 

and BD is common to the two triangles ABD, EDB ; 

the two sides AB, BD are equal to the two sides ED, DB, 
each to each ; 

and the angle ABD is equal to the angle EDB, each of 
them being a right angle ; Vk'w^wft.Vv. 

therefore the base AD is equal to t\Le Vw&e EB, ^- *^- 

Again, because AB is equal to ED, \Cw»\;r^^'^'^^* 

Md BJShBs been shewn equal to DA, 
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the two sides AB, BE are equal to the two sides ^2), DA, 
each to each; 

and the base AE is common to the two 
triangles ABE, EDA ; 

therefore the angle ABE is equal to 
the angle ADE, [I. 8. 

But the angle ABE is a right angle ; 

therefore the angle ADE is a right angle ; 

that is, ED is at right angles to AD, 

But^Z>isatrightanglestoJ?Z>,[(7(maf. 
therefore .SZ>[is at right angles to the 
plane which passes through BD^ DA, [XI. 4. 

and therefore makes right angles with every straight line 
meeting it in that plane. [XI. Definition 3. 

But CD is in the plane passing through BD, DA, because 
all three are in the plane in which are the parallels AB^ CD\ 

therefore ED is at right angles to CD, 

and therefore CD is at right angles to ED, 

3ut CD was shewn to be at right angles to BD \ 

therefore CD is at right angles to the two straight lines 
BD, ED, at the point of their intersection D, 

and is therefore at right angles to the plane passing 
through BD, ED, [XI. 4. 

that is, to the plane to which AB is at right angles. 

Wherefore, if two straigM lines &c. q.e.d. 

PKOPOSinON 9. THEOREM, 

Two straight lines which are each qf thsm parallel to 
the same straight line, and not in the same plane with it, 
are parallel to one another. 

Let AB and CD be each of them parallel to EF, and 
not in the same plane with it: 
AB shall be parallel to CD, 

In EF take any point G ; in 
tJie plane passing through EF 
andABj drawfrom (rthestraaglit 
hneO^Tsit right angles to EF\ 
f^d m tbeplane passing through 
^^ODd Od^ drawfrom G ih© 
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straight line GK2A, right angles to EF, [1. 11, 

Then, because EF is at right angles to GH and 
GK, [Construction, 

EF is at right angles to the plane HGK passing throngh 
them. [XI. 4. 

And EFi& parallel U) AB\ [Hypothesis. 

therefore AB is at right angles to the plane HGK, [XI. 8. 

For the same reason GB is at right angles to the plane 
HGK 

Therefore AB and CD are both at right angles to the 
plane HGK 

Therefore AB is parallel to GB, [XI. 6. 

Wherefore, if two straigM lines &c. q.ej). 



PROPOSITION 10. THEOREM, 

If two straight lines meeting one another be parallel to 
two others that meet one another, and are not in the same 
plane with the first two, the first two and the other two 
shall contain equal angles. 

Let the two straight lines AB, BG, which meet one an- 
other, be parallel to the two straight lines BE, EF, which 
meet one another, and are not in the same plane with 
AB, BG\ the angle ABG shall be equal to the angle DEF. 

Take BA, BC, ED, EF2Jl\ equal to 
one another, and join AD, BE, GF, 
AG, DF, 

Then, because AB i^ equal and 
parallel to DE, 

therefore AD is equal and parallel to 
BE, [1. 33. 

For the same reason, GF is equal 
and parallel to BE, 

Therefore AD and GF are ewila. ol 
tbem equal and parallel to BB, 

Therefore AD is parallel to CF^ 
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and AD is also equal to 
CF» lAxiom 1. 

Therefore AC is equal and 
parallel to DF, [I. S3. 

And because AB, BC 
are equal to DE, EF^ each 
to each, 

and the base AC\% equal to 
the base DF^ 

therefore the angle ABC is 
equal to the angle DEF, [1. 8. 

Wherefore, if two straight lines &c. 
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PROPOSITION 11. PROBLEM, 

To draw a straight line perpendicular to a given plane, 
from a given point without it. 

Let A be the given point without the plane BH: it is 
required to draw from the point A a straight line perpen- 
dicular to the plane BH. 

Draw any straight line 
BC in the plane BH, and 
from the pomt A draw AD 
perpendicular to BC. [1. 12. 

Then if ^Z> be also perpen- 
dicular to the plane J^Hy 
the thing reauired is done. 
But, if not, from the point 
D draw, in the plane BH, 
the straight line DE at 
right angles to BCy [1. 11. 

and from the point A draw -4 J* perpendicular to DE, [1. 12. 

AF shall be perpendicular to the plane BH, 

Through F draw G^ZT parallel to BC, [t. 31. 

Then, because BC is at right angles to ED and DA^ [Ccxnatr, 

^67 ia at right aDfirles to the plaao p^f^xi'g \)QxcraL^ ^ly 
andDJ. tr tr \;^\.^.. 

^Dd ^ZTia parallel to BC; VConwtonwxiwi 
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therefore GH is at right angles to the plane passing 
through ^i> and i>-4 ; [XI. 8. 

therefore GH makes right angles with every straight line 
meeting it in that plane. [XI. D^nition 3. 

But ^i^ meets it, and is in the plane passing through J5D 
and DA; 

therefore G^^is at right angles to ^i^, 

and therefore AF is at right angles to GH, 

But ^i^ is also at right angles to i>^; [OonstructUm, 

therefore AF is at right angles to each of the straight 
lines GH and DE at the point of their intersection ; 

therefore ^^Pis perpendicular to the plane passing throu^ 
GH and DF, that is, to the plane BH. [XI. 4. 

Wherefore, yrow t?ie given point A, withotU the plane 
BH, t?ie straight line AFhaa been drawn perpendictdar 
to the plane, q.£.f. 

PROPOSITION 12. PROBLEM, 

To erect a straight line at right angles to a given plane, 
from a given point in the plane. 

Let A be the given point in the given plane : it is re- 
quired to erect a straight line from the point A, at right 
angles to the plane. 

From any point B without the 
plane, draw BC perpendicular to 
the plane ; [XI. 11. 

and from the point A draw AD 
parallel to BO, [I. 81. 

AD shall be the straight line re- 
quired, i 

For, because AD and BC Bxe / 

two parallel straight lines, [Constr, '- 

and that one of them BC is at 

right angles to the given plane, \Cwcisbr>M*Mm» 

the other AD ia also at right aaglea to V\v"& ^-^evi'^^ssa.X?^*'^ 
Wherefore a straight line Tww been erected aX rx^^^**'^ 
ffies to a given plane, from a giv^n poiut in xt. ^^^' 
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PROPOSITION 13. THEOREM, 

From the same point in a given plane, there cannot he 
two straight lines at right angles to the plane, on the sams 
side of it; and there can he hut one perpendicular to a 
plane from a point toithout the plane. 

For, if it be possible, let the two straight lines AB, AC 
be at right angles to a given plane, fifom the same point A 
in the plane, and on the same side of it. 

Let a plane pass through 
BAy AC; 
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the common section of this 
with the given plane is a 
straight line ; [XI. 3. 

let this straight line be DAE, 

Then the three straight lines AB, AC^ DAE are 
all in one plane. 
And because CA is at right angles to the plane, [Hypothesis. 

it makes right angles with every straight line meeting it 
in the plane, [XI. B^nition 3. 

But DAE meets OA, and is in that plane ; 

therefore the angle GAE is a right angle. 

For the same reason the angle BAE is a right angle. 

Therefore the angle CAEis equal to the angle BAE; [^a;.ll. 

and they are in one plane ; 

which is impossible. [Axiom 9. 

Also, from a point without the plane, there can be but 
one perpendicular to the plane. 

For if there could be two, they would be parallel to one 
another, * [XI. 6. 

which is absurd. 

Wherefore,/rom the same point &c. q.e.d. 
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PROPOSITION It THEOREM. 

Planes to which the tame ttratght line i» perpendicular 

are parallel to one another. 

Let the straight line AB be perpendicular to each of 
the planes GD and EF: thoae planes shall be parallel to 
ono another. 

For, if not, they will meet one 
another when produced ; 
let them meet, then theit com- 
mon section will be a straight 

let GH be this straight line ; in 
it take any point K, and join 
AK, BK. 

Then, because AB is perpen 
dicular to the plane EF, \Hyp. 
it ia perpendicular to the straight 
lino BK which is in that - 
plane ; [XI, De/initum 3. 

therefore tho angle ABKis a right angle. 
For the same reason the angle BAK ia a right angle. 
Therefore the two angles ABK, BAK of the triangle 
AEK are equal to two right angles; 
which ia imposaibla p. ij_ 

Therefore the planes CD and EF, though produced, do 
not meet one another ; 
that is, they aro parallel. [XI. D^niiim 8. 

Wherefore, planer &a q.e.s. 
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PEOPOSITION 15. THEOREM. 

If two ttraight lines tehiahtmf.t crtveaiujthavilwwvtiiyx*. 

to tieo oiAer ttraight line» which, meet "me ii.-iwiU«f ,>>«*■ 

are not in the same plane tmlh. the Jirrt lTBo,t>w 'P^'^? *??^- 

ing tArouffh these m waroKel to th« pUwia pa»«-Tiva ^.h-T^f^a 

loBotherg. 
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Let AB, BC, tffo straight linefi which meet one anotlier, 
be pfu^el to two other Btrai^ht lines DE, EFj whicli meet 
one another, bnt are not in the Bame plane with AB, BC: 
the plane passing through AB, BC, shall be paralld to the 
plane passing through DE, EF. 

From the point B draw BG 

Krpendicular to theplane paas- 
%Qmtxis^DE,EF, [Xr. 11. 
and let it meet that plane at Q ; 
tbrongh G draw GH parallel to 
£X',ande^parallelto^J'.[I.31, 
Then, because BG is per- 
pendicular to the plane passing 
throngh DE, EF, {Coaitmetion. 

it makes r^t aisles witb every stndght line meeting it 
in that plane ; [XI' Deration S. 

but tiie strugM lines GH and GK meet it, and are in that 

plane; 

therefore each of tiie angles BGH and BGK is ft right 

angle. 

Now because BA is parallel to ED, \Hypothtat. 

and GHts parallel to ED, ICmttnuHon. 

therefore BA is parallel to GH ; [XI. 9. 

therefore the angles ABG and BGH are together equal 
to two right angles. [I. 29. 

And the angle BGH has been shewn to be a right angle ; 
therefore the angle ABG is a right angle. 
For the same reason the angle CBG is a right angla 

Then, because the straight line GB stands at right 
angles to the two straight bues BA, BC, at their point of 
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Bnt planes to which the same straight line is perpendicular 
are parallel to one another ; [XI. 14. 

therefore the plane passing through AB^ BG is parallel to 
the plane passmg through DEy EF, 

Wherefore^ if two straight lines &c. q.b.d. 



PEOPOSITION 16. THEOREM. 

If two parallel planes he cut bt/ another plane^ their 
common sections tcith it are parallel. 

Let the parallel planes AB, CD be cut by the plane 
EFHGy and let their common sections with it be EF, 
QH: EF shall be parallel to GH. 

For if not, EF and GH^ being produced, will meet 
either towards jP, Hy or towards Ey G. Let them be pro- 
duced and meet towards F, HdX the point K, 

Then, since EFK is in the 
plane AB^ every point in EFK 
IS in that plane ; [XI. 1. 

therefore iT is in the plane 
AB. 

For the same reason JT is in 
the plane CD. 

Therefore the planes AB, CD, 
being produced, meet one an- 
other. 

But they do not meet, since they are parallel by hypothesis. 

Therefore EF and GH, being produced, do not meet to- 
wards Fy H, 

In the same manner it may be shewn that they do not 
meet towards E^ G. 

But straight lines which are in the same plane, and which 
being produced ever so far both ways do not \!CL^^tk ^i:t<^ 
pajnllei; 

therefore EF\& parallel to GH". 

Wherefore^ if two paraUd planer hAi. q;«^^- 
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PROPOSITION 17. THEOREM. 

If two straight lines be cut by parallel planes^ they 
shall he cut in the same ratio. 

Lot the straight lines AB and CD be cat W the pa- 
rallel planes GH, KL^ MN, at the points A. E. B, and 
C,F,D\ AE shall be to ^5 as OFis-to FD. 

Join AC,BD,AD; let 
AD meet the plane KL 
at the point X; and join 
EX, XF. 

Then, because the two 
parallel planes KL, MN are 
cut by the plane EBDX, 
the common sections EX, 
BD are parallel ; [XI. 16. 

and because the two pa- 
rallel planes GH, KL are 
cut by the plane AXFC 
the common sections ACf, 
XF are parallel. [XI. 16. 

And, because EX is parallel to BD, a side of the 
triangle ABD, 
therefore AE is to EB as AX is to XD. [VI. 2. 

Again, because XFis parallel to AC, & side of the triangle 
ADC, 

therefore AX is to XD as OP is to FD, [VI. 2. 

And it was shown that AX is to XD as AE is to EB ; 

therefore AE is to ^5 as (7i^ is to FD. [V. 11. 

Wherefore, ifttoo straight lines &c. q.e.i>. 

PROPOSITION 18. THEOREM. 

If a straight line be at right angles to a plane, every 
plane which parses through it shall be at right angles to 

Let the straight line AB be a\, rv^ViX. «a!g^«^ ^.^ 
plane OJST: eyerj plane which paBaea thxwj^ AB ^^ x^ 
At right angles to the plaae CK. 
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Let any plane DE 
pass through AB, and 
let C^ be the common 
section of the plani3s 
DE, CK\ [XI. 3. 

take any point F in 
€E^ from which draw 
FG, in the plane DE^ 
at right angles to 
CE. [1. 11. 

Then, because AB is at right angles to the plane 
CK, [ffypothem. 

therefore it makes right angles with every straight line 
meeting it in that plane ; [XI. D^ition 8. 

but CB meets it, and is in that plane ; 

therefore the angle ABFSa a right angle. 

But the angle GFB is also a right angle ; [C(mstructum. 

therefore FG is parallel to AB. [I. 28. 

And AB is at right angles to the plane CK\ [Hypothesis. 

therefore FG is also at right angles to the same plane. [XI. 8. 

But one plane is at right angles to another plane, when 
the straight lines drawn in one of the planes at right 
angles to their common section, are also at right angles to 
the other plane ; [XI. Definition i, 

and it has been shewn that any straight line FG drawn in 
the plane £>E, at ri^ht angles to CE, the common section 
of the planes, is at right angles to the other plane OK; 

therefore the plane DE is at right angles to the plane CK. 

In the same manner it may be shewn that any other 
plane which passes through ^^ is at right angles to the 
plane CK. 

Wherefore, if a straight line &c. q.e.d. 



PROPOSITION 19. THEOREM. 



j(/' two planes which cut one anotlier "be e<Mih. oj ^^^^JJ]^j^ 
perpendicidar to a third plane^ tKeir c(yrain(W)U %e^tv«\> *«^»*' 
6e perpendiciUar to the same plarie- 
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Let the two planes BA, BG be each of them perpen- 
dicular to a third plane, and let BD be the common section 
of the planes BA^ BG: BD shall be perpendicular to the 
third plane. 

For, if not, from the point 2>, 
draw in the plane BA, the straight 
line DE at right angles to AD^ 
the common section of the plane 
BA with the third plane ; [1. 11. 

and from the point 2>, draw in the 
plane BG^ the straight line DF2X 
right angles to (7/>, the common 
section of the plane BG with the 
third plane. [1. 11. 

Then, because the plane BA is 
perpendicular to the third plane, [HypotKesU, 

and DEis drawn in the plane BA at right angles to,^Z> 
their common section ; [Construction, 

therefore i>^is perpendicular to the third plane. [XI. Dt^f, i. 

In the same manner it may be shewn that DF is per- 
pendicular to the third plane. 

Therefore from the point D two straight lines are at 
right angles to the third plane, on the same side of it; 
which is impossible. [XL 13. 

Therefore from the point 2>, there cannot be any straight 
line at right angles to the third plane, except BD the com- 
mon section of the planes BA, BG; 

therefore BD is perpendicular to the third plane. 

Wherefore, if two planes &c. q.e.d. 



PROPOSITION 20. THEOREM. 

If a solid angle he contained by three plane angles, any 
two of them are together greater than the third. 

Let the solid angle at A be contained by the three * 
plane angles BAG, GAD, DAB \ aoj t^o of tiism. shall be 
^ether gresiter than the third. 

.// the angles BAG, GAD, DAB \>© ^^Qjvy^^V^ 
^yideat that any two of them are gte«A«t VJoasi^^aa ^iJoax^ 
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If they are not all equal, let 
BAG be that angle which is not 
less thaoi either of the other two, and 
is greater than one of them, BAD, 

At the point A^ in the straight line 
BA, make, in the plane which passes 

through BAy AC, the angle BAE ^ -^ 

. equal to the angle BAD) [I.' 23. ^ ^ 

make AE equal to AD ; E^* ^ 

through E draw BEG cutting AB, AG 2X the points B^ G\ 
and join 2>.B, i>(7. 

Then, because AD is equal to AE^ [Construction, 

and AB is common to the two triangles BAD, BAE, 

the two sides BA, AD are equal to the two sides BA^ AE, 
each to each ; 

and the angle BAD is equal to the angle BAE; [Conatr, 

therefore the base BD is equal to the base BE, [I. 4. 

And because BD, DG are together greater than 
BG, [1. 20. 

and one of them BD has been shewn equal to BE a part 
of BG, 

therefore the other DG is greater than the remaining 
part EG, 

And because AD is equal to AE, [Construction, 

and AGia common to the two triangles DAG, EAG, 

but the base DG is greater than the base EG; 

therefore the angle DAG is greater than the angle 
EAG, [1. 25. 

And, by construction, the angle BAD is equal to the 
angle BAE ; 

therefore the angles BAD, DAG are together greater 
than the angles BAE, EAG, that is, than the angle BAG, 

But the angle BAG is not less than either of the angles 
BAD, DAG; 

therefore the angle BAG togetlier m\)a. ft\\)CiKt qH '^^ <^^^asst 
anglea ia greater than the third, 

Wherefore, if a solid angle &c- <i.^.^» -V^ 
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PROPOSITION 21. THEOREM. 

Every solid angle is contained "by plane angles, which 
are together less than four right angles. 

First let the solid angle at A be contained bv three 
plane angles BAG, GAD, DAB: these three shall be 
together less than four right angles. 

In the straight lines AB, AG, AD 
take any points B, G, D, and join BG, 
CD, DB. 

Then, because the solid angle at 
B is contained by the three plane 
angles GBA, ABD, DBG, any two 
of them are together greater than the 
third, [XL 20. 

therefore the angles CBA, ABD are 
together greater than the angle DBG, 

For the same reason, the angles BGA, AGD are together 
greater than the angle DGB, 

and the angles GDA, ADB are together greater than the 
angle BDG. 

Therefore the six angles GBA, ABD, BGA, AGD, GDA, 
ADB are together greater than the three angles DBG, 
DGB, BDG; 

but the three angles DBG, DGB, BDG are together equal 
to two right angles. [I. 32. 

Therefore the six angles GBA, ABD, BGA, AGD, GDA, 
ADB are together greater than two right angles. 

And, because the three angles of each of the triangles 
ABG, AGD, ADB are together equal to two right 
angles, [1. 32. 

therefore the nine angles of these triangles, namely, the 
angles GBA, BAG, AGB, AGD, GDA, GAD, ADB, 
DBA, DAB are equal to six right angles ; 

and of these, the six angles ^BA, AGB, AGD, GDA, 
^DB, DBA are greater Hiau Iyio T\g\it «avg,tea, 

therefore the remaining three aagXea BAG, CAB^BAB^ 
jrlucb contain the solid angle at A, are> to^^VJaax \«a» ^^ 
, rour right angles. 
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Next, let the solid angle at A be contained by any 
number of plane angles BAG, GAD, DAE, EAF, FAB\ 
these shall be together less than four right angles. 

Let the planes in which the an- 
gles are, be cut by a plane, and let 
the common sections of it with those 
planes be BG, GD, DE, EF, FB. 

Then, because the solid angle at 
B is contained by the three plane 
angles GBA, ABF, FBG, any two 
of them are together greater than 
the third, [XI. 20. 

therefore the angles CBA, ABF 
are together greater than the angle 
FBG. 

For the same reason, at each of the points (7, D, E, F, tho 
two plane angles which are at the bases of the triangles 
having the common vertex A, are together greater than 
the third angle at the same point, which is one of the 
angles of the polygon BGDEF, 

Therefore all the angles at the bases of the triangles are 
together greater than all the angles of the polygon. 

Now all the angles of the triangles are together equal 
to twice as man^ right angles as there are triangles, tnat 
is, as there are sides in the polygon BGDEF; [I. 35L 

and all the angles of the polygon, together with four right 
angles, are also equal to twice as many right angles as- 
there are sides in tne polygon; [I. 32, Corollary 1. 

therefore all the angles of the triangles are equal to all the- 
angles of the polygon, togeUier with four right angles. [Ax, 1. 

But it has been shewn that all the angles at the bases 
of the triangles are together greater than all the angles of 
the polygon ; 

therefore the remaining angles of the triangles, namely, 
those at the vertex, which contain the solid angle at A^ are- 
together less than tour right angles. 

Wherefore, every solid angle &^. ^:&:s>. 
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LEMMA. 



If from the greater of two unequal magnitvdes there 
he taken rrwre than its haJlf, and from the remainder 
nwre than its haJlf, and so on, there shall at length re- 
main a magnitzuie less than the STnaUer cf the proposed 
magnitudes. 

Let AB and G be two unequal magnitudes, of which 
AB\% the greater : if from AB there be taken more than 
its half, and from the remainder more than its half, and so 
on, there shall at length remain a magnitude less than C. 

For G may be multiplied so as at length 
to become greater than AB. A 

Let it be so multiplied, and let DE its 
multiple be greater than AB^ and let DE 
be divided into DF, FG, GE, each equal 
to CI 

From AB take BH, greater than its 
half, and from the remainder AH take BK 
greater than its half, and so on, until there 
be as many divisions in AB as in DE ; and 
let the divisions in AB be AK, KH, HB, 
and the divisions in DE be DF, FG, GE. 
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Then, because DE is greater than AB ; 
and that JEJG taken from DE ia "not gtesAjet >3aasi^^\Nai£\ 

but ^^ taken from AB is greatei \,\i«si\\.^\!ia!ii% 

^erefore the remainder DQ ia greaXet \3ba5i>2ii^^^^aa^^^ 
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Again^ because DG is greater than AH\ 

and that GF is not greater than the half of 2>6?, but HK 
is greater than the half of AH; 

therefore the remainder DF is greater than the remainder 
AK. 

But DFiB equal to C; 
therefore (7 is greater than AK; 
that is, AK is less than C, q.e j). 

And if only the halves be taken away, the same thuig may 
in the same way be demonstrated. 

PROPOSITION 1. THEOREM. 

Similar polygons inscribed in circles are to one another 
($s t?ie sqiiares on their diameters. 

Let ABODE, FGHKL be two circles, and in them 
the similar polygons ABODE, FGHKL ; and let BM, 
GNhe the diameters of the circles: the polygon ABODE 
shall be to the polygon FGHKL as the square on BM is 
to the square on GM. 





Join AM, BE, FN, GL. 
Then, because the polygons are similar, 
therefore the angle BAE is equal to the angle GFL, 
and BA is to AE as GF is to FL, [VI. Dtfiwiivm 1. 

Therefore the triangle BAE is equiangular to the triangle 

GFL', cy^^^ 

therefore ihe angle AEB is equa\ lo ^^ «ii^^ P1.0r. 

But the angle AEB is equal to tlie aQJ^X?^ -^^^^^^^^^ 
angle JFLG ia equal to the angle FNG •, ^r^' 

therefore the angle AMB is eqaail V> t\L^ «»!^^ T^ljiv*. 
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And the angle BAM is equal to the angle GFNy for 
each of them is a right angle. [III. 31. 





Therefore the remaining angles in the triangles A MB, 
FNG are equal, and the triangles are equiangular to one 
another ; 

therefore BA is to BM as GF is to GN, [VI. 4. 

and, alternately, BA is to GF2>s BM is to GN; [V. 16. 

therefore the duplicate ratio of BA to GF is the same as 
the duplicate ratio of BM to GN, [V. DefinitUm 10, V. 22. 

But the polygon ABODE is to the polygon FGHKL 
in the duplicate ratio of BA to GF\ [VI. 20. 

and the square on BM is to the square on GN in the du- 
plicate ratio of BM to GN ; [VI. 20. 

therefore the polygon ABODE is to the polygon FGHKL 
as the square on BMis to the square on GN [V. 11. 

Wherefore, similar polygons &c q.e.d. 



PROPOSITION 2. THEOREM. 

Oirdes are to one another as the squares on their 
diameters. 

Let ABOD, EFGH be two circles, and BD, FH their 
diameters : the circle ABOD shall be to the circle EFGH 
as the square on BD is to the square on FH, 

For, if not, the square on BD must be to the square on 
^^ as the circle ABOD is to %omQ s^^^ ^m«t \^%% 
tbaa the circle EFGR^ or greatei tlaasiit. 

First, if possible, let it be aa tbe c\tc\© ABCB \%\ft^ 
space S Jess than the circle EFQH. 
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In the circle ^^6?^ inscribe the square EFGH, [IV. 6. 
This square shall be greater than half of the circle EFGH. 





For the square EFGH is half of the square which can 
be formed by drawiDg straight lines to touch the circle at 
the pomts JS;, jP, G', ^ ; 

and the square thus formed is greater than the circle; 

therefore the square EFGH is greater than half of the 
circle. 

Bisect the arcs EF, FG, GH. HE at the points K, 

and join EK, KF, FL, LG, GM, MH, HN, NE. Then 
each of the triandes EKF, FLG, GMH, HNE shall 
be greater than hsdf of the segment of the circle in which 
it stands. 

For the triangle EKF is half of the parallelogram 
which can be formed by drawing a straight line to touch the 
circle at K^ and parallel straight lines through E and F, 

and the parallelogram thus formed is greater than the 
segment FEK\ therefore the triangle EKF ia greater than 
hsdf of the segment. 

And similarly for the other triangles. 

Therefore the sum of all these triangles is together greater 
than half of ^e sum of the sQgmento of the circle in which 
they stand. 

Agmn, bisect BK, KF^ &c. MidioTm\.T\«si"^«^^^^ 

then the anm of these trianglea la gteaXet VXil^elV^ ^ *^ ' 

^am of the segments of the circlo m ^\i\^^ "^^^ ^^ 
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If this process be continued, and the triangles be sup- 
posed to be taken away, there will at length remain seg- 
ments of circles which are together less than the excess of 
the circle EFGH above the space S, by the preceding 
Lemma. 

Let then the segments EK, KF, FL, LG, GM, MH, 

HN, NE be those which remain, and which are together 
less than the excess of the circle above S-, 

therefore the rest of the circle, namely the polygon 
EKFLGMHNy is greater than the space S. 

In the circle ^5aZ> describe the yol^gon AX BOCPDR 
similar to the polygon EKFLGMHN, 

Then the polygon AXBOCPDR is to the polygon 
EKFLGMHN as the square on BD is to the square on 
FH, [XIL 1. 

that is, as the circle ABCD is to the space S, [Hyp., V. 11. 

But the polvgon AXBOCPDR is less than the circle 
ABCD in which it is inscribed, 

therefore the polygon EKFLGMHN is less than the 
space S\ [V. 14. 

but it is also greater, as has been shewn ; 
which is impossible. 

Therefore the square on BD is not to the square on 
FH as the circle ABCD is to any space less tiian the 
circle EFGH, 

In the same way it may be shewn that the square on 
FH is not to the square on BD as the circle EFGH is to 
any space less than the circle ABCD, 

Nor is the square on BD to the square on FH as 
the circle ABCD is to any space greater than the circle 
EFGH 

For, if possible, let it be as the circle ABCD is to a space 
T' greater than the circle EFGH 

Then, inversely , the square on FH \a to t\i^ ^cj^t^ ^s^ED 
AS the space Tia to the circle ABQD, 

But as the space T is to the circle ABCD ^o V^ VJt^ ^vcO^a 
^^O^ to some Bpace, wMcli muBt \>e \e«& l\mi^^ ^^Jte^'^ 
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ABCDy because, by hypothesis, the space T is greater 
than the circle EFGH, [V. 14. 





Therefore the square on FH is to the square on BD a» 
the circle EFGH is to some space less than the circle 
ABCD', 

which has been shewn to be impossible. 

Therefore the square on BD is not to the square on FH 
as the circle A BCD is to any space greater than the circle 
EFGH 

And it has been shewn that the square on BD is not 
to the square on FH as the circle ABGD is to any space 
less than the circle EFGH 

Therefore the square on BD is to the square on FH as the 
circle ABCD is to the circle EFGH 

Wherefore, circles &c. q.b.d. 



NOTES ON EUCLID'S ELEMENTS. 



The article Eudeides in Dr Smithes Dictionary of Greek and 
Roman Biography was written by Professor De Morgan ; it 
oontains an account of the works of Euclid, and of the various 
editions of them which have been published. To that article we 
refer the student who desires full information on these subjects. 
Perhaps the only work of importance relating to Euclid which 
has been published since the date of that article is a work on the 
Porisms of Euclid by Chasles ; Paris, i860. 

Euclid appears to have lived in the time of the first Ptolemy, 
B.O. 323 — 283, and to have been the founder of the Alexandrian 
mathematical school. The work on Geometry known as The 
Elements of Euclid consists of thirteen books ; two other books 
have sometimes been added, of which it is supposed that Hypsicles 
was the author. Besides the Elements, Euclid was the author of 
other works^ some of which have been preserved and some lost. 

We will now mention the three editions which are the most 
valuable for those who wish to read the Elements of Euclid in the 
original Greek. 

(i) The Oxford edition in folio, published in 1703 by David 
Gregory, under the title EuVXe£$ov rd aia^bfjxva, " As an edition 
of the whole of Euclid's works, this stands alone, there being no 
other in Greek." De Morgan, 

(2) Euclidis EUmentorum Libri sex priores...edidit Joannes 
Gulidmus Oamerer. This edition was published at Berlin in two 
volumes octavo, the first volume in 1824 and the second in 1825. 
It contains the first six books of the Elements in Greek with a 
Latin Translation, and very good notes which form a mathema- 
tical conmientary on the subject. 

(S) Euclidis Elementa ex optimis libris in usum tironum 

^cpce ecUfa ab Ernesto Ferdinavdo Augout. T\i\a ^^^ioiv -wsa 

published at Berlin in two volumes octai^o, \i\i^ ^%^ N^xsssvaNav 

T826and the second in 1829. It contawia ^\i« \Xai^A«a^>i«i<i>^ ^\ 

^e JSlemeTUs in Greek, with a coUec\aoTi ol ^«no\» Tft^vt^^^ 
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A third volume, which was to have contained the remaining 
works of Euclid, never appeared. '* To the scholar who wants 
one edition of the Elements we should decidedly recommend this, 
as bringing together all that has been done for the text of 
Euclid's greatest work." De Morgan. 

An edition of the whole of Euclid's works in the original has 
long been promised by Teubner the well-known German publisher, 
as one of his series of compact editions of Greek and Latin 
authors ; but we believe there is no hope of its early appearance. 

Bobert Simson's edition of the Etemenis of JSuclid, which 
we have in substance adopted in the present work, differs con- 
siderably from the originsd. The English reader may ascertain 
the contents of the original by consulting the work entitled 77ie 
Elements of Euclid with dissertations... hy James Williamson, 
This work consists of two volumes quarto ; the first volume was 
published at Oxford m 178 1, and the second at London in 1788. 
Williamson gives a close translation of the thirteen books of the 
Elements into English, and he indicates by the use of Italics the 
words which are not in the original but which are required by 
our language. 

Among the numerous works which contain notes on the 
Elements of Euclid we will mention four by which we have been 
aided in drawing up the selection given in this volume. 

An Examination of the first six Boohs of Ev^ilid^s Elements by 
William Austin... Oxford, 1781. 

Euclid's Elements of Plane Geometry with copious notes „.hy 
John Walker. London, 1827. 

The first six hooks of the Elements of Euclid wiih a CorMMfi^ 
ta/ry...hj Dionysius Lardner, fourth edition. London, 1834. 

Short supplementary remarks on the first six Books of Euclid's 
Elements, by Professor De Morgan, in the Companion to lihe 
Almanac for 1849. 

We may also notice the following works: 

Oeometry, Plane, Solid, and Spherical,, ..London 1830; this 
forms part of the Library of Useful EZnowledge. 

Th^or^es et PrdbUmes de O^om^trie ElenUntaire par Eugene 
Catalan,.. Troisi^m^ edition. Paris, iS ^8, 

For the History of Geometry ^e «,V.\sAeiA \& T^«rtv^ Vi 
MontuclA'a Bietoire des Mathimatiquez, wAif^ CJwasSvs^^ ^"^^t^. 
Ais^orique 8ur Torigine et le dcv^loppemervt d« M(ita^od.eA ««• ^ 
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THE FIRST BOOK 

Definition. The first seven definitions have given rise to con- 
siderable discussion, on "which however we do not propose to enter. 
Such a discussion would consist mainly of two subjects^ both of 
which are unsuitable to an elementary work^ namely, an exami- 
nation of the origin and nature of some of our elementary ideas, 
and a comparison of the original text of Euclid with the substitu- 
tions for it proposed by Simson and other editors. For the former 
subject the student may hereafter consult Whewell's History of 
Scientific Ideas and Mill's Logic, and for the latter the notes in 
Camerer*s edition of the Elements of Euclid. 

We will only observe that the ideas which correspond to the 
words poimtj line, and surface, do not admit of such definitions as 
will really supply the ideas to a person who is destitute of them. 
The so-called definitions may be regarded as cautions or restric- 
tions. Thus a "point is not to be supposed to have any »ms«, but 
only position; a line is not to be supposed to have &dj breadth or 
thickness, but only length ; a surface is not to be supposed to have 
any thicJcness, but only length and breadth. 

The eighth definition seems intended to include the cases in 
which an angle is formed by the meeting of two curved lines, or 
of a straight line and a curved line ; this definition however is of 
no importance, as the only angles ever considered are such as are 
formed by straight lines. The definition of a plane rectilineal 
angle is important ; the beginner must carefully observe that no 
change is made in an angle by prolonging the lines which form 
it, away from the angular point. 

Some writers object to such definitions as those of an equi- 
lateral triangle, or of a square, in which the existence of the 
object defined is assumed when it ought to be demonstrated. They 
would present them in such a form as the following: if there be 
a triangle having three equal sides, let it be called an equilateral 
triangle. 

Moreover, some of the definitions are introduced prematurely. 

Thus, for example, take the definitions of a right-angled triangle 

And an obtnse-a.ngled triangle ; it is not fihe^^n until I. 17, that 

a triangle cannot have both ft right angVe mi^l kcv ^\>>as^ «s^%^ 

&nd so cannot he at the same time iig\a\.-aai^e^ mA ^Jtiwva^- 

^osrJed. And before Axiom 1 1 has \)eeii gWer^, 'iJ^ *-» cow^vs^iJi^'^ 
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that the same angle may be greater than one right angle, and 
less than another right angle, that is, obtuse and acute at the 
same time. 

The definition of a square assumes more than is necessary. 
Por if a four-sided figure have all its sides equal and one angle a 
right angle, it may be shewn that aU its angles are right angles ; 
or if a four-sided figure have all its angles equal, it may be shewn 
that they are all right angles. 

Postulaies. The postulates state what processes we assume 
that we can effect, namely, that we can draw a straight line 
between two given points, that we can produce a straight line to 
any length, and that we can desmbe a circle firom a given centre 
with a given distance as radius. It is sometimes stated that the 
postulates amount to requiring the use of a nUer and compasses. 
It must however be observed that the ruler is not supposed to 
be a grad/uated ruler, so that we cannot use it to measure off 
assigned lengths. And we do not require the compasses for any 
other process than describiDg a circle from a given point with a 
given distance as radius ; in other words, the compasses may be 
supposed to close of themselves, as soon as one of their points is 
removed from the paper. 

Axioms, The axioms are called in the original Common 
Notions, It is supposed by some writers that Euclid intended 
his postulates to include all demands which are peculiarly geo- 
metrical, and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes. Accordingly, these writers remove the last ibree 
axioms from their place and put them among the postulates; 
and this transposition is supported by some manuscripts and 
some versions of the Elements, 

The fourth axiom is sometimes referred to in editions of 
Euclid when in reality more is required than this axiom ex- 
presses. Euclid saysi that if A and B be unequal, and C and D 
equal, the sum of A and C is unequal to the sum of B and 2>. 
What Euclid often requires is something more, namely, that if 
A be greater than B^ and G and D be equal, the sum of A and 
C \a greater than the sum of B and JD. Such an axiom as this is 
required, for example, hi I. 17. A. aaiM^ xwskaj^ ^^>^5«s^ M^SSsv^ 

In the eighth axiom the woxda ^^>3ti«.\.Ha, ^\^^ "'^Sj^' 
the «ame space," have been introduoed ^^^^i^» ^^'^ "^^^ 
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the original Grreek. They are objectionable, because lines and 
angles are magnitudes to which the axiom may be applied, but 
they cannot be said io fill space. 

On the method of superposition we may refer to papers by 
Professor Kelland in the Transactions of the Royal Society of 
EdivJburghf Vols. xxt. and xxm. 

The eleventh axiom is not required before I. 14, and the 
twelfth axiom is not required before I. 29 ; we shall not consider 
these axioms until we arrive at the propositions in which they are 
respectively required for the first time. 

The first book is chiefly devoted to the properties of triangles 
and parallelograms. 

We may observe that Euclid himself does not distinguish 
between problems and theorems except by using at the end of 
the investigation phrases which correspond to Q.E.F. and Q.E.D. 
respectively. 

I. 2. This problem admits of eight cases in its figure. For 
it will be found that the given point may be joined with either 
end of the given straight line, then the equilateral triangle may 
be described on either side of the straight line which is drawn, 
and the sides of the equilateral triangle which are produced may be 
produced through eiih&r extremity. These various cases may be 
left for the exercise of the student, as they present no difficulty. 

There will not however always be eight different straight linetf 
obtained which solve the problem. For example, if the point A 
falls on ^(7 produced, some of the solutions obtained coincide; 
this depends on the fact which follows from I. 32, that the angles 
of all equilateral triangles are equal. 

I. 5. "Join i^(7." Custom seems to allow this singular ex- 
pression as an abbreviation for "draw the straight line FCf*^ or 
for ** join F io C hj the straight line FC:' 

In comparing the triangles BFCf CGB^ the words '* and the 
base BC is common to the two triangles BFC, CGB" are usually 
inserted, with the authority of the original. As however these 
words are of no use, and tend to perplex a beginner, we have 
followed the example of some editors and omitted them. 

A corollary io a proposition is an. inference which may be 
deduced immediately from that propoa\\ioTi. I&axi^ oi^ioft <s«t<5i.- 
lAn'es in the Elements are not in the ongflMJi. \»^N., \i\jj5.\nto^ 
duoed by the editors. 
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It ha9 been suggested to demonstrate I. 5 by tuperposUion* 
Conceive the isosceles triangle A BC to be taken up, and then re- 
placed so that AB falls on the old position of AC, and ^C falls 
on the old position of AB. Thus, in the manner of 1. 4t we can 
shew that the angle ABC is equal to the angle ACB. 

L 6 is the converse of part of I. 5. One proposition is said to 
be the converse of another when the conclusion of each is the 
hypothesis of the other. Thus in I. 5 the hypothesis is the 
equality of the sides, and one conclusion is the equality of the 
angles; in I. 6 the hypothesis is the equality of the angles 
and the conclusion is the equality of the sides. When there is 
more than one hypothesis or more than one conclusion to a jnro- 
position, we can form more than one converse proposition. For 
example, as another converse of I. 5 we have the following: if 
the angles formed by the base of a triangle and the sides pro- 
duced be equal, the sides of the triangle are equal; this pro- 
position is true and will serve as an exercise for the student. 

The conyerse of a true proposition is not necessarily true ; 
the student however will see, as he proceeds, that Euclid shews 
that the converses of many geometrical propositions are tru6. 

I. 6 is an example of the indirect mode of demonstration, in 
which a result is established by shewing that some absurdity 
follows from supposing the required result to be untrue. Hence 
this mode of demoustration is called the rediLctio ad dbsvrdum* 
Indirect demonstrations are often less esteemed than direct de- 
monstrations ; they are said to shew that a theorem is true rather 
than to shew why it is true. Euclid uses the reductio ad dbsv/T' 
dum chiefly when he is demonstrating the converse of some 
former theorem; see I. 14, 19, 75, 40. 

Some remarks on indirect demonstration by Professor Syl- 
vester, Professor De Morgan, and Dr Adamson will be found in 
the volumes of the Philosophical Magazine for 1852 and 1853. 

1. 6 is not required by Euclid before he reaches II. 4 ; so that 
1. 6 might be removed &om its present place and demonstrated 
hereafter in other ways if we please. For example, I. 6 might be 
placed after I. 18 and demonstrated thus. Let the angle ABO be 
equal to the angle ACB : then the side AB ^«SL\i^ ^iQ^"ssiL\si Sios. 
side A C, For if not, one of them m\xa\i\)e gt^aXet VJaaai KJoa ^*^'a3t\ 
suppose AB greater than A C. Then t\ie Mi^«^ A.OB \» ^^^ 
lihan the angle A£0, by I. 18. "But I'tfia 'vi \id^«sC^'^> ^^^'^^^ 
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the angle AOB is equal to the angle ABO, by hypothesis. Or 
1. 6 might be placed i^er 1. 26 and demonstrated thus. Bisect the 
angle BA C7 by a straight line meeting the base at D, Then the 
triangles ABD and A QD are equal in all respects, by I. a 6. 

I. 7 is only required in order to lead to I. 8. The two might 
be superseded by another demonstration of I. 8, which has been 
reconmiended by many writers. 

Let ABG, DBF be two triangles, having the sides AB, AC 
equal to the sides DE, DF, each to each, and the base BO 
equal to the base EF: the angle BAG shall be equal to the angle 
EDP. 

A D 





For, let the triangle DEF be applied to the triangle ABC, 
so that the bases may coincide, the equal sides be conterminous, 
and the vertices fall on opposite sides of the base. Let QBC 
represent the triangle DEF thus applied, so that O corresponds 
to D, Join AO, Since, by hypothesis, BA is equal to BQ, the 
angle BAO is equal to the angle BQA, by I. 5. In the same 
manner the angle CAO \b equal to the angle CQA, Therefore 
the whole angle BAC'iB equal to the whole angle BQC, that is, 
to the angle EDF, 

There are two other cases ; for the straight line A G may pass 
through B or G, or it may fall outside BG\ these cases may be 
treated in the same manner as that which we have considered. 

I. 8. It may be observed that the two triangles in I. 8 are 
equal in all respects; Euclid however does not assert more than 
the equality of the angles opposite to the bases, and when he 
requires more than this result he obtains it by using I. 4. 

X g, Sere the equilateral trVangVe DEF \a \jo >a^ ^«wsr\sfc<l 
OD the aide remote from A. because ii \t ^et^ ^e»cr^^\ «^ "Oaa 
sama edde, ita vertex, F, might comdaio m\.Vv A, wi^ ^^"^ '^'^ 
oonatrucUoa would &iL 
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L II. The corollary was added by Simson. It is liable to 
serious objection. For we do not know how the perpendicular 
BE is to be drawn. If we are to use I. ii we must produce AB^ 
and then we must assume that there is only one way of pro- 
ducing ABj for otherwise we shall not know that there is 
only one perpendicular; and thus we assume what we have to 
demonstrate. 

Simson's corollary might come aflor I. 13 and be demon- 
strated thus. If possible let the two straight lines ABO, ABD 
haye the segment A B common to both. From the point B draw 
any straight line BE. Then the angles ABE and EBG are equal 
to two right angles, by I. 13, and the angles ABE and EBD are ' 
also equal to two right angles, by I. 13. Therefore the an- 
gles ABE and EBC are equal to the angles ABE and EBD, 
Therefore the angle EBC is equal to the angle EBB; which is 
absurd. 

But if the question whether two straight lines can have a com- 
mon segment is to be considered at all in the Elements^ it might 
occur at an earlier place than Simson has assigned to it. For 
example, in the figure to I. 5, if two straight lines could have a 
common segment AB, and then separate at B, we should obtain 
two different angles formed on the other side of BO by these 
produced parts^ and each of them would be equal to the angle 
BOO. The opinion has been maintained that even in I. i, it is 
tacitly assimied that the straight lines A C and BO cannot have a 
common segment at where they meet ; see Camerer's Euclid, 
pages 30 and 36. 

Simson never formally refers to his corollary until XI. i. 
The corollary should be omitted, and the tenth axiom should 
be extended so as to amount to the following ; if two straight 
lines coincide in two points they must coincide both beyond and 
between those points. 

I. 12. Here the straight line is said to be of unlimited length, 
in order that we may ensure that it shall meet the circle. 

Euclid distinguishes between the terms cU right angles and 
perpendicular. He uses the term at riglU angles when the straight 
line is drawn from a point in another, as in. I. iv \ ^jsA \!ka ^iaR». 
the term perpendicular when the atraa^t ^aikft Sa ^sa^wra. ^^"c^ **» 
point without another, as in I. 12. Tbia ^iaXlm^^^ss^ V«^«s«t: 
ia often disregstrded by modern WTitera. . -^«3 

-T. 14' Here Euclid first requurea \jia e\ev«iJ^ «xv.o^;;^ 
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in the demonstration we have the angles ABO and ABE equal to 
two right angles, and also the angles ABC and ABD equal to 
two right angles ; and then the former two right angles are equal 
to the latter two right angles by the aid of the eleventh 
axiom. Many modern editions of Euclid however refer only to 
the first axiom, as if that alone were sufficient ; a similar remark 
applies to the demonstrations of I. 15, and I. 28. In these cases 
we have omitted the reference purposely, in order to avoid per- 
plexing a beginner ; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
both used. 

We may observe that errors, in the references with respect to 
the eleventh axiom, occur in other places in many modem edi- 
tions of Euclid. Thus for example in III. i, at the step '* there- 
fore the angle FDB is equal to the angle ODB,^* a reference is 
given to the first axiom instead of to the eleventh. 

There seems no objection on Euclid's principles to the fol- 
lowing demonsl/ration of his eleventh axiom. 

Let AB be at right angles to DAO at the point Ay and EP 
at right angles to HEQ at the point Ex then shall the angles BAG 
and FEQ be equal 




B Q 



Take any length A C, and make ^2>, EH, EQ all equal to ^ C7. 
Now apply HEG to DA (7, so that H may be on i>, and HQ on 
I)Cf and B and F on the same side of DC; then G will coincide 
with Cy and E with A, Also EF shall coincide with AB\ for if 
not, suppose, if possible, that it takes a different position 9» AK. 
Then the angle DAK is equal to the angle HEF, and the angle 
C7J^ to the angle GEF\ but t\ie an§\ea HEF «aA QEF we equal, 
Af hypothesia ; therefore tlae angVea BAK «a.^ CAK «t^ <&q^. 
^ut the angles DAB and CAB are a^ao ec^^ \il \i^^Wva.N 
«ocf the angle CAB \a greaiex t\iaa \Ja.e «ii^^ ^^^ ^^ '^^^^" 
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fore the angle DAB is greater than the angle OAK, Much 
more then is the angle DAK greater than the angle CAK, But 
the angle DAK was shewn to be equal to the angle CAK; 
which is absurd. Therefore EF must coincide with AB\ and 
therefore the angle FEQ coincides with the angle BAO^ and is 
equal to it. 

I. i8, I. 19. In order to assist the student in remembering 
which of these two propositions is demonstrated directly and which 
indirectly, it may be observed that the order is similar to that 
in I. 5 and I. 6. 

I. 20. '^ Proclus, in his commentary, relates, that the Epi- 
cureans derided Prop. 20, as being manifest even to asses, and 
needing no demonstration ; and his answer is, that though the 
truth of it be manifest to our senses, yet it is science which 
must give the reason why two sides of a triangle are greater 
than the third: but the right answer to this objection against 
this and the 21st, and some other plain propositions, is^ that the 
number of axioms ought not to be increased without neces- 
sity, as it must be if these propositions be not demonstrated.*' 

I. 21. Here it must be carefully observed that the two 
straight lines are to be drawn from ike ends of the side of the 
triangle. If this condition be omitted the two straight lines will 
not necessarily be less than two sides of the triangle. 

I. 22. ''Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the oonstruction 
of this problem must cut one another: but this is very plain from 
the determination he has given, namely, that any two of the 
straight lines DF, FO, OH, must be greater than the third. 
For who is so dull, though only beginning to learn the Elements, 
as not to perceive that the circle described from the centre F, at 
the distance FD, must meet FH betwixt F and H, because FD 
is less than FH ; and that for the like reason, the circle de- 
scribed from the centre (?, at the distance (?J5r...must meet 
DO betwixt D and Q; and that these circles must meet one 
another, because FD and GH are together greater than FQV* 
Simson. 

The condition that B and G are greater \^«xi A., ^'Ms<st^Si*Qoa&« 
the circle described from the centre G E^iaXi t^qX. ^-a^ eci&x^ 
within the circie described from the centre F •, VXie c«tL^^^^ss^'^^ 
^ »nd^ are greater than C. enaurea t\i.a.\. ^^ c^^'^ e^««^ 
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from the centre P shall not fall entirely within the circle de- 
scribed from the centre Q; the condition that A and C are 
greater than B^ ensures that one of these ch'cles shall not fall 
entirely without the other. Hence the circles must meet. It is 
easy to see this as Simson says, but there is something arbi- 
trary in Euclid^s selection of what is to be demonstrated and what 
is to be seen, and Simson's language suggests that he was really 
conscious of this. 

I. 24. In the construction, the condition that DE is to be 
the side which is not greater than the other, was added by 
Simson ; unless this condition be added there will be three cases 
to consider, for F may fall on BG, or above BO, or helow BO, It 
may be objected that even if Simson's condition be added, it 
ought to be shewn that F will fall hdow EG, Simson accordingly 
says "...it is very easy to perceive, that DO being equal to i)F, 
the point (7 is in the circumference of a circle described &om the 
centre D at the distance DF, and must be in that part of it 
which is above the straight line BF, because DO falls above DF, 
the angle EDO being greater than the angle EDF,"*^ Or we may 
shew it in the following manner. Let H denote the pomt of 
intersection of DF and BO. Then, the angle DEO is greater 
than the angle DEO, by I. 16 ; the angle DEO is not less than 
the angle DOE, by I. 18 ; therefore the angle DEO is greater 
than the angle DOH, Therefore DE is less than DO, by I. 19. 
Therefore DE is less than DF, 

If Simson's condition be omitted, we shall have two other 
cases to consider besides that in Euclid. If F falls on BO, it is 
obvious that EF is less than BO. If F falls above EO, the sum 
of DF and EF is less than the sum of DO and BO, by 1. 21 ; and 
therefore EF is less than BO. 

I. 26. It will appear after I. 32 that two triangles which 

have two angles of the one equal to two angles of the other, each 

to each, have also their third angles equal. Hence we are able 

to include the two cases of I. 26 in one enunciation thus ; if two 

triangles have all the angles of the one respectively equal to all the 

angles 0/ the other, each to each, and have also a side of the one, 

opposite to any angle, eqvMl to tht side opposUe to tKe eqaa\ om^lA 

in eAe other, the triangles shall he eqwjX in all rwpecU. 

The £rat twenty-six propoBitiona coiiH\^W\e *. ^MJeoi^ ^«*J^«a 
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of Ihe first Book of tlie Elements. The principal results are 
those contained in Propositions 4, 8, and 26 ; in each of these 
Propositions it is shewn that two triangles which agree in three 
respects agree entu-ely. There are two other cases which will 
naturally occur to a student to consider besides those in Euclid ; 
namely, (i) when two triangles have the three angles of the one 
respectively equal to the three angles of the other, (2) when two 
triangles have two sides of the one equal to two sides of the other, 
each to each; and an angle opposite to one side of one triangle 
equal to the angle opposite to the equal side of the other triangle. 
In the first of these two cases the student will easily see, after 
reading I. 29, that the two triangles are not necessarily equal. 
In the second case also the triangles are not necessarily equal, 
as may be shewn by an example; in the figure of I. 11, suppose 
the straight line FB drawn; then in the two triangles FBE, 
FBDf the side FB and the angle FBC a.Te common, and the side 
FE is equal to the side FD, but the triangles are not equal in 
all respects. In certain cases, however, the triangles will be 
equal in all respects, as will be seen from a proposition which 
we shall now demonstrate. 

If two triangles have two sides of the one equal to two sides of 
the other f each to each, and tlie angles opposite to a pair of equal 
sides equal; then if the angles opposite to the other pair of equal 
sides he both a>cute, or both obtuse, or if one pf them be a right 
ar^le, the two triangles are equal in all respects. 

"LQiABO and DEF be 
two triangles; let ^^ be 
equal to DE, and BC equal 
to EF, and the angle A 
equal to the angle D. 

First, suppose the angles 
O and F acute angles. ' 

If the angle B be equal to the angle E, the triangles A BO, 
DEF are equal in all respects, by I. 4. If the angle B be not 
equal to the angle E, one of them must be greater than the 
other ; suppose the angle B greater than the angle E, and make 
the angle ABO equal to the angle E. Then, tlaa \.Tvasv'^<aa> k'BQt^ 
DEF are equal in a21 respects, by I. 16 ', \J[ietei\w^ BQt '"v^ ^0^^=^ 
to^j; and the angle EGA is eqMal to \.\ie Mi^<a EPI>. '^:?J;*^\, 
iuigle £FD J8 acute, by hypothesis ; thexeioxe VV^ ^"^^ v^^\i»s 
^ute. Therefore the angle BQC is o\>tuae, \>^ V 1. V ^^^^ 
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been shewn that BO is equal to 
EF\ and EF is equal to BC, 
by hypothesis ; therefore BO is 
equal to BC> Therefore the an- 
gle BOG is equal to the angle 
BCOy by I. 5 ; and the angle 
BCO is acute, by hypothesis ; 
therefore the angle BGOia acute. 
But BGC was shewn to be ob- • 

tuse; which is absurd. Therefore the angles ABC, DBF are 
not unequal; that is, they are equal. Therefore the triangles 
ABO, DBF are equal in all respects, by I. 4. 

Next, suppose the angles at C and F obtuse angles. 
The demonstration is similar to the above. 

Lastly, suppose one of the angles a right angle, namely, the 
angle C. If the angle B be not equal to the angle E, make the 

D A 

A 






angle ABO equal to the angle E. Then it may be shewn, as 
before, that BO is equal to BC, and therefore the angle BOO is 
equal to the angle BCO, that is, equal to a right angle. There- 
fore two angles of the triangle BOC are equal to two right 
angles ; which is impossible, by I. 1 7. Therefore the angles ABO 
and DEF are not unequal ; that is, they are equal Therefore 
the triangles ABC, DEF are equal in all respects, by I. 4. 

If the angles A and D are both right angles, or both obtuse, 
the angles G and F must be both acute, by I. 1 7. If AB is less 
than BC, and DE less than EF, the angles at C and F must be 
both acute, by I. 18 and I. 17. 

The propositions from I. 27 to I. 34 inclusive may be said 

to constitute the second section of the first Book of the Elements. 

They relate to the theory of paxal\e\ B\.Ta^^\i\Ya»a. l\i 1. aq Euclid 

usea for the first time his tweltOa. swx\om. TVia >iXifeCir3 ^1 ^^finSisgs. 

straight linea has always been conaideTC^ \.\^* «c«aJ^ e!:\«v^\^\:| 

of elementary geometry, and maaiy «A.\fem^\» Vvi«^ "^^^ ^"^^ 
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to overcome this difficulty in a better way than Euclid has done. 
We shall not give an account of these attempts. The student who 
wishes to examine them may consult Camerer's Euclid ^ Grer- 
gonne's Anncdes de MathimatiqueSf Volumes xv and xvi, the 
work by Colonel Ferronet Thompson entitled Oeometry withoul 
Axioms, the article Parallels in the English Cyclopcedia, a me- 
moir by Professor Baden Powell in the second Tolume of the 
Memoirs of the Ashmolean Society, an article by M. Bouniakofsky 
in the Bulletin de VAcadimie Imp4riale, Volume v, St Petere- 
bourg, 1863, articles in the volumes of the Philosophical 
Magazine for 1856 and 1857, and a dissertation entitled 8ur 

un point de Vhistoire de la QiovfUtrie chez Us Grecs .par 

A, J. ff, Vincent. Paris, 1857. 

Speaking generally it may be said that the methods which 
differ substantially from Euclid's involve, in the first place an 
axiom as difficult as his, and then an intricate series of propor- 
tions ; while in Euclid's method after the axiom is once admitted 
the remaining process is simple and clear. 

One modification of Euclid's axiom has been proposed, which 
appears to diminish the difficulty of the subject. This consists 
in assuming instead of Euclid's axiom the following ; two inter- 
secting straight lines cannot he both parallel to a third straight line. 
The propositions in the Elements are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with 
EucKd up to the words, "therefore the angles BOA , CffD are 
less than two right angles." We then infer that BGH and GB^I) 
must meet: because if a straight line be drawn through ^ so as to 
make the interior angles together equal to two right angles this 
straight line will be parallel to CD, by I. 28 ; and, by our axiom, 
there cannot be two parallels to CD, both passing through G. 

This form of making the necessary assumption has been 
recommended by yarious eminent mathematiciaos, among whom 
may be mentioned Playfair and De Morgan. By postponing 
the consideration of the axiom until it is wanted, that is, until 
after I. 28, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated in the easiest 
manner that has hitherto been proposed. 

I. 30. Here we may in the B&m.e "^wj ^'s^ >2waJ^»M k^ '«ssSs. 
BF are ea^h of them parallel to CD, t\ve^ wc^ ^^^^^ ^» '^'«»^ 
other. It has been said that tVie case co\i«v<5>^«««5s.\xi "^"^^ ^ 
80 obvious as to need no demonattaVioii •, i^x *\^ ^^ ^^^ 
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never meet EF, which lies between them, they cannot meet one 
another. 

I. 32. The corollaries to I. 32 were added by Simson. In 
the second corollary it ought to be stated what is meant by an 
exterior angle of a rectilineal figure. At each angular point let 
one of the sides meeting at that point be produced; then the 
exterior angle at that point is the angle contained between this 
produced part and the side which is not produced. Either of 
the sides may be produced, for the two angles which can thus be 
obtained are equal, by I. 15. 

The rectilineal figures to which Eu- 
clid confines himself are those in which 
the angles aU face inwards ; we may 
here however notice another class of 
figures. In the accompanying diagram 
the angle AFC faces outwards, and it is 
an angle less than two right angles ; this 
angle however is not one of the interior 
angles of the figmre AEDCF, We may consider the corre* 
spending interior angle to be the excess of four right angles 
above the angle AFC; such an angle, greater than two right 
angles, is called a re-entrant angle. 

The first of the corollaries to I, 32 is true for a figure which 
has a re-entrant angle or re-entrant angles; but the second 
is not. 

I. 32. If two triangles have two angles of the one equal to 
two angles of the other each to each they shall also have their 
third angles equal. This is a very important result, which is 
often required in the Elements, The student should notice how 
this result is established on Euclid's principles. By Axioms 1 1 
and 2 one pair of right angles is equal to any other pair of right 
angles. Then, by I. 32, the three angles of one triangle are 
together equal to the three angles of any other triangle. Then, • 
by Axiom 2, the sum of the two angles of one triangle is equal to 
the sum of the two equal angles of the other ; and then, by Axiom 3, 
the third angles are equal. 

After I. 32 we can draw a straight line at right angles to 
A given straight line from its extremity, without producing the 
given straight iine. 

Let AB be the given straight line. \\> '^ T^acP^^^ ^» ^^^ 
from A a atraight line at right angles to AB. 
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On AB describe the equilateral triangle 
ABG. Produce 5(7 to i>, so that (7i> may be 
equal to GB. Join AD. Then AD shall be at 
right angles \xi AB. For, the angle CAD is 
equal to the angle CD A, and the angle CAB 
is equal to the angle CBA, by I. 5. There- 
fore the angle BAD is equal to the two 
angles ^Bi>, BDA, by Axiom 2. Therefore 
the angle BAD is a right angle, by L 32. 

The propositions from I. 35 to I. 48 inclusive may be said 
to constitute the third section of the first Book of the ElemerUi, 
They relate to equality of area in figures which are not neces- 
sarily identical in form. 

I. 35. Here Simson has altered the demonstration given by 
Euclid, because, as he says, there would be three cases to con- 
sider in following Euclid's method. Simson however uses the 
third Axiom in a peculiar manner, when he first takes a triangle 
from a trapezium, and then another triangle from the same 
trapezium, and infers that the remainders are equal. If the 
demonstration is to be conducted strictly after Euclid's manner, 
three cases must be made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may suppose 
the point of intersection of BE and DC to be denoted by (?. 
Then, the triangle ABE is equal to the triangle DCF; take 
away the triangle DOE from each; then the figure A BOD is 
equal to the figure EOCF ; add the triangle QBC to each ; then 
the parallelogram A BCD is equal to the parallelogram EBCP, 
In the right-hand figure we have the triangle AEB equal to the 
triangle DFC\ add the figure BE DC to each; then the parallel- 
ogram A BCD is equal to the parallelogram EBCP* 

The equality of the parallelograms in I. 35 is an equality of 
area, and not an identity of figure. Legendre proposed to use 
the word eqmvalent to express the equality of area, and to restrict 
the word eqtial to the case in which magnitudes admit of super- 
position and coincidence. Tliis distinction, however, has not 
been generally adopted, probably because there are few cases in 
which any ambiguity can arise ; in &\ic\i c;a&%<& 'v^ ^asK^ ^»2^ ^'*>- 
peciaUjr, equal in areay to prevent imacoTiCie^XivQitk.. 

Creaawell, in his Treatise of Geometry, \i%a ®:^'So. ^ ^^'^^^ 
0tratlon of I. 35 which shews ihat VScie ^«t«5;i^o«ti»s*^ ^s»»-^ 
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divided into pairs of pieces admitting of superposition and coin- 
cidence ; see also his Preface, page x. 

I. 38. An important case of I. 38 is that in which the tri> 
angles are on equal bases and have a common vertex. 

I. 40. We may demonstrate I. 40 "without adopting the in- 
direct method. Join BD, CD, The triangles DBG and DBF 
are equal, by I. 38; the triangles ABG and DBF are equal, by 
hypothesis ; therefore the triangles DBG and ABG are equal, by 
the 'first Axiom. Therefore AD \a parallel to BG^ by I. 39. 
Philosophical Magazine, October 1850. 

I. 44. In I. 44, Euclid does not shew that AH and FG 
will meet. **I cannot help being of opinion that the construc- 
tion would have been more in Euclid's manner if he had made 
OH equal to BA and then joining HA had proved that HA was 
parallel to GB by the thirty-third proposition." William,son, 

I. 47. Tradition ascribed the discovery of I. 47 to Pytha- 
goras. Many demonstrations have been given of this cele« 
brated proposition ; the following is one of the most interesting. 

Let ABGD, AEFG be any 
two squares, placed so that 
their bases may join and form 
one straight line. Take GH 
and EK each equal to AB^ and 
join HG, GK, KF, FH, 

Then it may be shewn that 
the triangle HBG is equal in 
all respects to the triangle FEK, 
and the triangle KDG to the 
triangle FGH. Therefore the 
two squares are together equiva- 
lent to the figure GKFH It 
may then be shewn, with the aid of I. 32, that the figure GKFH 
is a square. And the side GH is the hypotenuse of a right-angled 
triangle of which the sides GB^ BH are equal to the sides of the 
two given squares. This demonstration requires no proposition 
of Euclid after I. 32, and it shews how two given squares may 
be cut into pieces which will fit together so as to form a third 
square. Quarterly Journal of Mat?icmatic8,Vo\. 1, 

-4. large number of demonstTatioTia oi >^a \ito^o«vXAOTi. «j» <isX- 
leoted in a dissertation by Joh. Jos. Ign. "ELofficasKMi, «a\hfivft^"Dw 
^y^^'OfforiscTu Zehrsatz. . .Zweyte, . . Atwgoibe. Maltut, \%i\- 
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THE SECOND BOOK. 

The second book is devoted to the investigation of relations 
between the rectangles contained by straight lines divided inta 
segments in various ways. 

When a straight line is divided into two parts, each part is 
called a segment by Euclid. It is found convenient to extend the 
meaning of the word tegmenta and to lay down the following defi* 
nition. When a point is taken in a straight line, or in the 
straight line produced, the distances of the point from the ends of 
the straight line are called segments of the straight line. When 
it is necessary to distinguish them, such segments are called in^ 
temal or external, according as the point is in the straight line, 
or in the straight line produced. 

The student cannot fail to notice that there is an analogy 
between the first ten propositions of this book and some element- 
ary facts in Arithmetic and Algebra. 

Let A BCD represent a rectangle which is 4 inches long and 

3 inches broad. Then, by draw- 
ing straight lines parallel to 
the sides, the figure may be 
divided into 12 squares, each 
square being described on a 
side which represents an inch 
in length. A square described 
on a side measuring an inch is 
called, for shortness, a sqtiare 
inch. Thus if a rectangle is 

4 inches long and 3 inches 

broad it may be divided into 12 square inches; this is expressed 
by saying, that its area is equal to 12 square inches, or, more 
briefly, that it contains 12 square inches. And a similar result 
is ea^y seen to hold in all similar cases. Suppose, for example, 
that a rectangle is 12 feet long and 7 feet broad; then its 
area is equal to 12 times 7 square feet, that is to 84 square feet; 
this may be expressed briefly in common language thus: l€ «.. 
rectangle measures 12 feet by *i \\» coTi\.«wv^ '^\>8kQ^^^^ V*^^. ^Vs» 
must be carefully observed tViat t\ie a\^ea cA >3cvfc ^^'=^'^'**^^^j^ 
snppoaed to be measured by the same xxxiiX, ol \«v«^^. Vvx^-a^^J!^ 
rectangle ia » yard in length, and a ioo\. wv^ a>a»J^>a^ 
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must express eacli of these dimensions in terms of the same unit ; 
^e may say that the rectangle measures 36 inches by 18 inches, 
and contains 36 times 18 square inches, that is, 648 square inches. 

Thus universally, if one side of a rectangle contaih a unit of 
length an exact number of times, and if an adjacent side of the 
rectangle also contain the same unit of length an exact number of 
times, the product of these numbers will be the number of square 
units contained in the rectangle. 

Next suppose we have a square, and let its side be 5 inches in 
length. Then, by our rule, the area of the square is 5 times 
5 square inches, that is 25 square inches. Now the number 
25 is called in Arithmetic the square of the number 5. And 
universally, if a straight line contain a imit of length an exact 
number of times, the area of the square described on the straight 
line is denoted by the square of the number which denotes the 
length of the straight line. 

Thus we see that there is in general a connexion between the 
product of two numbers and the rectangle contained by two 
straight lines, and in particular a connexion between the square of 
a number and the square on a straight line ; and in consequence 
of this connexion the first ten propositions in Euclid's Second 
Book correspond to propositions in Arithmetic and Algebra. 

The student will perceive that we speak of the square de- 
scribed on a straight line, when we refer to the geometrical figure, 
and of the square of a number when we refer to Arithmetic. The 
editors of Euclid generally use the words ''square described 
upon** in I. 47 and I. 48, and afterwards speak of the square of 
a straight line. Euclid himself retains throughout the same form 
of expression, and we have imitated him. 

Some editors of Euclid have added Arithmetical or Alge- 
braical demonstrations of the propositions in the second book, 
founded on the connexion we have explained. We have thought 
it unnecessary to do this, because the student who is acquainted 
with the elements of Arithmetic and Algebra will find no diffi- 
culty in supplying such demonstrations himself, so far as they 
are usually given. We say so far as they are usually given, 
because these demonstrations usually imply that the sides of 
rectangles can alwsLja be expressed exactly Vn \,eTVfia of soma unit 
of length; whereas the student will ftud YieTe?».itet ^^aX. K^KsaS&^^Hi 
the ease, owing to the existence oi vr^at aie V,fec\fli\<i«iSt5 ^^^ 
^'^ommenmrabU magnitudes. We do no\i eu\.et oii ^^d^ «vi5c>^^^'w 
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as it would lead us too far from Euclid's Elements of Oeometry^ 
with which we are here occupied. 

The first ten propositions in the second book of Euclid may 
be arranged and enunciated in various ways ; we will briefly 
indicate this, but we do not consider it of any importance to di£h 
tract the attention of a beginner with these diversities. 

II. 2 and II. 3 are particular cases of II. i. 

II. 4 is very important; the following particular case of it 
should be noticed ; the square described on a straight line inade v/p 
of two equal straight lines is equal to fowr times the square descried 
on one of the two equal straight lines. 

II. 5 and II. 6 may be included in one enunciation thus ; the 
rectangle under the sum and difference of two straight lines is equal 
to the difference of the squares described on those straight lines; 
or thus, the rectangle contained by two straight lines together with 
the square described on half their difference, is equal to the square 
described on half their sum. 

II. 7 may be enunciated thus; the -square described on a 
straight line which is the difference of two other straight lines is less 
than the sum of the squares described on those straight lines by 
tufice the rectangle contained by those straight lines. Then from this 
and II. 4, and the second Axiom, we infer that the square described 
on the sum of two straight lines, and the square described on 
their difference, are together double of the sum of the squares 
described on the straight lines; and this enunciation includes both 
II. 9 and II. lo, so that the demonstrations given of these pro- 
positions by Euclid might be superseded. 

II. 8 coincides with the second form of enunciation which we 
have given to II. 5 and II. 6, bearing in mind the particular case 
of II. 4 which we have noticed. 

II. 1 1. When the student is acquainted with the elements of 
Algebra he should notice that II. 11 gives a geometrical con- 
struction for the solution of a particular quadratic equation. 

II. 12, II. 13. These are interesting in connexion with I. 47; 
and, as the student may see hereafter, they are of great import- 
ance in Trigonometry ; they are however not required in any of 
the parts of Euclid's Elements which are usually read* Tha 
converse of I. 47 is proved in I. 4^ *, «n,^ ^fe e^Ai «%k^ >Sc«^ *^^&- 
converses of II, 12 and II. 13 ax© txvie. . . ^, 

Take the following, whic\i la t\ie> coiiNeta^ oJl ^^V^'^ '^ ^"^ 
tguare described on <mtvidAof alriangU U greoUr W»k^^*^ 
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of the squcMres described on the other two sides, the angle opposite 
to the first side is obtuse. 

For the angle cannot be a right angle, since the square de- 
scribed on the first side would then be equal to the sum of the 
squares described on the oth^ two sides, by I. 47 ; and the angle 
cannot be acute, since the square described on the first side 
would then be less than the sum of the squares described on the 
other two sides, by II. 13 ; therefore the angle must be obtuse. 

Similarly we may demonstrate the following, which is the con- 
verse of II. 13; if the squa/re described on one side of a triangle 
be less than the sum of the squares described on the otiur ttoo sides, 
4he angle opposite to the first side is acute. 

II. 13. Euclid enunciates II. 13 thus; in acute-angled tri- 
-angles, &c. ; and he gives only the first case in the demonstration. 
But, as Simson observes, the proposition holds for any triangle ; 
and accordingly Simson supplies the second and third cases. It 
has, however, been often noticed that the same demonstration la 
applicable to the first and second cases ; and it would be a great 
improvement as to brevity and clearness to take these two cases 
together. Then the whole demonstration will be as follows. 

Let ABC be any triangle, and the angle at B one of its 
acute angles ; and, if AC he not perpendicular to BC, let fall on 
BC, produced if necessary, the perpendicular AD from the 
opposite angle: the square on AC opposite to the angle B, shall 
be less than the squares on CB, BA, by twice the rectangle 
CB, BD. 

A A 





B D OB 

First, suppose AC not perpendicular to BC. 
The squares on CB, BD are equal to twice the rectangle 
CB, BD, together with the square on CD. [II, 7. 

To each of these equals add the square oxv DA. 
Therefore the squares on CB, BD, DA ate ec^ \iO 'wrvssfc ^fioa 
^tangle CB, BD, together with t\ie sc^Maiea oxv CD, DA. 
^ut the square on AB is equal to the BC^uatea on BD, DA^ 
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and the square on AG\a equal to the squares on CD, DA, 
because the angle BDA is a right angle. [I. 47. 

Therefore the squares on CB, BA are equal to the square on AG, 
together with twice the rectangle OB, BD ; 
that is, the square on AC alone is less than the squares on 
CB, BA, by twice the rectangle OB, BD. 

Next, suppose A perpendicular to BC. A 

Then BG m the straight line intercepted be- 
tween the perpendicular and the acute angle 
at B, 

And the square on ^^ is equal to the squares 
on AG, GB, [I. 47. 

Therefore the square on AG ia less than the 
squares on A B, BG, by twice the square on BG, 

II. 14. This is not required in any of the parts of Euclid's 
Elements which are usually read; it is included in YI. 22. 



THE THIRD BOOK. 

The third book of the Elements is devoted to properties of 
circles. 

Different opinions have been held as to what is, or should be, 
included in the third definition of the third book. One opinion 
is that the definition only means that the circles do not cut in 
the neighbourhood of the point of contact, and that it must be 
shewn that they do not cut elsewhere. Another opinion is that 
the definition means that the circles do not cut at all ; and this 
seems the correct opinion. The definition may therefore be pre- 
sented more distinctly thus. Two circles are said to touch inter- 
nally when their circumferences have one or more conmion 
points, and when every point in one circle is within the other 
circle, except the common point or points. Two circles are said 
to touch externally when their circumferences have one or more 
common points, and when every point in each circle is without 
the other circle, except the common point or points. It is then 
shewn in the third Book that the circumferences of two circles 
which touch can have only one commoii "^oVsAi. 

A stradght line which touchea a. c\TG\e\a o'^J^ti c»S^^ "^ ^^^>^ 
^e?$^ to the circle, or briefly, a tangcut. ^cstJo^ss^ 

It is very convenient to have a wot^ \^ ^ctlq?^ "a. ^ 
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the boundary of ft circle^ and accordingly we use the word a/re, 
Euclid himself uses circumference both for the whole boundary 
and for a portion of it. 

III. I. In the construction, DO is said to be produced to 
E ; this assumes that D is within the circle, which Euclid demon- 
strates in III. 1, 

III. 3. This consists of two parts, each of which is the con- 
verse of the other ; and the whole proposition is the converse of 
the corollary in III. i. 

III. 5 and III. 6 should have been taken together. They 
amoimt to this, if the drcwmferencei of two circles meet at a jpoint 
they cannot have the 8am>e centre, so that circles which have the 
same centre and one point in their circumferences common, must 
coincide altogether. It would seem as if Euclid had made three 
cases, one in which the circles cut, one in which they touch 
internally, and one in which they touch externally, and had then 
omitted the last case as evident. 

III. 7, III. 8. It is observed by Professor De Morgan that 
in III. 7 it is assumed that the angle FEB is greater than the 
angle FEC^ the hypothesis being only that the angle DFB is 
greater than the angle DFC; and that in III. 8 it is assumed 
that K falls within the triangle DLMy and E without the triangle 
DMF. He intimates that these assumptions may be established 
by means of the following two propositions which may be given 
in order after I. 21. 

The perpendicular is the shortest straight line which can he 
drawn from a given point to a given straight line ; and of others 
that which is nearer to the perpendicular is less than the more 
remote, and the converse; and not more than two equal straight 
lines can he drawn from the given point to the given straight line, 
one on each side of the perpendicular. 

Every straight line drawn from the vertex of a triangle to the 
hase is less than the greater of the two sides, or than either of them 
if they he equal. 

The following proposition is analogous to III. 7 and III. 8. 

If any point he taken on the circumference of a circle, of all 

the straight lines which can he drawn from it to the circumference, 

lAe^eaiest is that in which the centre is ; and of any others, that 

wAicA is nearer to the straight line vikick ipoi&ses th.rougK t'hA «rft.Vre 

ftr alwai/8 greater than <me more remote; aud from th,e %aw.e •^tA 

^^^^ can be drawn^ to ike circum/ereace t-wo «tTax9h.t \w**, ^««A 
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only twOf which are equal to one anothevy one on each aide of the 
greatett line. 

The first two parts of this proposition are contained in 
m. 15 ; all three parts might be demonstrated in the manner of 
III. 7, and they should be demonstrated, for the third part u 
really required, as we shall see in the note on III. 10. 

III. 9. The point E might be supposed to fall within the 
angle ADO, It cannot then be shewn that DG \a greater 
than DBf and DB greater than JDA, but only that either DC 
or DA is less than DB ; this however is sufficient for establish- 
ing the proposition. 

Euclid has given two demonstrations of III. 9, of which 
Simson has chosen the second. Euclid's other demonstration is 
as fellows. Join D with the middle point of the straight line 
AB) then it may be shewn that this straight line is at right 
angles io AB \ and therefore- the centre of the circle must lie in 
this straight line, by III. i, Corollary. In the same manner it 
may be shewn that the centre of the circle must lie in the 
straight line which joins D with the middle point of the straight 
line BO. The centre of the circle must therefore be at D, 
because two straight lines cannot have more than one common 
point. 

III. 10. Euclid* has given two demonstrations of IIL 10, of 
which Simson has chosen the second. Euclid's first demonstra- 
tion resembles his first demonstration of III. 9. He shews that 
the centre of each circle is on the straight line which joins K 
with the middle point of the straight line BO^ and also on the 
straight line which joins K with the middle point of the straight 
line BH ; therefore K must be the centre of each circle. 

The demonstration which Simson has chosen requires some 
additions to make it complete. For the point K might be sup- 
posed to fall without the circle DEF, or on its circumference, or 
within it \ and of these three. suppositions Euclid only considers 
the last. If the point K be supposed to fall without the circle 
DEF we obtain a contradiction of III. 8 ; which is absurd. If 
the point K be supposed to fall on the circiunference of the circle 
DEF we obtain a contradiction of the proposition which we 
have enunciated at the end of tti© uotfe onYQ.. ^ «sv^"^5\.«'^s 
which 18 absurd. ^ 

What IB demonstrated in III. io\BV:i^^>2tv^ '^'^''^^'^^^S^ *^ 
two circles cannot have more t\iaXL two cotdxswsi^ -^\»J» ^ ,^ 
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nothing in the demonstration which assumes that the circles cut one 
another, but the enunciation refers to this case only because 
it is shewn in III. 13 that if two circles touch one another, 
their circumferences cannot have more than one common' 
point. 

m. II, III. 12. The enunciations as given by Simson and 
others speak of the point of contact ; it is however not shewn 
until III. 1 3 that there is only orie point of contact. It should 
be observed that the demonstration in III. 1 1 will hold even if 
JD and H be supposed to coincide, and that the demonstration 
in IIL 11 will hold even if C and D be supposed to coincide. 
We may combine III. 11 and III. 12 in one enunciation thus. 

If two circles Umch one another their circumferences cannot 
ha/oe a common point out of the direction of the straight line which 
joins the centres. 

III. II may be deduced from III. 7. For Off is the least 
line that can be drawn from to the circumference of the circle 
whose centre is F, by III. 7. Therefore OH is less than OA, 
that is, less than OD ; which is absurd. Similarly III. 1 2 may 
be deduced from III. 8. 

III. 1 3. Simson observes, '< As it is much easier to imagine 
that two circles may touch one another within in more points 
than one, upon the same side, than upon opposite sides, the 
figure of that case ought not to have been omitted ; but the 
construction in the Greek text would not have suited with this 
figure so well, because the centres of the circles must have been 
placed near to the circumferences; on which account another 
construction and demonstration is given, which is the same with 
the second part of that which Campanus has translated from the 
A.rabic, where, without any reason, the demonstration is divided 
into two parts." 

It would not be obvious from this note which figure Simson 
himself supplied, because it is uncertain what he means by the 
*' same side" and ''opposite sides." It is the left-hand figure 
In the first part of the demonstration. Euclid, however, seems 
to be quite correct in omitting this figure, because he has shewn 
in III. 1 1 that if two circles touch internally there cannot be a 
point of contact out of the direction of the straight line which 
joj'as the centres. Thus, in order to skieN? >2^\.\iXi«t^\% w^l «^^ 
point of contact, it is sufficient to p\xt t\ie aeeoiA sviY^^ft^ v^\sA. 
0/ contact on the direction oi t\ie atravgU \m^ ^nV^g>^ V*«^ "^^ 
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oentres. AccordiDgly in his own demonstration Euclid con- 
fines himself to the right-hand figure ; and he shews that thia 
case cannot exist, because the straight line BD would be a 
diameter of both circles, and would therefore be bisected at two 
different points ; which is absurd. 

Euclid might have used a similar method for the second part 
of the proposition ; for as there cannot be a point of contact out 
of the straight line joining the centres, it is obvumsly impossible 
that there can be a second point of contact when the circles 
touch externally. It is easy to see this ; but Euclid preferred a 
method in which there is more formal reasoning. 

We may observe that Euclid's mode of dealing with the 
contact of circles has often been censured by commentators, but 
apparentiy not always with good reason. For example, Walker 
gives another demonstration of IJI. 1 3 ; and says that Euclid's 
is worth nothing, and that Simson fails ; for it is not proved that 
two circles which touch cannot have any arc common to both 
circumferences. But it is shewn in III. 10 that this is impos- 
sible; Walker appears to have supposed that III. 10 is limited to 
the case of circles which cut. See the note on III. 10. 

III. 17. It is obvious from the construction in III. 17 that 
tfwo straight lines can be drawn from a given external point to 
touch a given circle ; and these two straight lines are equal in 
length and equally inclined to the straight line which joins the 
given external point with the centre of the given circle. 

After reading III. 31 the student will see that the problem 
in III. 17 may be solved in another way, as follows: describe a 
circle on ^^ as diameter; then the points of intersection of this 
circle with the given circle will be the points of contact of the 
two straight lines which can be drawn from A to touch the given 
circle. 

UI. 18. It does not appear that III. 18 adds anything 
to what we have already obtained in III. 16. For in III. 16 it 
is shewn, that there is only one straight lino which touches a 
given circle at a given point, and that the angle between this 
straight line and the radius drawn to the point of contact is a 
right angle. 

III. 20. There are two a8BVimp^onBVa.>^'& ^eisi^afMS^^^ss^^ 
in. 20, Suppose that A is doubU ol B «dA C $ka\ic^^ "^.^Xa. 
then in the first part it is asaunied \3[iaA. ^ft ^vvm ^V V^v -^"a*"- 
double of the sum of B and D, and m V^ie wexiox^^ -^^^^ ^ 
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sumed that the difference of A and O is double of the difference 
of B and D, The former assumption is a particular case of Y. ly 
and the latter is a particular case of Y. 5. 

An important extension may be given to III. 20 by intro- 
ducing angles greater than two right angles. For, in the first 
figure, suppose we draw the straight lines BF and CP, Then, 
the angle BE A is double of the angle BFA, and the angle CEA 
is double of the angle CFA ; therefore the sum of the angles 
BEA and CEA is double of the angle BFG, The sum of the 
angles BEA and CEA is greater than two right angles ; we wUl 
call the sum, the re-entrant angle BEC, Thus the re-entrant 
angle BEC is double of the angle BFC, (See note on I. 32). 
If this extension be used some of the demonstrations in the third 
book may be abbreviated. Thus III. 2 1 may be demonstrated 
without making two cases ; III. 12 will follow immediately from 
the fact that the sum of the angles at the centre is equal to four 
right angles; and III. 31 will follow immediately from III. 20. 

III. 11, In III. 11 Euclid himself has given only the first 
case; the second case has been added by Simson and others. 
In either of the figures of III. 2 1 if a point be taken on the same 
side of BD as A , the angle contained by the straight lines which 
join this point to the extremities of BD is greater or less than the 
angle BAD, according as the point is within or withxyuJL the circle 
BAD; this follows firom I. 21. 

We shall have occasion to refer to lY. 5 in some of the 
remaining notes to the third Book ; and the student is accord- 
ingly recommended to read that proposition at the present 
stage. 

The following proposition is very important. If any number 
of triangles he constrttcted on the same base and on the same side 
of it, with equal vertical angles, the vertices will all lie on the cvr* 
cvmiference of a segment of a circle. 

For take any one of these triangles, and describe a circle 
round it, by lY. 5 ; then the vertex of any other of the triangles 
must be on the circumference of the segment containing the 
rsBumed vertex, since^ by the former part of this note, the vertex 
cannot be without the circle or within the circle. 

III. 2'2. The converse of III. 12 is true and very im- 
portant; namely, if two opjposite cmgUft of a qu«^i/riXa\«tal "V)* 
^ffether eqiuU to two right angles', a circle wxwj "be dTCum\*wa>«^^ 
''^ota the gp^adHlateral. For, let ABCD ^enot^ "^J^^ oiv«Ar^a- 
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teral. Describe a circle round ihe triangle -45(7, by IV. 5. 
Take any point E, on the circumference of the segment cut off 
by AOy and on the same side of ul C7 as i) is. Then^ the angles 
at B and E are together equal to two right angles, by III. 12 ; 
and the angles at B and D are together equal to two right 
angles, by hypothesis. Therefore the angle at ^ is equal to the 
angle at 2>. Therefore, by the preceding note i> is on the cir- 
cumference of the same segment as E, 

III. 32. The converse of III. 32 is true and important; 
namely, if a straight line meet a circle, and from, the point of 
meeting a straight line be draton cutting the drde, ami the angle 
between the two straight lines he equal to the angle in the alternate 
segment of the circle, the straight line which m^eets the circle shall 
tcmch the drcLe, 

This may be demonstrated indirectly. For, if possible, sup- 
pose that the straight line which meets the circle does not touch 
it. Draw through the point of meeting a straight line to touch 
the circle. Then, by III. 32 and the hypothesis, it will follow 
that two different straight lines pass through the same point, and 
make the same angle, on the same side, with a third straight 
line which also passes through that point; but this is impos- 
sible. 

III. 35, III. 36. The following proposition constitutes a 
large part of the demonstrations of III. 35 and lU. 36. If any 
point be taken in the base, or the ha^e produced, of an isosceles 
triangle, the rectangle contained by the segments of the base ie 
equal to the difference of the squa/re on the straigJU line joining 
this point to the vertex and the square on the side of the triangle. 

This proposition is in fact demonstrated by Euclid^ without 
using any property of the circle ; if it were enunciated and de- 
monstrated before III. 35 and III. 36 the demonstrations of 
these two propositions might be shortened and simplified. 

The following converse of III. 35 and the Corollary of III. 36 
may be noticed. If two straight lines AB, CD intersect at O, and 
the rectangle AO, OB be equal to (he rectangle CO, OD, the circumr 
ference of a circle will pass through th£ four points A, B, C, D. 

For a circle may be described round the triangle ABO, by 
IT. 5; and then it may be aiiewxi m^Yc^OiJcj , \il "^^ "^^ ^ 
III. 3S or the Corollary of III. ^6 \i\ia.\, ^Ittft <i\icxfifi&sste»R» ^"^"^isis. 
circle will also pass through D. 
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THE FOURTH BOOK. 

The fourth Book of the Elements consists entirely of problems. 
The first five propositions relate to triangles of any kind ; the 
remaining propositions relate to polygons which have all their 
sides equal and all their angles equal. A polygon which has all its 
sides equal and all its angles equal is called a regular polygon. 

rV". 4. By a process similar to that in IV. 4 we can describe 
a circle which shall touch one side of a triangle and the other 
two sides produced. Suppose, for example, that we wish to 
describe a circle which shall touch the side BC, and the sides 
AB and AC produced: bisect the angle between AB produced 
and BCj and bisect the angle between AG produced and B0\ 
then the point at which the bisecting straight lines meet will be the 
centre of the required circle. The demonstration will be similar 
to that in IV. 4. 

A circle which touches one side of a triangle and the other 
two sides produced, is called an escribed circle of the triangle. 

We can also describe a triangle equiangular to a given tri- 
angle, and such that one of its sides and the other two sides 
produced shall touch a given circle. For, in the figure of IV. 3 
suppose AK produced to meet the circle again ; and at the point 
of intersection draw a straight line touching the circle; this straight 
line with parts of NB and iV(7, will form a triangle, which will 
be equiangular to the triangle MLN, and therefore equiangular to 
the triangle EDP; and one of the sides of this triangle, and the 
other two sides produced, will touch the given circle. 

IV. 5. Simson introduced into the demonstration of IV. 5 
the part which shews that DF and EF will meet. It has also 
been proposed to shew this in the foUowing way: join DE\ then 
the angles EDF and DEF are together less than the angles 
ADF and AEF, that is, they are together less than two right 
angles; and therefore DF and EF will meet, by Axiom la. 
This assumes that ADE and AED are acute angles ; it may how- 
ever be easily shewn that DE is parallel to BC^ so that the 
triangle ADE is equiangular to the triangle ABO \ and we must 
therefore select the two sides AB and AG such that ABG And 
^(2Bmay he acute angles. 

IV' 10. The vertical angle of tlie tn«a^€> Viv IN . \o 
^t^sUjBeen to be the fifth part oi Iwo ri^i» vs^^\ «sA ^ >N. 
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may be bisected^ we can thus divide a right angle geometrically 
into five equal parts. 

It follows from wbat is given in the fourth Book of the 
£!lements that the circumference of a circle can be divided into 
3, 6, 12, 24, ... . equal parts ; and also into 4, 8, 16, 32, ... . 
equal parts ; and also into 5, 10, 20, 40, .... equal parts; and 

also into 15, 30, 60, 120, equal parts. Hence also 

regular polygons having as many sides as any of these numbers 
may be inscribed in a circle, or described about a circle. This 
however does not enable us to describe a regular polygon of any 
assigned number of sides ; for example, we do not know how to 
describe geometrically a regular polygon of 7 sides. 

It was first demonstrated by Gauss in 180 t, in his Diaqui- 
titiones AHthmeticcef that it is possible to describe geometrically 
a regular polygon of 2**+ 1 sides, provided 2*+ 1 be a prime nmu' 
ber ; the demonstration is not of an elementary character. As 
an example, it follows that a regular polygon of 17 sides can be 
described geometrically ; this example is discussed in Catalan's 
Th^or^mes et Prohlemes de 06om4trie ElSmentaire, 

For an approximate construction of a regular heptagon see 
the Philosophical Magasdne for February and for April, 1864. 

THE FIFTH BOOK. 

The fifth Book of the Elements is on Proportion, Much 
has been written respecting Euclid's treatment of this subject ; 
besides the Commentaries on the Elements to which we have 
already referred, the student may consult the articles Ratio and 
Proportion in the English Cyclopcediaf and the tract on the 
Connexion of Number and Magnitude by Professor De Morgan. 

The fifth Book relates not merely to length and space^ but to 
any kind of magnitude of which we can form multiples. 

V. Def. I. The word part is used in two senses in Geometry. 
Sometimes the word denotes any magnitude which is less than 
another of the same kind, as in the axiom, the whole is greater 
than its part. In this sense the word has been used up to th3 
present point, but in the fifth Book Euclid cotl^id^i^ \»\\&^<3^^ V» 
a more restncted sense. This Tes\.T\ci\,ed ^evi^^ ^"^<2i«e^ ^fJ^Sfc. *^^ 
which is given in Arithmetic and M^^^ittw \.ci ^^ ^««^ ''^'''^ 
^ar^, or to the term «i*6mitltiple% 
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y. Def, 3. Simson considers that the definitions 3 and 8 are 
"not Euclid's, but added by some unskilful editor." Other com- 
mentators also have rejected these definitions as useless. The 
last word of the third definition should be qtmntv/pliGiiyf not 
guBLntiiy; so that the definition indicates that ratio refers to the 
nwfiiber of times which one magnitude contains another. See De 
Morgan's Differential and Integral Calculus j page 18. 

Y. Def, 4. This definition amounts to saying that the quan- 
tities must be of the same hind, 

V. Def, 5. The fifth definition is the foundation of Euclid's 
doctrine of proportion. The student will find in works on Alge- 
bra a comparison of Euclid's definition of proportion with the 
ampler definitions which are employed in Arithmetic and Algebra. 
Eudid's definition is applicable to incommensuraible quantities, as 
well as to commensura^h quantities. 

We should recommend the student to read the first propo- 
siticm of the sixth Book immediately after the fifth definition of 
the fifth Book ; he will there see how Euclid applies his defi- 
nition, and will thus obtain a better notion of its meaning and im- 
portance. 

Compound Ratio, The definition of compound ratio was 
supplied by Simson. The Greek text does not give any defini- 
tion of compound ratio here, but gives one as the fifth definition 
of the sixth Book, which Simson rejects as absurd and useless. 

V. Defs, 18, 19, 20. The definitions 18, 19, 20 are not pre- 
sented by Simson precisely as they stand in the original. The 
lafit sentence in definition 18 was supplied by Simson. Euclid 
does not connect definitions 19 and 20 with definition 18. In 
19 he defines ordinate proportion^ and in 20 he defines pertu/rhate 
proportion. Nothing would be lost if Euclid's definition 18 were 
entirely omitted, and the term ex a^uali never employed. Euclid 
employs such a term in the enunciations of Y. 20, 21, 22, 23; 
but it seems quite useless, and is accordingly neglected by Simson 
and others in their translations. 

The axioms given after the definitions of the fifth Book are 
not in Euclid ; they were supplied by Simson. 

TZ20 propositions of the fifth Book might be divided into four 
sectioBB, Propositions i to 6 relate to t\ie Y^o^T^Ksa ^"t ^ira^- 
maltiplea. Propositions 7 to 10 and i^ Wid \\ ^ctmv^cJ^ "Caa 
tioUoQ of the ratio of magnitudeB wit\i \.\ie oxeMaA-n ^^^«^ ^^ 
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greaJtefj equal, and leu, Propositiona ii, 11, 15 and 16 may be 
considered as introduced to shew that, if four quantities of ike 
same hind he proportionals they will also he proportionals when 
taken alUmatdy, The remaining propositions shew that mag- 
nitudes are proportional by compositionf by division, and ex cequo. 

In this division of the fifth Book propositiona 13 and 14 are 
supposed to be placed immediately after proposition 10; and 
they might be taken in this order without any change in Euclid's 
demonstrations. 

The propositions headed A, B, C, D, E were supplied by 
Simson. 

Y. I, 2f 3, 5, 6. These are simple propositions of Arithmetic, 
though they are here expressed in terms which make them ap- 
pear less familiar than they really are. For example, Y. i 
*' states no more than that ten acres and ten roods make ten times 
as much as one acre and one rood." De Morgan, 

In Y. 5 Simson has substituted another construction for that 
^ven by Euclid, because Euclid's construction assumes that we 
can divide a given straight line into any assigned number of 
equal parts, and this problem is not solved until YI. 9. 

Y. 18. This demonstration is Simson's. We will give here 
Euclid's demonstration. 

Let AE he to EB as OF ia to FD : AB shall a 
be to 5^ as (7Z) is to DF. 

"For, if not, AB will be to BE as CD is to some 
magnitude less than DP, or greater than DF. ] 

First, suppose that ^^S is to BE as CD is to 
DO, which is less than DF. 

Then, because AB is to BE as CD is to DG, 
therefore .i^ is to ^5 as (76^ is to GD. [Y. 17. 
But AE IB to EBaaCFia to FD, [Hypothesis. 3 
therefore CG is to 6^i> as Ci'' is to FD. [Y. 1 1. 
But CG is greater than CF; [Hypothesis, 

therefore GD is greater than FD. [Y. 14. 

But GD is less than FD ; which is impossible. 

In the same manner it may be shewn that AB ia not to BE 
as CD is to a magnitude greater than DF. 
Therefore ^5 is to ^i^ as CD ia to BE, 

The objection urged by SimaoB. a;gaima!^^^y^^^^«ss.^'^^s^:^^ 

tioD is that ''it depends upoa t\na \r5^o\i\ift»a, "^v^^^ *«> '^^V^i 
mAgnitudea, two of which, at least, «ce o^ ^^ ^asxv^'^sasv^ 
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may be a fourth proportional : Euclid does not demon- 
strate it, nor does he shew how to find the fourth proportional, 
before the 12th Proposition of the 6th Book " 

The following demonstration is given by Austin in his ExoMU 
nation of ike first six hooTcs of Euclid's Elements. 

Let AE be to EB as GF ia to FDi AB shall 
be to 5^ as OZ) is to DF, A 

For, because AE \s to EB za OF is to FD, 
therefore, alternately, ^^ is to CF as EB is O 

to FD, [V. 16. 1 

And as one of the antecedents is to its con- 
sequent so is the sum of the antecedents to the 
sum of the consequents ; [V. 12. 

therefore as EB is to FD so are AE and EB 
together to GF and FD together, B 

that is, AB is to (72) as ^5 is to FD. 
Therefore, alternately, AB is to EB as GDw to FD, [V. 16. 

V. 25. The first step in the demonstration of this proposition 
is "take AO equal to E and GJI equal to F" ; and here a refer- 
ence is sometimes given to I. 3. But the magnitudes in the 
proposition are not necessarily straight lines, so that this refer- 
ence to I. 3 should not be given ; it must however be assumed 
that we can perform on the magnitudes considered, an operation 
similar to that which is performed on straight lines in I. 3. Since 
the fifth Book of the Elements treats of magnitudes generally, 
and not merely of lengths, areas, and angles, there is no reference 
made in it to any proposition of the first four Books. 

Simson adds four propositions relating to compound ratio, 
which he distinguishes by the letters F, 0, ff, JC; it seems how- 
ever unnecessary to reproduce them as they are now" rarely read 
and never required. 

THE SIXTH BOOK. 

The sixth Book of the Elements consists of the application of 
the theory of proportion to establish properties of geometrical 
figures. 

VL D^, I. For an importaiit xeuiatk Vieaacm^ <otl t,\\ft firat 
deSniUon, see the note on YI. 5. 

VL JDef. 2. The second de^nition \a >aafe\«&^ ^«t ^xx.^^ 
'oatesr no mention of reciprocal ftgvire«. 
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VI. Def. 4. The fourth definition is strictly only applicable 
to a triangle, because no other figure has a point which can be 
exclusively called its vertex. The altitude of a parallelogram is 
the perpendicular drawn to the base £rom any point in the op- 
posite side. 

YI. 2. The enunciation of this important proposition is open 
to objection, for the manner in which the sides may be cut is not 
sufficiently limited. Suppose, for example, that ^i> is double of 
DBy and CE double of EA ; the sides are then cut proportionally, 
for each side is divided into two parts, one of which is double of 
the other; but DE is not parallel to BC. It should therefore 
be stated in the enunciation that the segments terminated at the 
vertex of the triangle are to be homologous terms in the ratios, that 
iSf are to be the antecedents or the consequents of the ratios. 

It will be observed that there are three figures corresponding 
to three cases which may exist ; for the straight line drawn pa- 
rallel to one side may cut the other sides, or may cut the other 
sides when they are produced through the extremities of the base, 
or may cut the other sides when they are produced through the 
vertex. In all these cases the triangles which are shewn to be 
equal have their vertices at the extremities of the base of the 
given triangle, and have for their common base the straight line 
which is, either by hypothesis or by demonstration, parallel to 
the base of the triangle. The triangle with which these two 
triangles are compared has the same base as they have, and has 
its vertex coinciding with the vertex of the given triangle. 

VI. A, This proposition was supplied by Simson. 

VI. 4. We have preferred to adopt the term "triangles 
which are equiangular to one another," instead of ** equiangular 
triangles," when the words are used in the sense they bear in 
this proposition. Euclid himself does not use the term equian- 
gular triangle in the sense in which the modem editors use it in 
the Corollary to I. 5, so that he is not prevented from using the 
term in the sense it bears in the enunciation of VI. 4 and else- 
where ; but modern editors, having already employed the term in 
one sense ought to keep to that sense. In the demonstrations, 
where Euclid uses such language as "the triangle ABO is equi- 
angular to the triangle DEFy^ tVve ixio^^Tt^ ^'^'ot^ ^•cjov'siQissssafc. 
adopt it, and sometimes change \\i to ** ^'a X.-nas^^^'e* k'B^ "*ssSi. 
2?^J^ are eq uiangular." >, 

la VI. 4 the manner in wbick t\ift ^^^ \.Yvssa^«»^ ^^ 
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placed 18 very imperfectly described ; their bases are to be in the 
same straight line and contiguous, their vertices are to be on the 
same side of the base, and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superposition we might deduce VI. 4 immediately from 
VI. 2. 

VI. 5. The hyxwthesis in VI. 5 involves more than is di- 
rectly asserted ; the enunciation should be, *4f the sides of two 

triangles, taken in order^ about each of their angles ;" 

that is, some restriction equivalent to the words taken in order 
should be introduced. It is quite possible that there should be 
two triangles ABC, DEF, such that ^5 is to 5(7 as DE is to 
EF, and BO to CA as DF \b to ED, and therefore, by V. 23, 
AB ix) AC Bs DF is to EF; in this case the sides of the triangles 
about each of their angles are proportionals, but not in the same 
order, and the triangles are not necessarily equiangular to one 
another. For a numerical illustration we may suppose the sides 
of one triangle to be 3, 4 and 5 feet respectively, and those of 
another to be 12, 15 and 20 feet respectively. Walker, 

Each of the two propositions VI. 4 and VI. 5 is the converse 
of the other. They shew that if two triangles have either of the 
two properties involved in the definition of similar figures they 
will have the other also. This is a special property of triangles. 
In other figures either of the properties may exist alone. For 
example, any rectangle and a square have their angles equal, but 
not their sides proportional; while a square and any rhombus 
have their sides proportional, but not their angles equaL 

VI. 7. In VI. 7 the enunciation is imperfect ; it should be, 
''if two triangles have one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals, so 
that the sides svJbtending the equal angles are homologous; then if 

each " The imperfection is of the same nature as that 

which is pointed out in the note on VI. 5. Walker. 

The proposition might be conveniently broken up and the 

essential part of it presented thus : if two triangles have two sides 

of the one proportional to two sides of the other, and the angles 

opposite to one pair of homologous sidca equoZ, tAe angles which are 

opposite to the other pair of /tomologous wdes ihxiJl viik^it \i^ ex^jiMjiX^ 

^ ^ together equal to two right angle*. 

For, the angles included by the pTOV0T^oT\aX «^^^ ^^^^ ^^ 
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either equal or unequal. If they are equal, then since the tri- 
angles have two angles of the one equal to two angles of the 
other, each to each, they are equiangular to one another. We 
have therefore only to consider the case in which the angles in- 
cluded by the proportional sides are unequaL 

Let the triangles ABGy DEP have the angle at^ equal to 
the angle at i), and AB io EC as DE is to EF^ but the angle 
ABC not equal to the angle DEF : the angles -4 (75 asid DFB 
shall be together equal to two right angles. 
For, one of the angles ABC, 
DEF must be greater than 
the other; suppose ABO the 
greater ; and make the angle 
ABG equal to the angle DEF, 
Then it may be shewn, as in 
VI. 7, that BO is equal to 
BO, and the angle BGA equal to the angle EFD, 
Therefore the angles AOB and DFE are together equal to the 
angles BOO and A OB, that is, to two right angles. 

Then the results enunciated in VI. 7 will readily follow. For 
if the angles A OB and DFE are both greater than a right angle, 
or both less than a right angle, or if one of them be a right 
angle, ^hey must be equal. 

VI. 8. In the demonstration of VI. 8, as given by Simson, 
it is inferred that two triangles which are similar to a third 
triangle are similar to each other; this is a particular case of 
VI. 21, which the student should consult, in order to see the 
validity of the inference. 

VI. 9. The word part is here used in the restricted sense of 
the first definition of the fifth Book. VI. 9 is a particular case 
of VI. 10. 

VI. 10. The most important case of this proposition is that 
in which a straight line is to be divided either internally or ex- 
ternally into two parts which shall be in a given ratio. 

The case in which the straight line is to be divided internally 
is given in the text ; suppose, for example, that the given ratio is 
that of AE to EO; then ^-B is divided at (7 in the given ratio. 

Suppose, however, that AB is to \ift ^ystA'^^ ^xU-rwiSy?^ ^a. -«». 
given ratio; that is, suppoae that AB \a to \i«. YtQ^>vR.^ "^""c^^^ 
tbe whole straight line made up oi AB a.TA>^^^^^ T,^^^^ 
may be to the part produced ia a ^^enTatXo. "Vi^X**^^^ 
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be that of ^ (7 to CE. Join EB ; through C draw a straight line 
parallel to EB\ then this straight line will meet AB, produced 
through B, at the required point. 

VI. II. This is a particular case of VI. 12. 

VI. 14. The following is a full exhibition of the steps which 
lead to the result that FB and BQ are in one straight line. 

The angle DBF is equal to the angle QBE; [Hypothesis. 

add to each the angle FBE ; 

therefore the angles DBFf FBE are together equal to the angles- 
OBE, FBE. [Axiom 2. 

But the angles DBF, FBE are together equal to two right 
angles; [I. 13. 

therefore the angles OBEj FBE are together equal to two right 
angles; [Axiom i. 

therefore FB and BO are in one straight line. [I. 14. 

VI. 15. This may be inferred from VI. 14, since a triangle 
is half of a parallelogram with the same base and altitude. 

It is not difficult to establish a third proposition conversely 
connected with the two involved in VI. 14, and a third propo- 
sition similarly conversely connected with the two involved in 
VI. 15. These propositions are the following. 

Eqtial parallelograms which have their sides reciprocaUy pro- 
portionalf have their angles equal, each to each. 

Equal triangles which have the sides about a pair of angles 
reciprocally proportional, have those angles equal or together equal 
to two right angles. 

We will take the latter proposition. 

Let ABC, ADE be equal triangles ; and let CA be to AD 
as AE is to AB: either the angle BAC shall be equal to the 
angle DAE, or the angles BAC &nd DAE shall be together equal 
to two right angles. 

[The student can construct the figure for himself.] 

Place the triangles so that CA and AD may be in one straight 
line ; then if EA and AB are in one straight Ihie the angle BA G 
is equal to the angle DAE, [I. 15. 

If EA and AB are not in one straight line,' produce BA through 
^ to i'', so that AF may be equal to AE; join DF and EF, 

Then because CA is to AD as AE is to A B, [Hypothesis, 
and AFia equal to AE, YGouafenw^wnv, 

therefore OA ia to AD as Al? is to AB. \^ . ^.^ • ^^« 

Therefore the triangle DAF \a equal to \Jiift tdoi^ft BAG . \:^ V ^v 
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But the triangle DA E is equal to the triangle BA C. {Hypoikem^ 
Therefore the triangle DAE is equal to the triangle DAF. [Ax. i. 
Therefore EF is parallel io AD. [I. 39. 

Suppose now that the angle DAE is greater than the angle 
DAF, 

Then the angle CAE is equal to the angle AEF, [I. 29. 

and therefore the angle CAE is equal to the angle AFEf [I. 5. 
and therefore the angle CAEia equal to the angle BAG. [I. 29. 
Therefore the angles BAG and DAE are together equal to two 
right angles. 

Similarly the proposition may be demonstrated if the angle 
DAE is less than the angle DAF, 

VI. 16. This is a particular case of VI. 14. 

VI. 17. This is a particular case of VI. 16. 

VI. 11. There is a step in the second part of VI. 22 whidi 
requires examination. After it has been shewn that the figure 
SR is equal to the similar and similarly situated figure NJI,At 
is added "therefore PR is equal to Off." In the Greek text 
reference is here made to a lemma which follows the proposition. 
The word Ummxi is occasionally used in mathematics to denote 
on auxiliary proposition. From the unusual circumstance of a 
reference to something following, Simson probably concluded 
that the ]emma could not be Euclid's^ and €M;cordingly he takes 
no notice of it. 

The following is the substance of the lemma. 

If PR be not equal to Gff, one of them must be greater than 
the other ; suppose PR greater than Gff. 

Then, because SR and NH are similar figures, PR is to PS 
as Off ia to ON, [VI. Definition i. 

But PR is greater than OH, [ffypothem, 

therefore PS is greater than ON. [V. 14. 

Therefore the triangle RPS is greater than the triangle 
ffON. [I. 4, Axiom 9. 

But, because SR and Nff are similar figures, the triangle RPS is 
equal to the triangle HON; [VI. 20. 

which is impossible. 
Therefore PR is equal to OH. 

VI. 23. In the figure of VI. 25 sup^oft^ BD «A OIL ^ccw^fro-* 
TTien the triamgle BGD is to tlie tr\a.ti^\ft QCE ^ "Oafe ^•ax-^'^^ 
grsan AOia to the paraUelogram CP. "H-eucft >iJaa Te»Ni>^» '^'^^^^^^ 
extended to triangles, and we "ha^ve \^ie \a\\.oH«sx% '^^^'^ 
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triangles which have one cmgle of the one equal to one cmgle of the 
other, have to one another the ratio which is compounded of the 
ratios of their sides. 

Then YI. 19 is an immediate consequence of this theorem. 
For let ABO and DBF be similar triangles, so that ii^ is to BC 
as DE is to EF\ and therefore, alternately, -4J5 is to DE as BO 
is to EF. Then, by the theorem, the triangle ABO has to the 
triangle DEF the ratio which is compounded of the ratios oi AB 
to DE and of BO to EFy that is, the ratio which is compounded 
of the ratios of BO to EF and of BC to EF. And, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio compounded of the ratios of BO to EF and of BO 
to EF is the duplicate ratio of BO to EF. 

VI. 25^ It will be easy for the student to exhibit in detail 
the process of shewing that BO and OF are in one straight line, 
and also LE and EM ; the process is exactly the same as that in 
I. 45, by which it is shewn that KH and HM are in one straight 
line, and also FQ and QL. 

It seems that VI. 25 is out of place, since it separates pro- 
positions so closely connected as VI. 24 and VI. 26. We may 
enunciate VI. 25 in familiar language thus: to make a flgwre 
which shall have the form of one flgwre amd the size of another. 

VT. 26. This proposition is the converse of VI. 24; it 
might be extended to the case of two similar and similarly 
situated parallelograms which have a pair of angles vertically 
opposite. 

We have omitted in the sixth Book Propositions 27, 28, 29, 
and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as 
useless by various modem commentators; see Austin, Walker, 
and Lardner. Some idea of the nature of these propositions may 
be obtained from the following statement of the problem pro- 
posed by Euclid in VI. 29. AB is a given straight line ; it has 
to be produced through ^ to a point 0, and a parallelogram 
described on ^ subject to the following conditions ; the paral- 
lelogram is to be equal to a given rectilineal figure, and the 
parallelogram on the base BO which can be cut off by a 
Btraigbt line through B is to be eixmlax to a ^ven parallelo* 
grsan. 

"^. 52. This propoaitaon seema ol no Mae>. '^otwqet HJiaa 
rnvmoiAUou is imperfect, IFox Bup^oa© ED Vi \ife ^x^x^s^ 
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through i> to a point P, such that DP is equal to DE • and 
?°'^^^:^, ^^^'^ *^® triangle CDF will satisfy all the conditions 
in Euclid s enunciation, as well as the triangle ODE; but OP 
and CB are not in one straight Hne. It should be stated that 
the bases must He on corresponding sides of both the parallels ; 
the bases OF and BO do not Ue on corresponding sides of the 
parallels AB and DO, and so the triangle CDF would not 
fulfil all the conditions, and would therefore be excluded. 

VI. 33. In VI. 33 EucUd implicitly gives up the restriction, 
which he seems to have adopted hitherto, that no angle is to be 
considered greater than two right angles. For in the demon- 
stration the angle BGL may be any multiple whatever of the 
angle BQO, and so may be greater than any number of riirht 
angles. ^ 

VL By O, D, These propositions were introduced by 
Simson. The important proposition VI. D occurs in the MevdXit 
2iWaf« of Ptolemy. 



THE ELEVENTH BOOK. 

In addition to the first six Books of the Elements it is usual 
to read part of the eleventh Book. For an account of the 
contents of the other Books of the Elements the student is 
referred to the article Eucleides in Dr Smith's Dictumary of 
Greek and Boman Biography, and to the article Irrational Quan- 
tUies in the English Cyclopedia. We may state briefly that 
Books VII, "VIII, IX treat on Arithmetic, Book X on Irra- 
tional Quantities, and Books XI, XII on Solid Geometry. 

XI. Def. 10. This definition is omitted by Simson, and 
justly, because, as he shews, it is not true that solid figures 
contained by the same number of similar and equal plane figures 
are equal to one another. For, conceive two pyramids, which 
have their bases similar and equal, but have different altitudes. 
Suppose one of these bases applied exactly on the other; then if 
the vertices be put on opposite sides of the base a certain solid is 
formed, and if the vertices be put on the same side of the base 
another solid is formed. The two solids thus formed are con- 
tained by the same number of ^imiax aiA ^o^-aJL ^^^asckfe ^^^oKsse^'* 
but they are not equal. ^^^ 

It will he observed that in t\i\a eiL&m^\e ot^^^ ^"t 'Ci^'a^ ^^^ .^^^ 
A re-entrant solid angle; see pag© 164- X^ "» Vo^e^^^ ^=^ ^ 
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two convex solid figures are equal if they are contained by equal 
plane figures similarly arranged; see Catalan's TMorlmes et 
Prohlimes de O^omitrie Mimentaire. This result was first demon- 
strated by Cauchy, who turned his attention to the point at^the 
request of Legendre and Malus; see the Jov/rncd de VEcoU 
PolytechniquCy Cahier i6. 

XI. Def. 26. The word tetrahedron is now often used to 
denote a solid bounded by any four triangular faces, that is, a 
pyramid on a triangular base ; and when the tetrahedron is to 
foe such as Euclid defines, it is called a regular tetrahedron. 

Two other definitions may conveniently be added. 

A straight line is said to be parallel to a plane when they do 
not meet if produced. 

The angle made by two straight lines which do not meet is 
the angle contained by two straight lines parallel to them, drawn 
through any point. 

XI. 21, In XI. 21 the first case only is given in the ori- 
ginal. In the second caae a certain condition must be intro- 
duced, or the proposition will not be true; the polygon BODJSF 
must have no re-entrant angle. See note on I. 32. 

The propositions in Euclid on Solid Greometry which are 
now not read, contain some very important results respecting the 
volumes of solids. We will state these results, as they are 
often of use; the demonstrations of them are now usually 
given as examples of the Integral Calculus. 

We have already explained in the notes to the second Book 
how the area of a fig^ure is measured by the number of square 
inches or square feet which it contains. In a similar manner the 
volume of a solid is measured by the number of cMc inches or 
ciibic feet which it contains ; a cubic inch is a cube in which each 
of the faces is a square inch, and a cubic foot is similarly 
defined. 

The volume of a prism is found by multiplying the number 

of square inches in its base by the number of inches in its 

altitude ; the volume is thus expressed in cubic inches. Or we 

may multiply the number of square feet in the base by the 

number of feet in the altitude ; the volume is thus expressed in 

cubic feet. By the base of a prism is meant either of the two 

egtialj similar, and parallel jigurcs ot"Xi. BejlmVuju \->j\ ^.^AS^^ei^ 

altitude of the prism is tbe pOTp«ndic\]i\ai CL«\.3JWifc\ie^"«^'a. 'Oi^^sife 

tvro pU^ne», 
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The rule for the volume of a prism inyolyes the &ct that 
prwns on equal haaes and between the same paralUU are equal in 
vohi/me. 

A parallelepiped is a particular case of a prism. The volume 
of a pyramid is one third of the volume of a prism on the same 
base and having the same altitude. 

For an account of what are called the five regular solids the 
student is referred to the chapter on PolyTiedrons in the Treatise 
on Spherical Trigonometry. 

THE TWELFTH BOOK 

Two propositions are given from the twelfth Book, as they 
are very important, and are required in the XJniversify Examina- 
tions. The Lemma is the first proposition of the tenth Book, 
and is required in the demonstration of the second proposition of 
the twelf^ Book. 
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This Appendix consists of a collection of important pro- 
positions which will be found useful, both as affording 
geometrical exercises, and as exhibiting results which are 
often required in mathematical investigations. The student 
will have no difficulty in drawing for himself the requisite 
figures in the cases where they are not giveii. 



1. The mm of the sqwres on the fides qf a triangle 
is eqtMl to twice the square on haffthe base^ together toith 
twice the square on the straight line which joins the vertex 
to the middle point qfthe base. 

Let ABC be a triangle ; and let D be the middle point 
of the base AB. Draw CE perpendicular to the base 





meeting it at iS^; then E may be either in AB or in AB 
produced. 

First, let E coincide with 2>; then the proposition 
follows immediately from I. 47. 

Next let E not coincide with 2>; then of the two 
angles ADC and BJDC^ one must be obtuse and one acute. 
Suppose the angle ADC obtuse. Then, by II. 12, the 
square on AC \a equal to the squares on AD, DC, toge- 
ther with twice the rectande AD, DE; and, by II. 13, wie 
square on BC together wi£ twice the rectangle BD, DE is 
equal to the squares on BD, DC Therefore, by Axiom 2, 
the squares on AC, BC, together mt\i Wtf» VSaa ^««5vwss^^ 
BD, 2>B are equal to the aamtea oti AB, I>B^^^'r^^ 
the square on DC, together mlYi Wis» .^^^^^^^^ 

on AC, jffC&re equal to t^co t\iO acpM«» '^'^ ^^^ 
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2. If two cTiordi intersect within a circle, the angle 
which they incltcde is measured by hcU/the sum of the irv- 
tercepted arcs. 

Let the chords AB and CD of a circle intersect at E\ 
join AD, 

The angle AEG is equal to the 
angles ADEy and DAE, by 
L 32; that is, to the angles 
standii^ on the arcs AG and 
BD, Thus the angle AEG is 
equal to an angle at the cir^ 
cumference of the circle stand- 
ing on the sum of the arcs AG 
and BD ; and is therefore equal 
to an angle at the centre of the 
circle standing on half the sum of these arcs. 

Similarly the angle GEB is measured by half the sum 
of the arcs GB and AD, 

3. If two chords produced intersect without a circle, 
the angle which they include is measured by hailf the 
difference of the intercepted arcs. 

Let the chords AB and GD of a circle, produced, in- 
tersect at ^; join -42). 

The angle ADG is equal to the angles EAD and AED, 
by I. 32. Thus the ane^le AEG is equal to the difference 
of the angles ADG and BAD ; that is, to an an^le at the 
circumference of the circle standing on an arc wmch is the 




differ&iee of AC and BD\ wad \b \)aBW>iox^ <&^35s«^ '^. "wi 
ao^o at the centre of the drde a\aQ.^^% oTi\is;jjl NJaft <fiSsst. 
ence of these arcs. 
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4 To draw a straight line which shall touch two 
given circles. 

Let A be the centre of the greater circle, and B the 
centre of the less circle. With centre A, and radius equal 
to the difference of the radii of the given, circles, describe 
a circle ; from B draw a straight line touching the circle 




so described at G, Join AC and produce it to meet the 
circumference at D, Draw the radius BE parallel to ^Z>, 
and on the same side oiAB ; and join DE. Then DE shall 
touch both circles. 

See I. 33, 1. 29, and III. 16 Corollary. 

Since two straight lines can be drawn from B to touch 
the described circle, two solutions can be obtained; and the 
two straight lines which are thus drawn to touch the two 
given circles can be shewn to meet AB, produced through 
B, at the same point. The construction is applicable when 
each of the given circles is without the other, and also 
when they intersect. 

When each of the given circles is without the other wo 
can obtain two other solutions. For, describe a circle with 
^ as a centre and radius equal to the sum. <if tl^a x^>^2i^ ^ 
the given circles ; and contango aa Vi^lotei, ^^^<s^\» *^^ ^^ 
and AD mTL now be on opposite a\^G^ ^1 AB, 7^'^'^^\>. 
straight lines which are th\ia dramv \» XmcJcL^vkv^i ^'!Sv^ 
circlea can be shewn to intersect AB «u\. VXve «saca& ^^^ 
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6. To desanbe a circle which shoR pass through three 
given points not in the same straight line. 
This is solved in Euclid IV. 6. 

6. To describe a circle which shall pass through two 
given points on the same side of a given straight line, and 
touch that straight line. 

Let A and B be the given jjoints ; join AB and pro* 
duce it to meet the given straight line at C, Make a 
square equal to the rectangle CA, CB (II. 14), and on tho 




given straight line take CE equal to a side of this square. 
Describe a circle through A, B^ E {5i)\ this will be the 
circle required (III. 37). 

Since E can be taken on either side of C, there are two 
solutions. 

The construction fails if AB is parallel to the given 
straight line. In this case bisect ^^ at i>, and draw DC 
at right angles to AB^ meeting the given straight line at (7. 
Then describe a circle through A, B, C. 

7. To deserve a circle which shall pass through a 
given point and touch two given straight lines. 

Let A be the given point ; produce the given straight 

lines to meet at B, and join AB. Through B draw a 

straight line, bisecting that angle included b;f the given 

straight lines within which A lies; and in this bisecting 

Btraight line take any point (7. From (7 draw a perpendicular 

on one of the given straigVit "toea, xxiee^aft^ \\. ^\. 1> \ ^^^^Ssv 

centre (2 and radius CD, descnbe ^ ca<^e>, xci»5JCYM| AB^ 

iwodizced if necessary, at E. JoiuCE-^wi^^^^^^^. 

I « straight line parallel to CJE, mee^Vw^S BO, v^oekaR^^ ^ 
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necessary, at F. The circle described from the centre F^ 
with radius FA, will touch the given straight lines. 

For, draw a perpendicular from F on the straight line 
BD, meeting it at G, Then C^ is to i^^ as jB(7 is to BF, 
and CD is to i^G^ as BG is to BF (YI. 4, V. 16). There- 
fore CiEr is to i^^ as az> is to FG (V. 11). Therefore 
CE is to CD as FA is to FG (V. 16). But (7^ is equal 
to CD ; therefore FA is equal to FG (Y. -4). 

If ^ is on the straight line BC we determine E as 
before ; then join ED, and draw a straight line through A 
parallel to ED meeting BD produced if necessary at G ; 
from G draw a straight line at right angles to BG, and the 
point of intersection of this straight line with BC, produced 
if necessary, is the required centre. 

As the circle described from the centre C, with the 
radius CD, will meet AB 2X two points, there are two 
solutions. 

If A is on one of the given straight lines, draw from 
A a straight line at right angles to this given straight 
line; the point of intersection of this straight line with 
either of the two straight lines which bisect the angles 
made by the given straight lines may be taken for the 
centre of the required circle. 

// the two given straigU \me^ \«ei ^^f^^^^^^^!^^ 
drawing a straight line BC to \>\aecX. >^\xft ^^^'tl^^S 
them, we must draw it parage! to ^Xi^^i «s^^ ^^^^^ 
from them. 
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8. To describe a circle which shall toicch three 
given straight lines, not more than two qf which are 
parallel. 

Proceed as in Euclid lY. 4. If the given straight lines 
form a triangle, four circles can be described, namely, one 
as in Euclid, and three others each touching one side of 
the triangle and the other two sides produced. If two 
of the given straight lines are parallel, two circles can be 
described, namely, one on each side of the third given 
straight Ime. 

9. To describe a circle which sTiall touch a given 
circle^ and touch a given straight line at a given point. 

Let A be the given point in the given straight line, 
and C be the centre of the given circle. Through G draw 
a straight line perpendicular to the given straight line, 




and meeting the circumference of the circle at B and 2>, 
of which D is the more remote from the given straight 
line. Join AD, meeting the circumference of the circle at 
E. From A draw a straight line at right andcs to the 
given straight line, meeting CE produced at F. Then ^ shall 
Be the centre of the required circle, and FA its radius. 

For the angle AEF is eq\ia\ to \)[ift ^xi^^ CEB ^A^\\ 
md the angle EAF is equal to t\ie a.Ti^\^ CBE V^.^^^V 
therefore the angle AEF is ecroai \jo \K^ ^^^ ^^^ ^ 
therefore AjF is equal to ^F (I- 6^- 
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In a similar manner another solution may be obtained 
by joining AB, If the given straight line falls without the 
given circle, the circle obtained by the first solution touches 
the given circle externally, and the circle obtained by the 
second solution touches the given circle internally. If the 
given straight line cuts the given circle, both the circles 
obtained touch the given circle externally. 

10. To describe a circle which shall pass throttgh ttoo 
given points and touch a given circle. 

Let A and B be the given points. Take any poi£5t 
on the circumference of the given circle, and describe a 
circle through A, B, G, If this described circle touches 
the given circle, it is the required circle. But if not, let D 




be the other point of intersection of the two circles. Let 
AB and CD be produced to meet at E; from E draw a 
straight line touching the given circle at F, Then a cu-cle 
described through A, B, F shall be the reqmred circle. 
See IIL 35 and III. 37. 

There are two solutions, because two straight lines can 
be drawn from E to touch the given circle. 

If the straight line which bi&ejcU AB ^ ts^kjJ^* '»»5^^^ 
passes through the centre oi \\iQ ^n«vi ^scc^'^, "^^ ^^^- 
stmction faiis, for AB and CD s^^ ^^^^<^ ^5^ *^^^ ^ 

fmnst be determined \)y dxaYJm^ a ^\x^2i3^^ ^=^^ ^^ 

toA£so as to touch the gWen cixc^e. 
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11. To describe a circle which shall touch two given 
straight lines and a given circle. 

Draw two straight lines parallel to the given stnught 
lines, at a distance from them equal to the radios of the 
given circle, and on the sides of them remote from the 
centre of the given circle. Describe a circle touching the 
straight lines thus drawn, and passing through the centre 
of the given circle (7). A circle having the same centre as 
the circle thus described, and a radius equal to the excess 
of its radius over that of the given circle, will be the re- 
quired circle. 

Two solutions will be obtained, because 'there are two 
solutions of the problem in 7 ; the circles thus obtained 
touch the given circle externally. 

We may obtain two circles which touch the given circle 
internally, by drawing the straight lines parallel to the given 
straight Imes on the sides of them adjacent to the centre 
of the given circle. 



12. To describe a circle which shall pass throtigh a 
given point and touch a given straight line and a given 
circle. 

We will suppose the given point and the given straight 
line without the circle; other cases of the problem may be 
treated in a similar manner. 

Let A be the given point, and B the centre of the 
given circle. From B di^w a perpendicular to the given 
straight line, meeting it at (7, and meeting the circum- 
ference of the given circle at D and E^ so Qiat D is be- 
tween B and G, Join EA and determine a point Fin EA, 
produced if necessary, such that the rectangle EA^ EF 
may be equal to the rectangle EG^ ED ; this can be done 
^ describing a circle through -A, C, D, N^\jL\cfcL niiIIL meet 
-^ at the required pomt (111. SS, CorollcwryV Ti^^cr^iRi^ 
^^e to pass through A and F aiid\^\\c\iVXi^^^e«^^'wa^'^ 
«» C&J; this shall be the required cirde. 
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For, let the circle thus described touch the given 
straight Une at G ; join EG meeting the given circle at H^ 




and join DH. Then the triangles EHD and ECG are 
similar; and therefore the rectangle EG, ED is equal to 
the rectangle EG, EH (III. 31, VI. 4, VI. 16). Thus the 
rectangle EA, EF is equal to the rectangle EH, EG ; and 
therefore ^ is on the circumference of the described 
circle (III. 36, Corollary). Take K the centre of the 
described circle ; join KG, KH, and BH. Then it may 
be shewn that the angles KHG and EHB are equal 
(I. 29. I. 5). Therefore KHB is a straight line; and 
thererore the described circle touches the given circle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 6 ; the circles thus described 
touch the given circle externally. 

By joining DA instead of EA we can obtain two solu- 
tions in which the circles described touch the given cirde 
internally. 
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13. To describe a circle which shall totich a given 
straight line and two given circles. 

Let A be the centre of the larger circle and B the 
centre of the smaller circle. Draw a straight line parallel 
to the given straight line, at a distance from it equal to the 
radius of the smaller circle, and on the side of it remote 
from A. Describe a circle with A as centre, and radius 
equal to the diflference of the radii of the given circles. 
Describe a circle which shall pass through By touch exter- 
nally the circle just described, and also touch the straight 
line which has been drawn parallel to the given straight 
line (12). Tlien a circle having the same centre as the 
second described circle, and a radius equal to the excess 
of its radius over the radius of the smaller given circle, 
will be the required circle. 

Two solutions will be obtained, because there are two 
solutions of the jproblem in 12 ; the circles thus described 
touch the given circles externally. 

We may obtain in a similar manner circles which touch 
the given circles internally, and also circles which touch 
one of the given circles internally and the other exter- 
nally. 



14. Let A he the centre of a circle^ and B the centre 

qf a larger circle ; let a straight line be drawn touching 

the former circle at C and the latter circle at D, and 

meeting AB produced through A at T. From T draw 

any straight line meeting the smaller circle at K and L, 

and the larger circle at M and N ; so that the Jive letters 

T, K, L, M, N are in this order. Then the straight lines 

AK, KC, CL, LA shall be respectively parallel to the 

sirai^?it lines BM, MD, DN, NB; and the rectangle 

TK, TN sJiall he equoX to t?ie rectaifigle 'lli, T^^ audf 

^S^al to the rectangle TO, TB. 

J^oin ACy BI>. Then the triaiig\ea TAG «cA TBT> w. 
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equiangular ; and therefore TA is to 7!5 as ^C)' is to BD 
(VI. 4, V. 16), that is, as AK is \jqBM, 




Therefore the triangles TAK and TBM are similar 
(VI. 7); therefore the angle TAK is equal to the angle 
TBM; and therefore AK is parallel to BM. Similarly 
AL is parallel to BN. And Ibecause AK is parallel to 
BM and AC parallel to BDy the angle CAK is equal 
to the angle DBM ; and therefore the angle CLK is equal 
to the angle DNM (III. 20) ; and therefore GL is parallel 
to DN, Similarly GK is parallel to DM. 

Now TM is to TZ> as ri> is to TN (III. 37, YI. 16); 
and raf is to 77> as TK is to 3^(7 (VI. 4); therefore 7X 
is to TG as 77> is to TN\ and therefore the rectangle 
TK, TN is equal to the rectangle TG, TD. Similarly the 
rectangle TL, TM is equal to the rectangle TG, TD, 

If each of the given circles is without the other we 
may suppose the straight line which touches both circles 
to meet AB at T between A and B, and the above results 
will all hold, provided we interchange the letters JT and X ; 
so that the five letters are now to be in the following 
order, L, K, T, M, N 

The point Tia called a centre of sitHxl-^'w^ ^'^ ^^'^ '^'^ 
circlea. 
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15. To describe a circle which shall pass through a 
given point and touch two given circles. 

Let A be the centre of the smaller circle and B the 
centre of the larger circle ; and let E be the given point. 




Draw a straight line touching the former circle at G and 
the latter at Z>, and meeting the straight line AB, pro- 
duced through A, at T, Join TE and divide it at Z' so 
that the rectangle TE, TF may be equal to the rectangle 
-72^ TD, Then describe a circle to pass through E and E 

^and touch either of the given cirdea i^^^V* ^'^^ ^^\«k ^<ik 

required circle. 
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For suppose that the circle is described so as to touch 
the smaller given circle ; let 6? be the point of contact; we 
have i^en to shew that the described drde will also 
touch the larger given circle. Join T6r, and produce it 
to meet the larger given circle at H. Then the rectangle 
TG, THU equal to the rectangle TC, TD (14) ; therefore 
the rectangle TG, TH is equal to the rectangle TE, TF\ 
and therefore the described circle passes through H. 

Let be the centre of this circle, so that OGA is a 
straight line ; we have to shew that OHB is a straight 
line. 

Let TG intersect the smaller circle again at K\ then 
^^ is parallel to BH (14) ; therefore the angle AKT is 
equal to the angle BHG ; and the angle AKG is equal to the 
angle AGK, which is equal to the angle OGH, which is 
equal to the angle OHG, Therefore the angles BHG and 
OHG together are equal to AKT and AKG together ; 
that is, to two right angles. Therefore OHB is a straight 
line. 

Two solutions will be obtained, because there are two 
solutions of the problem in 10. Also, if each of the given 
circles is without the other, two other solutions can be 
obtained by taking for T the point between A and B 
where a straight line touching the two given circles meets 
AB, The various solutions correspond to the circum- 
stance that the contact of circles may be external or 
intemaL 

16. To describe a circle which shall touch three given 
circles. 

Let A be ihe centre of that circle which is not greater 
than either of the other circles; let B and C be the centres 
of the other circles* With centre B, and radius equal to 
the excess of the radius of the circle with centre B over 
the radius of the circle with centre A, describe a circle. 
Also with centre C, and radius equal to the excess of the 
radius of the circle with centre C over the radius of tM 
circle with centre A, describe a cir^^^. \iewst^w^ ^ ^^^ 
to touch externally these two deamb^^ w^^'s^ ^s^-^Ha "^*»' 
through A (16). Then a circle liovm^ \Xi^ «ms^^ ^^^3^^ 
tlie last described circle, and Yia^nivs ^ x^^^sa^ "^^^^ 
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the excess of its radius over the radius of the circle with 
centre A, will touch externally the three given circles. 

In a similar way we may describe a circle touching 
internally the three given circles, or toucMng one of them 
extemally and the two others internally, or touching one of 
them internally and the two others extemally. 

17. In a given indefinite straight line it is required 
to find a point svch that the sum of its distances from 
two given points on the same side of the straight line 
shall he the least possible. 




Let A and B be the two given points. From A draw 
a perpendicular to the given straight line meeting it at (7; 
and produce AG io D &o that CD may be equal to -4(7. 
Join DB meeting the given straight line at E, Then E 
shall be the required point. 

For, let F be any other point in the given straight line. 

Then, because AC i& equal to DC, and EC is common to 

the two triangles ACE, DCE\ and that the right angle 

ACE is equal to the right angle DCE\ therefore AE is 

equal to DE, Similarly, AF is equal to DF, And the 

staa of DF and FB is greater than BD (I. 20) : therefore 

the sum of AF and Fn is grea\«t \3aa.Ti BD \ ^^ ^ the 

sum of ^J^ and FB is greater tYiaa ^i^i^ «v«cl oil T>^ ^\ 

^^; therefore the sum of AF m^ FB ^^ ^^^^•^^ ^^i^«». 

^e sum of AE and EB. 
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18. The perimeter qf an isosceles triangle is less than 
that qf any oth€r triangle qf eqtuU area standing on the 
same base. 

Let ABC be an isosceles 
triangle; AQG any other tri- 
angle equal in area and stand- 
ing on tne same base AC. 

Join BQ ; then BQ is paral- 
lel to ^(7(1. 39). 

And it will follow from 17 
that the sum of AQ and QC 
is greater than the sum of AB 
mdBC. 

19. if a polygon be not equilateral a polygon may be 
found qfthe same number qfsides^ and equal in area^ but 
having a less perimeter. 





For, let CD, DE be two adjacent unequal sides of 
the polygon. Join CE. Through D draw a straight line 
parallel to GE, Bisect CE at L\ from L draw a straight 
line at right angles to CE meeting the straight line drawn 
through D at K. Then by remo\mg ftoTDLm<b ^^s^^Sgp^v 
gon me triangle CDE and appV^g >3laft Vjrsas^^^ ?^^^ 
we obtain a polygon having tVi© same> TL^sH!^o^^ v \S^«^^ 
M8 the given polygon, and equal U> \fe Vcl «te«s ^^^ ^ 
« Jesa perimeter (18). c^^^^ 
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20. A avid B are tvso given pcmU on the same side qf 
a given straight line^ and AB proditced meets the given 
straight line at G; of all points in the given Hraight line 
en each side of C, it is required to determine thai at 
which AB stibtends the greatest angle. 

Describe a circle to pajss throug]]t A and B, and to 
touch the given straight hne on that side of C which is to 
be considered (6). Let i> be the point of contact: D 
4ahall be the required point 




For, take any other point E in the given straight line, 
on the same side of C as D is ; draw EA, EB ; then one 
at least of these straight lines will cut the circumference 
ADB, 

Suppose that BE cuts the circumference at F; join AF, 
Then the angle AFB is equal to the angle ADB (III. 21) ; 
and the angle AFB is greater than the angle AEB (1. 16) ; 
therefore the angle ADB is greater than the angle AEB, 



21, A and B are two given points within a circle; 
and AB is dravm and produced both ways %o g» lo d/vm^d^ 
/>^ trj^^ circumference into tvao arcj ; it x« required. \^ 
*^e^ermtne the point in each qf these cwrc« at wK^n. K«. 
^udte7id9 tAe greatest angle. 
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Describe a circle to pass through A and B and to touch 
the drcumferenoe considered (10) : the point of contact 
will be the required point. The demonstration is similar 
to that in the ppecediog proposition. 



22. A and B are two given point* mthont a given 
circle ; it is required to determine the points on the cir- 
cumference of the given circle at which AB subtends tJie 
greatest and least angles. 

Suppose that neither AB nor AB produced cuts the 
given circle. 

Describe two circles to pass through A and j9, and to 
touch the given circle (10): the point of contact of the 
circle which touches the given circle externally will be the 
point where the angle is greatest, and the point of contact 
of the circle which touches the given circle internally will 
be the point where the angle is kast. The demonstration 
is similar to that in 20. 

If AB cuts the given circle, both the circles obtained 
by 10 touch the given circle internally ; in this case the 
angle subtended by ^ J? at a point of contact is less than 
the angle subtended at any other point of the circumference 
of the given circle which is on the same side ofAB, Here 
the angle is greatest at the points where AB cuts the 
circle, and is there equal to two right angles. 

If AB produced cuts the given circle, both the circles 
obtained by 10 touch the given circle externally ; in this 
case the angle subtended by AB at a point of contact is 
greater than the angle subtended at any other point of 
the circumference of the given circle which is on tho 
same side of AB, Here the angle is least at the points 
whore AB produced cuts the circle, and is there zero. 
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23. ff there he four magnitudes such that the first is 
to the second as the third is to the fourth ; then shoM the 
first together with the second he to the excess of the first 
c^ove the second as tJie third together with the fourth is to 
the excess of the third above the fourth. 

For, the first together with the second is to the second 
as the third together with the fourth is to the fourth (V. 18). 
Therefore^ alternately, the first together with the second is 
to the tlurd together with the fourth as the second is to 
the fourth (V. 16). 

Similarly, by V. 17 and V. 16, the excess of the first 
aboye the second is to the excess of the third aboye the 
fourth as the second is to the fourtL 

Therefore, by V. 11, the first together with the second is 
to the excess of the first aboye the second as the third 
together with the fourth is to the excess of the third aboye 
the fourth. 

24. The straight lines drawn at right angles to the 
sides of a triangle from the points ofhisection qfthe sides 
meet at the same point. 

Let ABC be a triangle ; bisect BC at Z), and bisect CA 
KtJS; from D draw a straight line at right angles to BC, 
and from E draw a straight line at right angles to CA ; 




lei these atraight Imes meet at G '. ^«> Vw^ ^^tl^^ ^^^ 

iiiae the atraight line which \)\secta AB ^\. t^\* ^^ 

«&» pasaea through &. Trom ^e> tx^as^^ BB^ « 
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CDG we can shew that BG is equal to CG ; and from the 
triangles CEG and AEG we can shew that CG is equal to 
AG ; therefore BG is equal to AG. Then if we draw a 
straight line from G to the middle point of AB we 
can shew that this straight line is at ri^t angles to ^^: 
that is, the line which bisects AB at right angles passes 
through G. 

25. The straight lines drawn frcmt the angles qf a 
triangle to the points of bisection qf the opposite sides 
meet at the same point. 

Let ABG be a triangle ; bisect BC at 2), bisect GA at 
E, and bisect AB at F; join BE and CF meeting at G; 




C' 'nAG and GD: then AG and GD shall lie in a straight 
e. 

The triangle BEA is equal to the triangle BEG, and 
the triangle GEA is equal to the triangle GEO (I. 38); 
therefore, by the third Axiom, the triangle BGA is equal 
to the triangle BGG. 

Similarly, the triangle GGA is equal to the triangle GGB. 

Therefore the triangle BGA is equal to the triangle GGA. 
And the triangle BGD is equal to the triangle CGD (1. 38) ; 
therefore the triangles BGA and BGD together are equal 
to the triangles GGA and CGD Ui^^Vket. Twst^Vwfe. "v^afe 
triangles BG^A and BGD togelYieT ^xei ^o^^'^^^J^^^ 
triangle ABC. Therefore G mmt i«\\ oxL>iJcL^%^^«^«^^^ 
^I>; that 18, AG and GD lie in a. «te^^V.\asft. 
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26. The straight lines which bisect the angles qf a 
triangle meet ai the same point. 

Let ABC be a triangle ; bisect the angles at B and C 




by straight lines meeting at G; join AGi then AG shall 
bisect the angle at A, 

From G draw GD perpendicular to BC, 6rJ^ perpen- 
dicular to GAy and 6ri^ perpendicular to AB. 

From the triangles BGFsmd BGD we can shew that 
GF is equal to GD ; and from the triangles CGE and 
CGD we can shew that GE is equal to GD ; therefore GF 
is equal to GE. Then from the triangles AFG and AEG 
we can shew that the angle FAG is equal to the angle 
EAG. 

The theorem may also be demonstrated thus. Produce 
AG to meet BG at H, Then AB is to ^if as ^6? is to 
GH, and ^(7 is to CiJ as ^G^ is to GH (VI. 3) ; there- 
fore AB is to 5^ as ^Cis to aZ7(V. 11) ; therefore AB 
is to AG SiS BH is to Gil (V. 16); therefore the straight 
line All bisects the angle at A (VI. 3). 

27. Let ttoo sides of a triangle be produced through 

the base; then the straight lines which bisect the two 

exterior angles thus formed^ and the straight line which 

Ifisec^s the vertical angle qf the triangle^ meet at the same 

pomt 

This may be shewn like 26 •. li ^^^ «^^^^^ ^^ ^^iSKva. 
method we shall have to use V 1. A. 
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28. The perpendiculars dra/um from tJie angles of a 
triangle on the opposite sides meet at the same point. 

Let ABC be a triangle ; and first suppose that it is not 
obtuse angled. From B draw BE perpendicular to CA ; 




from G draw CF perpendicular to AB ; let these perpen- 
diculars meet at (r ; join ^G^, and produce it to meet BG 
at i> : then AD shall be perpendicular to BG, 

For a circle will go round AEGF (Note on III. 22) ; th^^ 
fore the angle FAG is equal to the angle FEG (III. 21). 
And a circle will go round BGEF{IU. 31, Note on IIL 21) ; 
therefore the angle FEB is equal to tiie angle FGB. 
Therefore the angle BAD is equal to the angle BGF, And 
the angle at B is common to the two trian^es BAD and 
BGF. Therefore the third angle BDA is equal to the 
third angle BFG {Note on I. 32). But the angle BFG is 
a right angle, by construction ; therefore the angle BDA is 
a right angle. 

In the same way the theorem may be demonstrated 
when the triangle is obtuse angled. Or this case may be 
deduced from what has been already shewn. For suppose 
the angle at A obtuse, and let the peipendicular from B 
on the opposite side meet that side proaiuced at E^ and let 
the perpendicular from G on the o^osite side meet that 
side produced at F\ and let BE wcA OF \ife ^^Q^i».^^ft 
meet at G, Then in the triaiigX© BOG ^^ ^^^^''^^^^^^ 
^I'md CE meet at A ; t\ieTeior^\>^ "^"^^^^^^^^C 
Btraight ]me QA produced ^mVL \>e ve^c^^^^"^"^^^^ 
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29. If from any point in the circumference qf the 
circle described round a triangle perpendiculars he drawn 
to the sides of the triangle, the three points cf intersection 
are in the same straight line. 

Let ABC be a triangle, P any point on the circum- 
ference of the circumscribing circle; from P draw P2>, 




PEj PF perpendiculars to the sides BC, CA,AB respec- 
tively I DjE^F shall be in the same straight lina 

[We will suppose that P is on the arc cut off by AB, on 
the opposite side from C, and that E is on CA produced 
through A ; the demonstration will only have to be slightly 
modified for any other figure.] 

A circle will go round PEAF {Note on III. 22) ; there- 
fore the angle PFE is equal to the angle PAE (III. 21). 
But the angles PAE and PAG are together equal to. two 
right angles (I. 13); and the angles PAG and PBC are 
t(^ether equal to two right angles (III. 22). Therefore 
the angle PAE is equal to the angle PBG\ therefore the 
angle PFE is equal to the angle PBG 

A^in, a circle will go round PFDB {Note on III. 21) ; 

thererore the angles PFD and PBD are together equal 

to two right angles (III. 22). But VSie «xv^<a PBD Vsaa 

been shewn equal to the angle P'FB. "IVveteiat^ ^^ «»^«^ 

;^J^Z> and PFE are together ec^ml ^ Vw^ J^^'^ wi^'^ 

Therefore J3F and FD are in the aame fttT^d«»^32aa. 
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30. ABC is a triangle, and is the point qf inter- 
seotion of the perpendicularg from A, B, C on the opposite 
aides of the triangh: the circle which passes throtigh the 
middle points qf OA, OB, OC tcill pass through tJiefeet 
of the perpendiculars and through the middle points qf 
tJie sides of the triangle. 

Let 7), E, F be the middle points of OA, OB, OG 
respectively ; let 6^ be the foot of the perpendicular from 
A on BC, and H the middle point of BCJ. 




Then OBG is a right-angled triangle and E is the 
middle point of the hypotenuse OB ; therefore EQ is equal 
to E0\ therefore the angle EGO is equal to the angle 
EOO. Similarly, the angle FGO is equal to the angle 
FOG. Therefore the angle FGE is equal to the angle 
FOE, But the angles FOE and BAG are together equal 
to two right angles ; therefore the angles FGE and BAG 
are together equal to two right angles. And the angle BAG 
is ^ual to the angle EDF, because ED, DF are parallel 
to BA, AG (VI. 2). Therefore the angles FGE and EDF 
are together equal to two right angles. Hence 6}^ is on the 
drcuimerence of the circle which passes through D^ E^ F 
{Note on III. 22). 

^ As^ain, FH is parallel to OB, wi^ EH ^^^c^'^'^SS;^, 
therefore the angle EHF ia ea\3L^\ Xa ^^ J^^'^^..>^ 
Therefore iETis also on the cvrcainieteTi^ o^'Caft ^^^'^ 
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Similarly, the two points in each of the other sides of 
the triangle ABC may be shewn to be on the circum- 
ferenee of the circle. 

The circle which is thus shewn to pass through these 
nine points may be called the Nine points circle: it has 
some curious properties, of which wewM now give two. 

The radiiLS of the Nine points circle is half of the 
radius of the circle described round the original triangle. 

For the triangle DEP has its sides respectively halves 
of the sides of the triangle ABC, so that the triangles are 
similar. Hence the radius of the circle described round 
DEF is half of the radius of the circle described round 
ABC, 

If ^ he the centre of the circle described round the 
triangle ABC, the centre cf the Nine points circle is the 
middle point q/'SO. 

For ffS is at right angles to BC, and therefore parallel 
to GO, Hence the straight line which bisects IIG at right 
angles must bisect SO, And II and G are on the circum- 
ference of the Nine points circle, so that the straight line 
which bisects HG at right angles must pass through the 
centre of the Nine points circle. Similarly, from the other 
sides of the triangle ABC two other straight lines can be 
obtained, which pass through the centre of the Nine points 
circle and also bisect SO, Hence the centre of the Nine 
points circle must coincide with the middle point of SO. 

We may state that the Nine points circle of any triangle, 
touches the inscribed circle and the escribed circles of the 
triangle: a demonstration of this theorem will be found 
in the Plane Trigonometry, Chapter xxiv. For the history 
of the theorem see the NouveUes Annales de Mathema- 
tiques for 1863, page 562. 

31. If two straight lines bisecting two angles of a tri- 
angle and terminated at the opposite sides be equaly the 
bisected angles shall be eqtiaL 

Let ABC be a triangle ; let the straight line BD bisect . 

the angle at B, and be terminated at the side AC*, and 

Jei the straight line (7^ bisect tVie a.Ti^^ «A. C,^\A\>^jk t«c- 

njdnated at the side AB ; and lei tt^^ a^^^^^"^"^^ BI>\iSb 

equal to ^Ae straight lino CE \ t\i©u \>^e «si%la ^ ^ ^^>wb 

egnal to the angle at C, 
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For, let BD and CE meet at O) then if the angle OBC 
be not equal to the angle OCB^ one of them must be 
greater than the other ; let the angle OBC be the greater. 
Then, because GB and BD are equal to BC and CJE, each 
to each ; • but the angle CBD is greater than the angle 
BCB; therefore CI> i& greater than BB (I. 24). 

On the other side of the base BC make the trian^e 
BCF equal to the triangle CBJE^ so that BF may be equal 
to CE, and CF equal to BE (I. 22) ; and join DF 

Then because BF is equal to BD, the angle BFD is 
equal to the angle BDF. And the ai^le OCD is, by hy- 
pothec less tlym the angle OBE ; and the angle COD is 
equal to the angle BOE; therefore the angle ODC is 
greater than the angle OEB (I. 32), and therefore the 
angle ODC is greater than the angle BFC, 

Hence, by taking away the equal andes BDF and 
BFD, the angle FDC is greater than tibe angle DFC; 
and therefore CF is greater thaa CD (I. 19) ; therefore BE 
is greater than CD, 

But it was shewn that CD is greater than BE; wl^idi 
is absurd. 

Therefore the angles OBC and OCB «c^ ^^H» xss^^^^^ 

that 18, tbey are equal; and fiiexeioTe ^^ «s^^ A.»Q\ 

equaJ to the angle A CB^ , :» a c 

[For the history of this tlieoTem ^e^^ I-o-^^* '^'^ ^ 

Neman's Diary for 1859, page SS:\ 
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32. if a qtmdrilateral figure does not admit of having 
a circle described round it, the sum of the rectangles con^ 
tained by the opposite sides is greater than the rectangle 
contained by the diagonals. 

Let ABCD be a quadrilateral figure which does not 
admit of haying a circle described round it ; then the rect- 
angle AB, DC, together with the rectangle BC, AD, shall 
be greater than the rectangle AC, BD. 




For, make the angle ABE equal to the angle DEC, 
and the angle BAE equal to the angle BDC\ then the 
tnriangle ABE is similar to the triangle BDG (VI. 4) ; 
therefore ABS&\fi AE2A DB is to DC ; and therefore the 
rectangle AB, DC is equal to the rectangle AE, DB, 

Join EC, Then, since the angle ABE is equal to the 
angle DBC, the angle CBE is equal to the angle DBA, 
And because the triangles ABE and DBC are similar, AB 
is to DB as BE is to BC\ therefore the triangles ABD 
and EEC are similar (VI. 6) ; therefore C5 is to Ci^ as 
DB is to DA\ and therefore the rectangle CB, DA is 
equal to the rectangle CE, DB, 

Therefore the rectangle AB, DC, together with the 
rectangle BC, AD is equal to the rectangle AE, BD 
together with the rectangle CE, BD ; that is, equal to the 
rectangle contained by BD and the sum of AE and EG, 
But the sum of AE and EC is greater than AC (I. 20); 
therefore the rectangle AB, DU^ together with the rect- 
^gle £0, AD 18 greater than \h^ xe^iWi^^ AC, BB. 
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33. If the rectangle contained by the diagonals of a 
qttadrilateral be equal to the sum of the rectangles con- 
tained by the opposite sides, a circle can be described round 
the quadrilateral. 

This is the converse of YI. 2) ; it c&n be demonstrated 
indirectly with the aid of 32. 

34. It is required to find a point in a given straight 
line, such that the rectangle contained by its distances fr dm, 
two given points in the straight line may be equal to the 
rectangle contained by its distances from two other given 
points in the straight line. 

Let A, B, C, D hQ four given points in the same 
straight lino: it is required to mid a point in the straight 




line, such that the rectangle contained by its distances 
from A and B may be equal to the rectangle contained by 
its distances from C and Z>, 

On AD describe any triangle ABD; and on CB de- 
scribe a similar triangle CFB, so that CF is parallel to 
AB, and BF to DB; join BF, and let it meet the given 
straight line at O, Then shall be the required point 

For, OE ia to OA as OF ia V) 00 ^\. A^\ KissKt^\^^ 

6?^ 18 to OF as OA is to OQ CV. \^Y ^VhSl^xM ^^X. 

OF as OD 18 to OB, Therefor© OA \^ \^ OC ^. ^^^^p 

^f^ (V. 11). Therefore the recW^le O A, OB ^ ^^«S^^ 

^e recUin^le OC, OD. 
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The figure will vary slightly according to th^ situatieD 
of the four giyen points, but corresponding to an assieQed 
ffltuation there will be only one pomt such as is required. 
For suppose there could be such a point P, besides the 
point which is determined by the construction given 
above ; and that the points are in the order Ay C, J>, B^ O.P, 
Join PB, and let it meet CF, produced at & ; join BG. 
Then the rectangle PA, PB is, by hypothesis, equal to the 
rectangle PC, PD\ and therefore PA ia to PG as PD is 
to PB, But P^ is to PC as P^ is to PQ (VL 2) ; there- 
fore PD is to P5 as P-Sis to PQ (V. 11); therefore -BGf 
is parallel to DE. 

But, by the construction, BF is parallel to ED\ there- 
fore BG and BF are themselves parallel (I. 30) ; which is 
absurd. Therefore P is not such a point as is required. 

ON GEOMETRICAL ANALYSIS. 

35. The substantives analysis and synthesis, and the 
corresponding adjectives analytical and syntlietical, are of 
frequent occurrence in mathematics. In general analysis 
means decomposition, or the separating a whole into its 
parts, and synthesis means composition, or making a whole 
out of its parts. In Geometry however these words are 
used in a more special sense. In synthesis we begin with 
results already established, and end with some new result ; 
thus, by the aid of theorems already demonstrated, and 
problems already solved, we demonstrate some new theo- 
rem, or solve some new problem. In analysis we begin 
with assuming the truth of some theorem or the solution of 
some problem, and we deduce from the assumption con- 
se^^uences which we can compare with results already esta- 
blished, and thus test the vahdity of our assumption. 

36. The propositions in Euclid's Elements are all ex- 
hibited synthetically; the student is only employed in ex- 
amining the souncmess of the reasoning by which each 
successive addition is made to the collection of geometncal 
truths already obtained ; and there is no hint given as to 
the maimer in which the propositions were originally dis- 

eorered Some of the conBtrufitioios ^ciiA. ^?iT£tfi\!&tTcswkions 

appear rather artificial, and vve are ^iJa»& \i^\.\\T^ V^^^s^^ 

^ enqaire whether any r\]^s caa\>e^coNet^^\yj7^c^ 

^e m^y be guided easily and uatxiiiXV^ \^> >^^ m^^Xiv^H^«^ 

of new proportions. 
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37. Geometrical analysis has sometimes been described 
in language which might lead to the expectation that 
directions could be given which would, enable a student 
to proceed to the demonstration of any proposed theorem, 
or the solution of any proposed problem, with confidence of 
success ; but no such directions can be given. We will 
state the exact extent of these directions. Suppose that a 
new theorem is proposed for investigation, or a new 
problem for trial Assume the truth of the theorem or the 
solution of the problem, and deduce consequences from 
this assumption combined with results whicn have been 
already established. If a consequence can be deduced 
which contradicts some result already established, this 
amounts to a demonstration that our assumption is inad^ 
missible ; that is, the theorem is not true, or the problem 
cannot be solved. If a consequence can be deduced which 
coincides with some result already established, we cannot 
say that the assumption is inadmissible ; and it may happen 
that by starting from the consequence which we deduced, 
and retracing our steps, we can succeed in giving a syn- 
thetical demonstration of the theorem, or solution of the 
problem. These directions however are very vague, be- 
cause no certain rule can be prescribed by which we are to 
combine our assumption with results already established; 
and moreover no test exists by which we can a^icertain 
whether a valid consequence which we have drawn from 
an assumption will enable us to establish the assumption 
Itself. That a proposition may be false and yet furnish 
consequences which are true, can be seen from a simple 
example. Suppose a theorem were proposed for investi- 
gation in the following words ; one angle of a triangle is to 
another as the side opposite to the first angle is to the side 
opposite to the other* If this be assumed to be true we 
can immediately deduce Euclid's result in I. 19 ; but from 
Euclid's result in I. 19 we cannot retrace our steps and 
establish the proposed theorem, and in fact the proposed 
theorem is false. 

Thus the only definite statement in the directions 
respecting Geometri(^ analysis la, t\i^t ^i ^ ^iKs^ia^«^KWiR. 
can be deduced from an asaxxmed "wovsi^^^^sfCL ^?^k^ ^^*^^~ 
tradicta a result already eatabWsYieQL, >SMiX. ^aasjoss^^^ -^^vs^'^ 
sition must be false. cj^ 
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38. We may mention, in particular, that a consequence 
would contradict results already established, if we could 
shew that it would lead to the solution of. a problem 
already given up as impossible. There are three famous 
problems which are now admitted to be beyond the power 
of Geometry ; namely, to find a straight line equal in length 
to the circumference of a given circle, to trisect any given 
angle, and to find two mean proportionals between two 
given straight lines. The grounds on which the geometrical 
solution of these problems is admitted to be impossible 
cannot be explained without a knowledge of the higher 
parts of mathematics ; the student of the Elements may 
however be content with the fact that innumerable attempts 
have been made to obtain solutions, and that these attempts 
have been made in vain. 

The first of these problems is usually referred to as 
the Quadrature of the Circle. For the history of it the 
student should consult the article in tiie English Cyclo- 
pcBdia under that head, and also a series of papers in the 
Athenaeum for 1863 and subsequent years, entitled a 
Budget of Paradoxes^ by Professor De Morgan. 

For approanmate solutions of the problem we may 
refer to Davies's edition of Hutton*s (fourse of Mathe- 
matics, Vol. I. page 400, the Lad\fs and Gentleman^s 
Diary for 1855, page 86, and the Philosophical Maaazinc 
for April, 1862. 

The third of the three problems is often referred to as 
the Duplication of the Cube. See the note on VI. 13 in 
Lardner's Euclid, and a dissertation by C. H. Biering en- 
titled Historia Prdblematis CuU Duplicandi...RaxadBd. 
1844. ^ 

We will now give some examples of Geometrical ana^ 
lysis. 

39. From two given points it is required to draw to 
the same point in a given straight line, two straight lines 
equally inclined to the given straight line. 

Let A and B be the given points, and CD the given 
simigbt line. 

Suppose AE and EB to \>© \^\e \?wo %\x^\^ Xsjar^ 
equally inclined to CD. Draw BF ^t^\sS!ssss^^ \ft Cl>^ 
^d produce AE and BF to meet «A, G. 'tViftii ^^ «a^ 
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BED is equal to the angle AEO, by hypothesis ; and the 
angle AEG is equal to the angle DEQ (I. 15). Hence the 




triangles BEF and GEF are equal in all respects (I. 26) ; 
therefore FG is equal to FB. 

This result shews how we may synthetically solve the 
problem. Draw BF perpendicular to (7Z>, and produce 
it to Gy so that FG may be equal to FB-, then join AGy 
and AG will intersect CD at the required point. 

40. To divide a given itraight line into two parts 
such that the difference of the squares on the parts may he 
equM to a given square. 

Let AB be the given straight 

line, and suppose C the required ^ ^ « 

point. ^ O IS 

Then the difference of the 
squares on ^C7 and BG is to be equal to a given square. 
But the difference of the squares on AG and BG is equal 
to the rectangle contained oy their sum and difference; 
therefore this rectangle must be equal to the given square. 
Hence we have the following synthetical solution. On AB 
describe a rectangle equal to the given square (1. 46); then 
the difference oi AG and GB will be equal to the side 
of the rectangle ac^acent to AB, and is therefore known. 
And the sum of -40^ and GB is known. Thus AG and GB 
are known. 

It is obvious that the given square must not excieeKLthfik 
square on AB, in. order that the proXAewiTQJKS ^i^^^^'sS^^ 

There are two positions of C, \i \t \^ tlo\» ^^^'d^^^^**^^, 
of the two 8egmeniA AC aad GB \a \ft\>^ ^eaXfeX XJkko^^^s^* 
other; but only one positLon, if it ift sp^cv&ft^ 
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In like manner we may solve the problem, to produce 
a given straight line $o that the square on the whole 
straight line made up of the given straight' line and the 
part produced^ may exceed the sqiuire on the part pro- 
duced by a given square, which is not less than the square 
on the given straight line. 

The two problems may be combined in one enunciation 
thus, to divide a given straight line internally or exter- 
nally so that the difference of the squares on the segments 
may be equal to a given square. 

41. To find a point in the circumference of a given 
segment of a circle^ so that the straight lines which join 
the point to the extremities of the straight line on which 
the segment stands may be together equal to a given 
straight line. 




Let ACB be the circumference of the ^ven s^ment, 
and suppose C the required point, so that the sum of AG 
and GjS is equal to a given straight line. 

Produce -4C to Z> so that CD may be equal to GB; 
and join 1>B. 

Then AD is equal to the given straight line. And the 
angle AGB is equal to the sum of the angles GDB and 
GBD (I. 32), that is, to twice the angle GDB (1. 6). There- 
fore the angle ADB is half of the angle in the given seg- 
ment Hence we have the following synthetical solution. 
Describe on AB b, segment of a circle containing an angle 
equal to half the angle in the gWeu w>sc£i«iiV ^VCa. A ^ 
centre, and a radius equal to i\i^ ^gt^^^ .^t'^^^^^'^.^.t 
descii^ a circle. Join ^ wit\i a w^ ^^ ^^^^^^?^ 
ith circle and the segment wliio\i\^>^^^«^^^^^^ 
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joining straight line will cut the circumference of the 
giyen segment at a point which solves the problem. 

The given straight line must exceed AB and it must 
not exceed a certain straight line which we will now deter- 
mine. Suppose the circumference of the given segment 
bisected at E: join AE, and produce it to meet the cir- 
cumference of the described segment at F, Then AE is 
equal to EB (III. 28), and EB is equal to EF for the 
same reason that GB is equal to CD. Thus EA, EB, EF 
are all equal ; and therefore E is the centre of the circle 
of which ADB is a segment (III. 9). Hence AF is the 
longest straight line which can be drawn from A to the cir- 
cumference of the described segment; so that the given 
straight line must not exceed twice AE. 

42. To describe an isosceles triangle having eaJSh of 
the angles at the base double of the third angle. 

This problem is solved in IV. 10 ; we may suppose the 
solution to have been discovered by such an analysis as the 
following. 

Suppose the triangle ABD such a 
triangle as is required, so that each of 
the angles at B and D is double of the 
angle at A. 

Bisect the angle at D by the straight 

line DC. Then the angle ADC is equal 

to the angle at A ; therefore CA is 

equal to CD. The angle CBD is equal 

to the angle ADB, by hypothesis ; the angle CDB is equal 

to the ang^Ie at A ; therefore the third angle BCD is equal 

to the third angle ABD (I. 32). Therefore BD is equal 

to CD (I. 6) ; and therefore BD is equal to AC 

Since the angle BDC is equal to the angle at A, the 
straight line BD will touch at D the circle described 
round the triangle ACD {Note on III. 32). Therefore the 
rectangle AB, BC is equal to the square on BD (III. 36). 
Therefore the rectangle AB, BC is equal to the square 
on AC. 

Therefore AB is divided at C m \}aft \fissssBBt x«ci;?ss5^ 
mil. II. ^ ^ 

Bence the synthetical ao\uUoiiol>(J£v€^\pc^5^^^'^^^^^*^ 
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43. To imcrtbe a sqttare in a gwen triangle, 

Let^J9(7bethe 
given triangle, and 
suppose DEFG the 
required square. 

Draw AH perpen- 
dicular to BC^ and 
^iTparallelto^a; 
and let BF produc- 
ed meet AK at K» 

Then BGS&toGF 

a.sBA is to^A; and BG is to GD2aBA is to ^jS" (VI. 4^ 

But G^i^is equal to GD, by hypothesis. 

Therefore BA is to AK as BA is to AH (V. 7, V. 11] 

Thirefore ^iJis equal to AKiJ, 7). 

Hence we have the following synthetical solution. Drai 
AK parallel to BC^ and equal to aH\ and join BK. Thei 
BK meets ^(7 at one of the comers of the required square 
and the solution can be completed. 

44. Through a given point between two given straigh 
lines, it is required to draw a straight line, such that th 
rectangle contained hy the parts between tJie given point am 
the given straight lines may he equal to a given rectangle. 

Let P be the given point, 
and AB and AG the given 
straight lines ; suppose MPN 
the required straight line, so 
that the rectangle MP, PN 
is equal to a given rectangle. 

Produce AP to Q, so that 
the rectangle AP, PQ may 
be equal to the given rect- 
ande. Then the rectangle 
MP, PN is equal to the 

rectangle AP, PQ. Therefore a circle will go rona 
AMQN (Note on III. 36). Therefore the angle PNQ i 
equal to the angle PAM (III. 21). 

Hence we have the following synthetical solution. Pre 

duce AP to Q, so that the xectMi^Q ^^4,^^ "^^^ ^ 

equal to the given rectangle-, deacnSae^ on PQ \^^^ 

of a circle containing an angle eq;yiaV y>^> .^^r'^^A 

Join J^ with a point of intefsectioii oi ^^^\^2^^^^ 

tibe atraight line thus drawn Bolvea t\xe pToX>vem. 
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46. In a given circle it is required to inscribe a tri- 
angle so that two sides mag pass through two given points^ 
and the third side he parallel to a given ^raight line, 

C J> 




Let A and B be the given points, and CD the given 
straight line. Suppose PmN to be the required triangle 
inscribed in the given circle. 

Draw NE parallel to AB; join EM, and produce it if 
necessary to meet AB at F, 

If the point F were known the problem might be con- 
sidered solved. For ENM is a known angle, and therefore 
the chord EM is known in magnitude. And then, since F 
is a known point, and EM is a known magnitude, the posi- 
tion of M becomes known. 

"We have then only to shew how i^ is to be determined. 
The angle MEN is equal to the angle MFA (I. 29). The 
angle MEN is equal to the angle MPN (III. 21). Hence 
MAF and BAP are similar triangles (VI. 4). Therefore 
MA is to AF as 5^ is to AP. ^\vet^lcyt^ 'Oesa x^^si^^ 
MA, AP 18 equal to the Tectasig\^ B A, AT^ ^^>\^^> 
smce A ia a given point the Tect,a.T\^e> M A^ Ai? -«► 
and AB ia known ; thus AF ^ daX^xYxscaft^ 
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46. In a given circle it is required to inscribe a tri- 
angle so that the sides may pass through three given 
points. 

Let Ay By C he the three given pomts. Suppose PMN 
to be the required triangle inscribed in the given circle. 




Draw NE parallel to AB^ and determine the point F 
as in the preceding problem. We shall then have to de- 
scribe in the given circle a triangle EMN so that two of 
its sides may pass through given points, F and (7, and the 
third side be parallel to a given straight line AB, This 
can be done by the preceding problem. 

Thic example and the preceding are taken from the 
work of Catalan already cited. The present problem is 
sometimes called Ca^tillon^s and sometimes Cramer's; the 
history of the general researches to which it has given rise 
will be found in a series of papers in the Mathematician^ 
Vol. in. by the late T. S. Davies. 

ON LOCI. 

4T, A locus consists of all tli© poVsAa ^\vv^ «aJC\^ <5«t- 
^ conditiona and of those pomta aXoTi^- '^'^^^^''V^'" 
PJe, the locus of the points Well at€^ ^^ ^^^e^^i^Xasi^ 
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from a given point is the surface of the sphere described 
from the given point as centre, with the given distance as - 
radius; for all the points on this surface, and no other 
points, are at the given distance from the given point If 
we restrict ourselves to all the points in a fixed plane which 
are at a given distance from a given point, the locus is the 
circumference of the circle described from the given point 
as centre, with the given distance as radius. In future we 
shall restrict ourselves to loci which are situated in a fixed 
plane, and which are properly called plane loci. 

Several of the propositions in Euclid furnish good exam- 
ples of loci. Thus the locus of the vertices of all triangles 
which are on the same base and on the same side of it, and 
which have the same area, is a straight line parallel to the 
base ; this is shewn in I. 37 and I. 39. 

Again, the locus of the vertices of all triangles which 
are on the same base and on the same side of it, and which 
have the same vertical angle, is a segment of a circle de- 
scribed on the base ; for it is shewn in III. 21, that all the 
points thus determined satisfy the assigned conditions, and 
it is easily shewn that no other points do. 

We will now give some examples. In each example we 
ought to shew not only that all the points which we indi- 
cate as the locus do fulfil the assigned conditions, but that 
no other points do. This second part however we leave to 
the student in all the examples except the last two; in 
these, which are more difficult, we have given the complete 
investigation. 

48. Required the locits of points which are equidis- 
tant from two given points. 

Let A and B be the two given points; join AB\ and 
draw a straight line through the middle point of AB at 
right angles to AB; then it may be easily shewn that this 
straight line is the required locus. 

49. Required the locus qf the vertices of all triangles 
on a given base AB, such that th£ square on the side ter- . 
minated at A may exceed the square on X\sa %\.dA XwrcvV 
noted ai By by a given square. 

Suppose Oto denote a point oii\\i€>xfeQJffi^^^^^^^'^>^^ 
Odraw a perpendicular on tVie ^^en^>««ft,^^^^'^^^ 
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dnced if necessary, at 2>. Then the square on AG is equal 
to the squares on AD and CD, and the square oh BV is 
equal to the squares on BD and CD (I. 47) ; therefore the 
square ou AG exceeds the square on BC by as much as the 
square on AD exceeds the square on BD. Hence 2> is a 
fixed point either in AB or in AB produced through B, (40\ 
And uie required locus is the straight line drawn througn 
D, at right angles to AB. 

50. Required the locus qf a point stich thai the straight 
lines drawn /ram it to touch two given circles may he 
equal. 

Let A be the centre of the greater circle, B the centre 
of a smaller circle ; and let P (&note any point on the re- 
quired locus. Since the straight lines drawn from P to 
touch the given circles are equal, the squares on these 
straight lines are equal. But the squares on PA and PB 
exceed these equal squares by the squares on the radii of 
the respective circles. Hence the square on PA exceeds 
the square on PB^ by a known square, namely a square 
equal to the excess of the square^ on the radius of the circle 
of which A is the centre over the square on the radius of 
the circle of which B is the centre. Hence^ the required 
locus is a certain straigbt line which is at right angles io 
AB (49). 

This straight line is called the radical cuds of the two 
circles. 

If the given circles intersect, it follows froffi III. 36, 
that the straight line which is the locus coincides with the 
produced parts of the common chord of the two circles. 

51. Required the locus qf the middle points qf aU 
tJie chords of a circle which pass through a fixed point. 

Lot A be the centre of the given circle ; B the fixed 
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point; let any chord of the circle' be drawn so that, pro- 
duced if necessary, it may pass through B, Let P he the 
middle point of this chord, so that P is a point on the re- 
quired locus. 

The straight line AP is at right angles to the chord of 
which P is the middle point (III. 3) ; therefore P is on the 
circumference of a circle of which ^^ is a diameter. 
Hence if B be within the given circle the locus is the cir- 
cumference of the circle described on AB as diameter ; if 
B be without the given circle the locus is that part of the 
circumference of the circle described on AB as diameter, 
which is within the given circle. 

52. is a fixed point from which any straight line 
is drawn meeting a fixed straight line at P ; in OP a 
point Q is taken such that OQ w ^o OP in a fixed ratio: 
determine the lociis of Q. 

We shall shew that the locus of Q is a straight line. 

For draw a perpendicular from on the fixed straight 
line, meeting it at C7 ; in OC take a point J) such that 01) 
is to 0(7 in the fixed ratio ; draw from any straight line 
OP meeting the fixed straight line at P, and in OP' take a 
point Q such that OQ is to OP in the fixed ratio; join 




01?. The triangles ODQ and OOP «c^ ^as^ax !^^1^> 
therefore the angle ODQ is ecmal \iO ^i^ckfe «».^^ ^9 v^^%jb 

therefore a riffht angle. Hence Q \\e^ V». ^^ ^^swe^^S^ ^ 

drawn through D at right aJig\ea \o OD. 
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63. O U a fixed point from which any straight line 
is drawn meeting the circumference of a fixed circle at P ; 
in OP a point Q is taken sicch that OQ is to OP in a fixed 
ratio: determine the loctis of Q, 

We shall shew that the locos is the circumference of a 
circle. 




For let C be the centre of the fixed circle ; in OC take 
a point £> such that OD is to OC in the fixed ratio, and 
draw any radius CP of the fixed circle ; draw £>Q parallel 
to CP meeting OP, produced if necessary, at Q, Then the 
triangles OCP and ODQ are similar (VI. 4), and therefore 
OQ is to OP as OD is to OC, that is, in the fixed ratio. 
Therefore Q is a point on the locus. And DQ is to CP 
in the fixed ratio, so that DQ is of constant length. Hence 
the locus is the circumference of a circle of whicTi D is the 
centre. 

64. There are four given points A, B, C, D in a 
straight line; required the locus cf a point at which AB 
and CD subtend equal angles. 

Find a point in the straight line, such that the rect- 
angle OAy OD may be equal to the rectangle OB, OC (34), 
and take OK such that the square on OK may be equal to 
either of these rectangles (II. 14) : the circumference of the 
circle described from as centre, with radius OK, shall be 
libe required locus. 

fWe will take the case in w\iic\i \3[i^ i^VsAa ^fica m 'O&a 
followinff order, O, Ay B, C, D.^ 

For let I> be any point on t\xe carexflBi^Ksacfe ^1 Hto 
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circle. Describe a circle round PAD, ajid also a circle 




round PBC; then OP touches each of these circles (III. 37) ; 
therefore the angle OPA is equal to the angle PDA, 
and the angle OPB is equal to the angle PCB (III. 32> 
But the angle OPB is equal to the angles OPA and APB 
together, and the angle PCB is equal to the angles CPD 
and PDA together (I. 32). Therefore the angles OPA 
and APB together are equal to the angles CPD and 
PDA together; and the angle OPA has been shewn equal 
to the angle PDA ; therefore the angle APB is equal to 
the angle CPD. 

We have thus shewn that any point on the circumference of 
the circle satisfies the assigned conditions; we shall now 
shew that any point which satisfies the assigned conditions 
is on the circumference of the circle. 

For take any point Q which satisfies the required con- 
ditions. Descnbe a circle round QAD, and also a circle 
round QBC, These circles will touch the same straight 
line at Q; for the angles AQB and CQD are equal, and 
the converse of III. 32 is true. Let this straight line which 
touches both circles at Q be drawn; and let it meet the 
straight line containing the four given points at B. Then 
the rectangle RAy RD is equal to tha x^c,\asv^<6 RB^B55\ 
for each is equal to the square oui RQ ^W. ^^^. 'W^^^^^^ 
^ must coincide with O (34^ •, and \Jti«telcst^ R<^ "^.k^ 
equal to OK. Thus Q muBt V>© oii \Jti^ ^^^'^'"^^JS^ 
wcle ot which is the centre, and OK \Jcve^rt^^ 
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56, Required the locus of the vertices qf cUl ths tri- 
angles ABC which stand on a given base AB, afid have 
the side AC to the side BC in a constant ratio. . 

If the sides AC and BC are to be equal, the locus is 




the straight line which bisects AB at right angles. We 
will suppose that the ratio is greater than a ratio of equal- 
ity; so that -4 (7 is to be the greater side. 

Divide AB at D so that AD is to DB in the given ratio 
(VI. 10); and produce AB to E, so that AB is to BB in 
the given ratio. Let P be any point in the required locus ; 
join PD and PB, Then PD bisects the angle APB, and 
PB bisects the angle between BP and AP produced. 
Therefore the angle DPB is a right angle. Therefore P is 
on the circumference of a circle described on DB as dia- 
meter. 

We have thus shewn that an^ point which satisfies the 
assigned conditions is on the circumference of the circle 
described on DB as diameter ; we shall now shew that any 
point on the circumference of this circle satisfies the as* 
signed conditions. 

Let Q be any point on the circumference of this circle, 

QA shall be to QB in the assigned ratio. For, take the 

centre of the circle ; and join QO. Then, by construction, 

AB is to BB SL& AD is to DB, and therefore, alternately, 

^J^ia to AD as EB is to DB \ t\ieteloTe> VJaa ^oas^ ^1 AE 

sudAD ia to their difference as t\i© sam oi EB ^jA BB S& 

to their difference (23) ; that is, tYi\ce AO \a ^ Wja^b DO^ 

^tmceDOis to twice BO; theVeioxe AO'v^\f^ DO^DO^ 
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to B0\ that is, ^0 is to OQ as QO is to OB. Therefore 
the triangles AOQ and QOB are similar triangles (VI. 6); 
and therefore ^Q is to G5 as QO is to BO, This shews 
that the ratio of ^Q to BQ is constant;^ we have still to 
shew that this ratio is the same as the assigned ratio. 

We have already shewn that ^0 is to DO as DO is to 
B0\ therefore, the difference of AO and DO is to DO as 
the difference of DO and BO ia to BO (V. 17); that is, 
AD is to DO as BD is to BO ; therefore AD is to BD as 
DO is to BO; that is^ AD is to DB as QO is to BO. 
This shews that the ra^tio of QO to BO is the same as the 
assigned ratio. 



ON MODERN GEOMETRY. 



66. We have hitherto restricted ourselved'to Enclid's 
Elements, and propositions which can be demonstrated 
by strict adherence to Euclid's methods. In modem times 
various other methods have been introduced, and have 
led to numerous and important results. These methods 
may be called semi-geometrical, as they are not confined 
within the limits of the ancient pure geometry; in fact 
the power of the modem methods is obtained chiefly by 
combining arithmetic and algebra with geometry. The 
student who desires to cultivate this part of mathematics 
may consult Townsend's Chapters on the Modern Geo- 
metry of the Point, Line, and Circle. 

We will give as specimens some important theorems, 
taken from what is called the theory of transversals. 

Any line, straight or curved, which cuts a system of 
other lines is called a transversal; in the examples which 
we shall give, the lines will be straight lines, and the sys- 
tem will consist of three straight lines forming a triangle. 

We wiU give a brief eimiici8A.\oiv oi ^i)Rfe ^^yst'ssttL ^^^^ 
we are about to prove, for the sake oi «ja»Y^\I\s^^3w^^'ssa^^ 
m retaining the result ; \)\it tlie eTi\3JMS«JGtf$«^ ^?]^^Uj^. 
Ml J oomprebended until the ^LeoiOiM^JwJtoii^ ^^^ 
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67. If a straight line cut the sides, or the sides pro- 
duced, of a triangle, the product qf three segments in 
order is equal to the product of the otJier three segments. 

Let ABC be a triangle, and let a straight line be draTni 
cutting the side BG at D, the side CA at E, and the side 
AB produced through B at F, Then BD and DC are 




called segments of the side BC, and CE and EA are called 
segments of the side GA, and also AF and FB are called - 
segments of the side AB, 

Through A draw a straight line parallel to BG, meeting 
2>i^ produced at H. 

Then the triangles GED and EAH are equiangular to one 
another; therefore -4-H"is to GD as AE is to EG (VI. 4). 

Therefore the rectangle AH, EG is equal to the rectangle 
CZ>,^^(VI. 16). 

Again, the triangles i^^fl" and FBD are equiangular to 
one another ; therefore -4^ is to BD as FA is to FB (VI. 4). 

Therefore the rectangle AH, FB is equal to the rectangle 
BD, FA (VI. 16). 

Now suppose the straight lines represented by numbers 
in uiQ manner explained in the notes to the second Book of 
the Elements. We have then two results which we can ex- 
press arithmetically: namely, the product AH.EGia equal 
to the product GD,AE\ and the product AH,FB is equal 
to the product BD.FA. 

Therefore, by the principles of arithmetic, the product 
AH. EG. BD. FA is equal to the product ^iJ.i^^.CZ^.^JSr, 
and therefore, by the principles oi ai\^Tftfe\Kft,VJaa -^todsicfc 
^J?. 0£;.AFia equal to the prodwct DC.EA.FB. 

This is the result intended \>7 ^\i^ ^^^"^t^L^^ 
alH>re. .Bacli product is made by toeoaegssi^^^^^ 
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every side of the triangle : and the two segments Tdiich ter- 
minated at any. angular point of the triangle are never in the 
same product Thus if we begin one {>roduct with the seg- 
ment BDi the other segment of the side BC, namely Z>&, 
occurs in the other product ; then the segment CE occurs 
in the first product, so that the two segments CD and CE, 
which terminate at C, do not occur in the same product; 
and so on. 

The student should for exercise draw another figure 
for the case in which the transversal meets all the sides 
prodicced, and obtain the same result. 

58. Conversely, it may be shewn by an indirect proof 
that if the product BD,CE.AF be equal to the product 
DC. EA . FB, the three points i>, E^ F lie in the same 
straight line. 

59. If three straight lines be drawn throiigh the 
angular points of a triangle to the opposite sides, and 
meet at the same point, the product of three segments in 
order is equal to the product of the other three segments. 

Let ABC be a triangle. From the angular points to 
the opposite sides let the straight lines ADD, BOE, COF 
be (frawn, which meet at the point : the product 
AF.BD.CE shall be equal to the product FB,DG.EA. 

For the triangle ABD is cut by the transversal FOO^ 
and therefore by the theorem in 67 the following products 
are equal, AF.BCDO, and FB,CD,OA. 




Again, the triangle ACD la cm^ \>^ ^^^^"^S^^^ 
^O^, and therefore by the tVieoTem m tA ^Va^ 
products are eqi^I, AO.DB.GE aa^i OD .BC -E^- ^^ 
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Therefore, by the principles of arithmetic, the foUowinff 
products are equal, AF. BC , DO . AG , DB . CE and 
FB.CD.OA.OD.BC. EA. Therefore the following 




products are equal, AF,BD,CE dSi^ FB.DC.EA. 

We have supposed the point to be within the triangle ; 
if O be without the triangle two of the points Z>, E, F will 
fall on the sides produced. 

60. Conversely, it may be shewn by an indirect proof 
that if the product AF, BD . CE be equal to the product 
FB, DC.EA, the three straight lines AD, BE, OF meet 
at the same point. 

61. We may remark that in geometrical problems the 
following terms sometimes occur, used in the same sense as 
in arithmetic ; namely arithmetical progression, geometri- 
cal progression, and harmonical progression. A proposi- 
tion respecting harmonical progression, which deserves 
notice, will now be givea 

62. I/Ct ABC be a triangle; let the angle A he bisected 
by a straight line which meets BC at D, and let the ex- 
terior angle at Abe bisected by a straight line which meets 
BC^ produced through C, at E : then BD, BC, BE shall 
be in harmonical progression. 
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For BD is to 2)(7as BA is to AGiJl, 3); and BE is 
io EC 2iA B A \^ to AC (VI. A). Therefore 5i> is to D(7 
as ^^ is to jE'C ( V. 1 1). Therefore jBi> is to BE as i>(7 is 
to EC{'V, 16). Thus of the three straight lines BD,BCy 
BE, the first is to the third as the excess of the second 
over the first is to the excess of the third over the second. 
Therefore BD, BG, BE are in harmonical progression. 

This result is sometimes expressed by saying that BE 
is divided harmonically at D and (7. 
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I. 1 to 15. 

1. On a given straight line describe an isosceles tri- 
angle having each of the sides equal to a given straight 
line. 

2. In the figure of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where the given 
point and the vertex of the constructed triangle wDl be 
situated. 

3. If two straight lines bisect each other at right an- 
gles, any point in either of them is equidistant from the 
extremities of the other. 

4. If the angles ABC and ACB at the base of an 
isosceles triangle be bisected by the straight lines BDy 
CD, shew that DBC will be an isosceles triangle. 

5. BAC\s a triangle having the angle B double of the 
angle A, If BD bisects the angle B and meets AC 2ii D, 
shew that BD is equal to AD, 

6. In the figure of I. 6 if FC and BG meet at H 
shew that /Wand GHsxe equal 

7. In the figure of I. 6 if FC and BG meet at H, 
shew that AH bisects the angle BAC. 

8. The sides ^^, AD of b. quadrilateral ABCD are 
equal, and the diagonal AC bisects the angle BAD: shew 
that the sides CB and CD are equal, and that the diagonal 
-4 C bisects the angle BCD. 

9. ACBy ADB are two triangles on the same side of 
AB, such that AC is equal to BD, and AD is equal to 
y^C^ and AD and BC intersect at O : shew that the tri- 

angle AOB is isosceles. 

JO, The opposite angles ot a. TV\om\sw«. «t^ ^^^ 
ii. A diagonal of a rhombua\A^c\& eaaV cAVX^^ «»j^«e. 
through which it passes. 
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12. If two isosceles triangles are on the same base the 
straight line joining their vertices, or that straight line 
produced, will bisect the base at right angles. 

13. Find a point in a given straight line such that its 
distances from two given points may be equal. 

14. Through two given points on of^site sides of a 
given straight line draw two straight lines which shall meet 
in that given straight line, and include an angle bisected 
by' that given straight line. 

16. A given angle BACia bisected ; if CA is produced 
to G and the angle BAG bisected, the two iHsectmg lines 
are at right angles. 

16. If four straight lines meet at a point so that the 
opposite angles are equal, these straight fines are two and 
two in the same straight line. 



I. 16 to 26. 

17. ABC is a triangle and the angle A is bisected by 
a straight line which meets BC at D ; shew that BA is 
greater than BD, and CA greater than CD, 

18. In the figure of I. 17 shew that ABC and ACB 
are together less than two right an^es, by joining A to any 
point in BC. 

19. ABCD is a quadrilateral of which AD is the 
longest side and BC tne shortest ; shew that the angle 
ABC is greater than the angle ADC, and tlie angle BCD 
greater than the angle BAD. 

20. If a straight line be drawn through A one of the 
angular points of a square, cutting one of the opposite sides, 
and meeting the other produced at F, shew that AF is 
greater than the diagonal of the square. 

21. The perpendicular is the shortest straight line 
that can be drawn f^om a given point to a given straight 
line; and of others, that which is nearer to the perpen- 
dicular is less than the more remote; and two, and only 
two, equal straight lines can be drawn from the given point 
to the given straight line, one on esuch aide oC tfca\R3P^s«!«r 
dicular. 

22, The sum of the distoace^ ol «ai \fcs«^^^ 
three angles of a triangle \% grea\w ^Sosao. >Mas. ^ss» 
A«? aides of the triangle. 
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23. The four sides of any quadrilateral are together 
greater than the two diagonals together. -' 

24. The two sides of a triangle are together greater 
than twice the straight line drawn from the vertex to the 
middle point of the base. 

25. If one angle of a triangle is equal to the sum of 
the other two, the triangle can be diyided into two isosceles 
triangles. 

26. If the angle (7 of a triangle is equal to the sum 
of the angles A and B, the side AB is equal to twice; the 
straight line joining C to the middle point of AB. 

27. Construct a triangle, haying given the base, one of 
the angles at the base, and the sum of the sides. 

28. The perpendiculars let fall on two sides of a tri- 
angle from any point in the straight line bisecting the angle 
between them are equal to each other. 

29. In a given straight line find a i>oint such that the 
perpendiculars drawn from it to two given straight lines 
which intersect shall be equal. 

30. Through a given point draw a straight line such 
that the perpendiculars on it from two given points may be 
on opposite sides of it and equal to each other. 

31. A straight line bisects the angle ^ of a triangle 
ABC', from B a perpendicular is drawn to this bisecting 
straight line, meeting it at D, and BD is produced to me^ 
AC or ^C7 produced at E\ shew that BD is equal to DE. 

32. An, AC are any two straight lines meeting at A : 
through any point P draw a straight line meeting them at E 
and Fj such that AE may be equal to AF. 

33. Two right-angled triangles have their hypotenuses 
equal, and a side of one equal to a side of the other : shew 
that they are equal in all respects. 



I. 27 to 31. 

34. Any straight line parallel to the base: of an iso- 
sceles triangle makes equal angles with the sides. 

35. If two straight lines A and B are respectively 
parallel to two others C and J),&\iev7 ^]iaah\i\2cL<&\iiO^&ts^<s^ 

^ tojffia equal to that of to J). „ . 

36. A straight Hne is drawn termVMAje^Vs t^o^w^^ 
^inu^bt lines ; through its middle poixiX. «ai «?w«^\»\hv^^ 
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drawn and terminated by the parallel straight lines. Shew 
that the second straight line is bisected at the middle point 
of the first. 

37. If through any point equidistant from two parallel 
straight lines, two straight lines be drawn cutting the pa- 
rallel straight lines, they will intercept equal portions of 
these parallel straight lines. 

38. If the straight line bisecting the exterior angle of 
a triangle be parallel to the base^ shew that the triangle is 
isosceles. 

39. Find a point 5 in a given straight line CD, such 
that if ^jB be drawn to B from a given point A, the angle 
ABC will be equal to a given angle. 

40. If a straight line be drawn bisecting one of the 
angles of a triangle to meet the opposite side, the straight 
lines drawn from the point of section parallel to the other 
sides, and terminated by these sides, will be equal. 

41. The side BC of a triangle ABC is produced to a 
point Z>; the angle ACB is bisected by the straight line 
CE which meets AB at E, A straight line is drawn 
through E parallel to -5(7, meeting AC B.i F, and the 
straight line oisecting the exterior angle ACD at G, Shew 
that EF'i^ equal to FG, 

42. AB is the hypotenuse of a right-angled triangle 
ABC', find a point D m AB such that DB may be equal 
to the perpendicular from D on AC. 

43. ABC is an isosceles triangle : find points D, Em 
the equal sides ABy AC such that BD, DE, EC may all 
be equal. 

44. A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuts the side AB at 
D and CA produced at E\ shew that AED is an isosceles 
triangle. 

I. 32. 

45. From the extremities of the base of an isosceles 
triangle straight lines are drawn perpendicular to the sides; 
shew that the angles made bv them with the b^sA ^x<5k <i»»i^ 
equal to half the vertical angle. ^ ^ ,,*/ 

46. On the sides of any Iti^^Xfe ABC '^^S^^J^SS^ 
angles BCD, CAE, ABF are deaex^^^^^^-^^r^* 
that the straight lines AD, BE, CF «ce^ ^ ^'^^^^ 
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47. What is the magnitude of an angle of a regular 
octagon ? 

48. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If the straight lines bisecting the angles at the 
base of an isosceles triangle be produced to meet, they will 
contain an angle equal to an exterior angle of the triangle. 

50. A is the vertex of an isosceles triangle ABC^ and 
BA is produced to Z), so that AD \^ equal to BA ; and 
2>(7is drawn : shew that BCD is a right angle. 

61. ABC is a triangle, and the exterior angles at B 
and C are bisected by the straight lines BD, CD respec- 
tively, meeting at D : shew that the angle BDC together 
with half the angle BAG make up a right angle. 

62. Shew that any angle of a triangle is obtuse, ri^ht, 
or acute, according as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

63. Construct an isosceles triangle having the vertical 
angle four times each of the angles at the base. 

64. In the triangle ABC the side BC is bisected at E 
and AB at G^ ; AE \& produced to F so that EF is equal 
to AEy and CG is produced to H so that GH is equal to 
CG : shew that FB and HB are in one straight line. 

65. Construct an isosceles triangle which shall have 
one-third of each angle at the base equal to half the vertical 
angle. 

66. AB, AC are two straight lines given in position: 
it is required to find in them two points P and Q, such 
that, PQ being joined, AP and PQ may together be equal 
to a given straight line, and may contain an angle equal to 
a given angle. 

67. Straight lines are drawn through the extremities of 
the base of an isosceles triangle, making angles with it on 
the side remote from the vertex, each equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides produced: shew that three of the triangles thus 
formed are isosceles. 

68. AEBy CED are two straight lines intersecting at 
j^; straight lines AC^ DB are drawiiioTmm^\.^^\x^«si^<a?^ 

^(7E,B£D; the angles AQE^ DBE «tft \i\a^<i\fe^\il 'Oaa 
straight lines CF, BF, meeting at JP. ^\iew ^iJaaJt ^^^^ 
OFBiB equal to half the sum of t\ie «iis\e* EAC^EDB. 
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59. The straight line joining the middle point of the 
hypotenuse of a right-angled triangle to the nght angle is 
equal to half the hypotenusa 

60. From the angle ^ of a triangle ABC a perpen- 
dicular is drawn to the opposite side, meeting it, produced 
if necessary, at D ; from the angle B a perpendicular is 
drawn to the opposite side, meeting it, produced if neces- 
sary, at E: shew that the straight lines which join D and 
E to the middle point of AB are equal. 

61. From the angles at the base of a triangle perpen- 
diculars are drawn to the opposite sides, produced it neces- 
sary ; shew that the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the middle point of the base. 

62. In the figure of 1. 1, if C and H be the points of 
intersection of the circles, and AB bo produced to meet 
one of the circles at K, shew that CHK is an equilateral 
triangle. 

63. The straight lines bisecting the angles at the base 
of an isosceles triangle meet the sides at D and E'* shew 
that DE is parallel to the base. 

64. AB, AC are two ^ven straight lines, and P is a 
given point in the former : it is required to draw through 
P a straight line to meet AC Sit Q, so that the angle APQ 
may be three times the angle AQP, 

65. Construct a right-angled triangle, hftvijig given the 
hypotenuse and the sum of the sides. 

66. Construct a right-angled triangle, having given the 
hypotenuse and the difference of the sides. 

67. Construct a right-angled triangle, having giv^ the 
hypotenuse and the perpendicular from the ri^t angle 
on it. 

68. Construct a right-angled triangle, having given the 
perimeter and an angle. 

69. Trisect a right angle. 

70. Trisect a given finite straight line. 

71. From a given point it is required to draw to two 
parallel straight lines, two equal straight lines at right 
angles to each other. 

72. Describe a triangle oi gwetL^TO$v'5X«tOB»?^^ 
angles equal to those of a gjwQn tnas^^ 
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I. 33, 34 

73. If a quadrilateral have two of its opposite sides 
parallel, and the two others equal but not paraUel, any two 
of its opposite angles are together equal to two right 
angles. 

74. If a straight line which joins the extremities of two 
equal straight lines, not parallel, make the angles on the 
same side of it equal to each other, the straight line which 
joins the other extremities will be parallel to the first. 

76. No two straight lines drawn from the extremities 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. If the opposite sides of a quadrilateral are equal it 
is a parallelogram. 

77. If the opposite angles of a quadrilateral are equal 
it is a parallelogram. 

78. The diagonals of a parallelogram bisect each other. 

79. If the diagonals of a quadrilateral bisect each other 
it is a parallelogram. 

80. If the straight line joining two opposite angles of 
a parallelogram bisect the angles the four sides of the pa- 
rallelogram are equal. 

81. Draw a straight line through a given point such 
that the part of it intercepted between two given parallel 
straight fines may be of given length. 

82. Straight lines bisecting two adjacent angles of a 
parallelogram intersect at right angles. 

83. Straight lines bisecting two opposite angles of a 
parallelogram are either parallel or coincident. 

84. If the diagonals of a parallelogram are equal all its 
angles are equal. 

85. Find a point such that the perpendiculars let fall 
from it on two given straight lines shall be respectively 
equal to two given straight Imes. How many sucn points 
are there 1 

86. It is required to draw a straight line which shall 
be equal to one straight line and paralld to another, and be 
terminated by two given straight lines. 

8Z On the sides -4 JB, 50, and CD oi ^ ^^x^^ci^csssi 
^BOD three equilateral trianglea «tQ da^cr^^^ VJoai^ ^-a. 
^(7 towards the same parts as tloie par^e\o^c«cQ.,m^^Q^ 
on ^B, CJ> towards the oppo»t% i&wc\.a- %\i^^ ^^^^ '^^ 
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distances of the vertices of the triangles on AB, CD from 
that on BC are respectively equal to the two diagonals of 
the parallelogram. 

88. If the angle between two adjacent sides of a paral« 
lelogram be increased, while their lengths do not alter, the 
diagonal through their point of intersection will diminish. 

89. Ay B, C are three points in a straight line, such 
that AB is equal to BG\ shew that the sum of the perpen- 
diculars from A and* (7 on any straight line which does not 
pass between A and C is double the perpendicular from B 
on the same straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
outside the paralldogram, the sum of those from one pair 
of opposite angles is equal to the sum of those from the 
other pair of opposite angles. 

91. If a six-sided plane rectilineal figure have its op- 
posite sides equal and parallel, the three straight lines join- 
mg the opposite angles will meet at a point. 

92. AB, AG are two given straight lines; through a 
given point E between them it is required to draw a straight 
Qne GEH such that the intercepted portion GH shall be 
bisected at the point E, 

93. Inscribe a rhombus within a given parallelogram, 
so that one of the angular points of the rhombus may be at 
a given point in a side of the pardlelogram. 

94. ABGD is a parallelogram, and E, F, the middle 
points of AD and BG respectively ; shew that BE and DF 
will trisect the diagonal AG 



I. 36 to 45. 

96. ABGD is a quadrilateral having BG parallel to 
AD ; shew that its area is the same as that of the parallelo- 
gram which can be formed by drawing through the middle 
point of DG Si straight line parallel to AB, 

96. ABGD is a quadrilateral having BG parallel to 
AD, E is the middle point of DC ; shew that the triaai^^ 
JIEB k half the quadrilateraV . .^ 

97. Shew that any Btraig\it \mfe ^^^ajso^s^ "^""^ft^w. 
middle point of the diametex oi ^^^^^^^'^^^sc^^^^. 
nated by two opposite aidea, \>V»ec\» >J>aa v^^iSS^^^"^^ 
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98. Bisect a parallelogram by a straight line drawn 
thix)ugfa a given point within it. 

99. Construct a rhombus equal to a giyen parallelo- 
gram. 

100. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and the sum of tiie 
two angles contained by these sides equal to two right an- 
gles, the triangles are equal in area. 

101. A straight line is drawn bisecting a parallelogram 
ABCD and meeting AD 2X E and BC at F\ shew that 
the triangles EBF and GED are equal. 

102. Shew that the four triangles into which a paral- 
lelogram is divided by its diagonals are equal in area. 

103. Two straight lines AB and CD intersect at E, 
qnd the triangle A EC is equal to the triangle BED : shew 
that BG\^ parallel to AD, 

104. ABCD is a parallelogram; from any point P in 
the diagonal BD the straight lines PA^ PC are drawn. 
Shew that the triangles PAB and PCB are equal in area. 

105. If a triangle is described having two of its sides 
equal to the diagonals of any quadrilateral, and the in- 
cluded angle equal to either of the angles between these 
diagonals, then the area of the triangle is equal to the area 
of the quadrilateral. 

106. The straight line which joins the middle points of 
two sides of any triangle is parallel to the base. 

107. Straight lines joining the middle points of ad- 
jacent sides of a quadrilateral form a parallelogram. 

108. D, E arc the middle points of the sides AB^AO 
of a triangle, and (7Z>, BE intersect at F\ shew that the 
triangle BFC is equal to the quadrilateral ADFE, 

109. The straight line which bisects two sides of any 
triangle is half the base. 

110. In the base ^(7 of a triangle take any point 2>; 
bisect AD, DC, AB, BC at the pomts E, F, G, H respec- 
tively: shew that EG is equal and parallel to FH, 

111. Given the middle points of the sides of a triangle, 
construct the triangle. 

112. If the middle points of any two sides of a triangle 
be Joined, the triangle so cut off \a oiift opfitx^k^T qI^^^V^^. 

113. The sides AB, AG oi a griea X.-nm^^ ABC ^wc^ 
bisected at the points E,F',9. per^en^c^^ ^^T^S""^, 
^ to the opposite side, mating it «.\. D. ^^^^ ^"^^^ 
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angle FDE is equal to the angle BAC Shew also that 
AFDE is half the triangle ABC 

114. Two triangles of equal area stand on the same 
base and on opposite sides: shew that the straight line 
joiuing their vertices is bisected by the base or the base 
produced. 

115. Three parallelograms which are equal in all re- 
spects are placed with their equal bases in the same straight 
line and contiguous ; the extremities of the base of the first 
are joined with the extremities of the side opposite to the 
base of the third, towards the same parts : shew that the 
portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

116. A BCD is a parallelogram; from D draw any 
straight line DFO meeting BC at i^and AB produced at 
G\ draw AF and CG\ shew that the triangles ABFj 
CFG are equal. 

117. ABC\% a given triangle: construct a triangle of 
equal area, having for its base a given straight line AD^ 
coinciding in position mih.AB, 

118. ABC is a given triangle: construct a triangle of 
equal aroa, having its vertex at a given point in BG and its 
base in the same straight line as AB, 

119. A BCD is a given quadrilateral: construct ano- 
ther quadrilateral of equal area having AB for one side, 
and for another a straight line drawn through a given point 
in CD parallel to AB, 

120. A BCD is a given quadrilateral : construct a tri- 
angle whose base shall be in the same straight line as AB, 
vertex at a given point P in CD, and area equal to that of 
the given quadrilateral. 

121. ABC is a given triangle: construct a triangle kA 
equal area, having its base in the same straight line 2&AB, 
and its vertex in a given straight line. 

122. Bisect a given triangle by a straight line drawn 
through a given point in a side. 

123. Bisect a given quadrilatei-al by a straight line 
drawn through a given angukr point 

124. If through the point within a parallelogram 

A BCD two straight lines are dx^^wn ^^c^^^ \r> ^^ ''^^^K 
and ^/le paraJJelograms OB aiid OD «c^ ^q^,^^^^^«^^ 
is in the dfagronal AG. 
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I. 46 to 4a 

125. On the sides AG, BG of a triangle ABC^ squares 
AGDE, BGFH are described: shew that the straight 
lines AF and BD are equal. 

126. The square on the side subtending an acute an- 
gle of a triangle is less than the squares on the sides 
containing the acute angle. 

127. The square on the side subtending an obtuse an- 
gle of a triangle is greater tluui the squares on the sides 
containing the obtuse angle. 

128. If the square on one side of a triangle be less 
than the squares on the other two sides, the angle contained 
by these sides is an acute angles if greater, an obtuse 
angle. 

129. A straight line is drawn intersecting the two sides 
of a right-angled triangle, and each of the acute angles is 
joined with the points where this straight line intersects 
the sides respectively opposite to them: shew that tiio 
squares on the joining straight lines are together equal to 
the square on the hypotenuse and the square on the straight 
line drawn parallel to it. 

130. If any point P be joined to A, B, (7, 2), the an- 
gular points of a rectangle, the squares on PA and PC are 
together equal to the squares on PB and PZ>. 

131. In a right-angled triangle if the square on one of 
the sides containing the right angle be three times the 
square on the other, and from the right angle two straight 
lines be drawn, one to bisect the opposite side, and the 
other perpendicular to that side, these straight lines divide 
the right angle into three equal parts. 

132. If ABC be a triangle whose angle ^ is a right 
angle, and BE, CF be drawn bisecting the opposite sides 
respectively, sh^ that four times the sum of the squares 
on BE and CF is equal to five times the square on BG. 

133. On the hypotenuse BG, and the sides CA, AB of 
a right-angled triangle ABCf squares BDEC, AF, and 
AG are described: shew that the squares on DG and EF 

are together equal to five times t\ie wsjaax^ on BQ^ 
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11. 1 to 11. 

134. A straight line is divided into two parts; shew 
that if twice the rectangle of the parts is equal to the sum 
of the squares described on the parts, the straight line is 
bisected. 

135. Divide a given straight line into two parts such 
that the rectangle contained by them shall be the greatest 
possible. 

136. Construct a rectangle equal to the diflterence of 
two given squares. 

137. Divide a given straight line into two parts such 
that the sum of the squares on the two parts may be the 
least possible. 

138. Shew that the square on the sum of two straight 
lines together with the square on their difference is double 
the squares on the two straight lines. 

139. Divide a given straight lino into two parts such 
that the sum of their squares shall be equal to a given 
square. 

140. Divide a given straight line into two parts such 
that the square on one of them may be double the square 
on the other. 

141. In the figure of II. 11 if Cffhe produced to meet 
BF Sit X, shew that CL is at right angles to BF, 

142. In the figure of II. 11 if BE and Cff meet at 0, 
shew that >40 is at right angles to Cff, 

143. Shew that in a straight line divided as in II. 11 
the rectangle contained by the sum and difference of the 
parts is equal to the rectangle contained by the paits. 

II. 12 to 14. 

144. The square on the base of an isosceles triangle is 
equal to twice the rectangle contained by either side and 
by the straight line intercepted between the perpendicular 
let fall on the side from the opposite angle and the 
extremity of the base. 

145. In any triangle t\ie sam ^1 \Jafe ^sw^ssx^^ ^s^*^ 
Bides 18 equal to twice the scraaie OTi\iJ^^^^^'^^'t^^r^^ 
with twice the square on tlie atr^\^\i^ \vdl^ tesw^ ^^^^ 

vertex to the middle point oi t\ie>a«^a»* 
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146. ABC is a triangle having the sides AB and AG 
equal; il AB is produced beyond the base to 2) so that 
BD is equal to AB, shew that the square on CD is equal 
to the square on AB, together with twice the square 
onBC 

147. The sum of the squares on the sides of a parsd- 
lelogram is equal to the suni of the squares oil the 
diagonals. 

148. The base of a triangle is given and is bisected by 
the centre of a given circle : if the vertex be at any point 
of the circumference, shew that the sum of the squares on 
the two sides of the triangle is invariable. 

149. In any quadrilateral the squares on the diagonals 
are together equal to twice the sum of the squares oti the 
straight lines joining the middle points of opposite sides. 

150. If a circle be described round the point of inter- 
section of the diameters of a parallelogram as a centre, 
shew that the sum of the squares on the straight lines 
drawn from any point in its circumference to the four an- 
gular points of the parallelogram is constant. 

151. The squares on the sides of a quadrilateral are 
together greater than the squares on its diagonals by four 
times the square on the straight line joining the middle 
points of its diagonals. 

152. In ^-S the diameter of a circle take- two points C 
and D equally distant from the centre, and from any point 
E in the circumference draw EC, ED: shew that the 
squares on EG and ED are together equal to the squares 
on AG 2iXidi AD, 

163. In BC the base of a triangle take D such that 
the squares on AB and BD are together equal to the 
squares on ^(7 and CD, then the middle point of AD will 
be equally distant from B and C. 

154. The square on any straight line drawn from the 
vertex of an isosceles triangle to the base is less than the 
square on a side of the triangle by the rectangle contained 
by the segments of the base. 

155. A square BDEC is described cm the hypotenuse 
BC of a right-angled triangle ABC : shew that the squares 

OD DA aod AG are togetbeT eq)SiaIk\fl^^%Q;vM84«^«fe.Ejl 
andAB. 

^ 156, ABC is a triangle in ^VoeYi O V% ^ ^^^^'?i 
^d BB 18 drawn from a^iut D m AO ip«re«i^c^^ ^ 
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AB: shew that the rectangle AB^ AE is equal to the 
rectangle AG, AD, 

157. If a straight line be drawn through one of the 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectangle contained by the whole 
straight Une thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight line so drawn will be double i^e 
square on a side of the triangle. 

158. In a triangle whose vertical angle is a right ande 
a straight line is drawn from the vertex perpendicular 
to the base : shew that the square on this perpendicular is 
equal to the rectangle contamed by the segments of the 
base. 

159. In a triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpen(5cular to 
the base : shew that the square on either of the sides adja- 
cent to the right angle is equal to the rectangle contained 
by the base and the segment of it adjacent to that side. 

160. In a triangle ABC the angles B and C are acute : 
if E and F be the points where perpendiculars from the 
opposite angles meet the sides AG, AB, shew that the 
8C[uare on BC is equal to the rectangle AB^ BF, together 
with the rectangle AC, GE. 

161. Divide a given straight line into two parts so that 
the rectangle contamed by them may be equal to the square 
described on a given straight line which is less than half 
the straight line to be divided. 

III. 1 to 15. 

162. Describe a circle with a given centre cutting a 
given circle at the extremities of a diameter. 

163. Shew that the straight lines drawn at right angles 
to the sides of a quadrilateral inscribed in a curcle from 
their middle points intersect at a fixed point. 

164. If two circles cut each other, any two parallel 
straight lines drawn through the points of section to cut 
the circles are equal. , . 

165. Two circles whose cwilxe^ ^t^ A «sA J^ ^^^^^^ 
at O; through C two chords DCE ^t.^ ^^<3r ^^ ^^^^ 
eqnally inclined to AB and teTixa»aXfeO. Xil ^^^ 

ifbow that J)E and FG are eqvia\. «l.^ 
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166. Through either of the pomts of intereection of 
\mo given circles draw the greatest possible Btraigbt lino 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circle 
gtraight lines are drawn to the extremities of a parallel 
chord, the squares on these straight lines are together equal 
to the squares on the segments into which the diameter is 
divided. 

168. A and B are two fixed points without a circle 
PQR ; it is required to find a point P in the circumfer- 
ence, so that the sum of the squares described ou ^P ^nd 
BP may be the least possible. 

169. If in any two given circles which toudi one An- 
other, there be drawn two parallel diameters, an extremity 
of each diameter, and the point of copj^t, shall lie in the 
same straight line. 

170. A circle is described on the radium of aoother 
circle as diameter, and two chords of the larger circte aro 
drawn, one through the centre of the less at right angles to 
the common diameter, and the other at right angles to the 
first through the point where it cuts the less circle. Shew 
that these two chords have the segments of ^ one equal 
to the segments of the other, each to each. 

171. Through a given point within a circle draw tho 
shortest chord. 

172. O is the centre of a circle, P is any poi]^t in {jbs 
circumference, PN a perpendicular on a fixed dii^ineter: 
shew that the straight line which bisects the angle OPJff 
always passes through one or the other of two fixed points. 

173. Three circles touch one another externally at the 
points^, -5, C) from A, the straight lines AB, AC are 
produced to cut the circle BC at D and E: shew that DE _ 
IS a diameter of BC, 0nd is parallel to tj^e sjijr^^ht line 
joining ttie centres fd the (Other circles. 

174. Circles are described on jthe 3ide^ of ^ .qiuulri- 
lateral as diameters : fihew that l^e po^mon cj|)9rd of any 
adjacent info is paraUel to tho common chor^ of the qtiiOT 
two. 

176, Describe a circle which shall itQUcha giy^n.drde, 
JjBve ita centre in a given ^iraigV^ ^^, .?«ii ^^ \5m^s<^ «. 
given point in the given ^txaa^l ^^. 
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III. 16 to 19. 

176. Shew that two tapgents coa ]be 4rawn to a circle 
from a given external point, an4 tliat tbpy are of ^qual 
length. 

177. Draw parallel to a given straight linp a ^traigUt' 
line to touch a given circle. 

178. Draw perpendicular to a givei^ straight line a 
straight line to touch a given circle. 

179. In the diameter of a circle produced, determine 
a point so that the tangent drawn from it to the circum- 
ference shall be of given length. 

180. Two circles have the same centre: shew that all 
chords of the outer drcle which touch the inner circle ar0 
equal. 

181. Through a given point draw a straight line so that 
the part intercepted by the drcunrference of a given circle 
shall be equal to a given straight line not greater tha>n the 
diameter. 

182. Two tangents are drawn to a circle at the oppo- 
site extremities of a diameter, and cut off from a third 
tangent a portion AB: if (7 be the centre of the circle 
shew that AGB is a ri^ht angle. 

183. Describe a circle that shall have a given radiui 
and touch a given circle and a given straight line. 

184. A circle is drawn to touch a given circle and a 
given straight line. Shew that the points of contact are 
always in the same straight line with a fixed point in the 
circumference of the given circle. 

185. Draw a straight line to touch each of two given 
circles. 

186. Draw a straight line to touch one given circle so 
that the part of it contained by another given circle shall 
be equal to a given straight line not greater than the dia- 
meter of the latter circle. 

187. Draw a straight line cutting two given eirdes so 
that the chords intercepted within the circles shall have 
given lengths. 

188. A quadrilateral is described so that \t& «As5». 
touoh a circle : shew that tVQ ft^ ^Xa «v.^<5» ^^ Xw^^vis^set 

equal to the other two sides. ^^ ,«.svvoSN. 

189. Shew that no paTa\\©\og^«i!Kv «m^ ^^ ?^^'%k2c«.^^ 
about a circle except a rhombua. ^^--^ 
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190. ABDy ACE are two straight lines touching a 
circle at B and C, and if DE be joined DE is equal to BD 
and CE together: shew that DE touches the circle. 

191. If a quadrilateral be described about a circle the 
angles subtended at the centre of the circle by any two 
opposite sides of the figure are together equal to two 
n^t angles. 

192. Two radii of a circle at right angles to each other 
when produced are cut by a straight line which touchy tiie 
circle: shew that the tangents drawn from the points of 
section are parallel to each other. 

193. A straight line is drawn touching two circles: 
shew that the chords are parallel which join the points of 
contact and the points where the straight line through the 
centres meets the circumferences. 

194. If two circles can be described so that esich 
touches the other and three of the sides of a quadrilateral 
figure, then the difference between the sums of the opposite 
sides is double the common tangent drawn across the quad- 
rilateral. 

195. AB is the diameter and C the centre of a semi- 
circle: shew that the centre of any circle inscribed in 
the semicircle is equidistant from C and from the tangent 
to the semicircle parallel to AB. 

196. If from any point without a circle straight lines 
be drawn touching it, the angle contained bv the tangents 
is double the angle contained by the straight line joining 
the points of contact and the diameter drawn through one 
of tnem. 

197. A quadrilateral is bounded by the diameter of a 
circle, the tangents at its extremities, and a third tangent: 
shew that its area is equal to half that of the rectangle con- 
tained by the diameter and the side opposite to it. 

198. If a quadrilateral, having two of its sides parallel, 
be described about a circle, a straight line drawn through 
the centre of the circle, parallel to either of the two paiul- 
lel sides, and terminated by the other two sides, shall be 
equal to a fourth part of the perimeter of the figure. 

199. A series of circles touch a fixed straight line at 
B £xed point : shew that the tangeiAa ^\> Wi^ ^ydlXa ^Vtswk 

thejr cut a parallel fixed 8traig\it^ne «X!L\ms^^^^^^^^^- 
200. Of all straight Unes iw\i\c\i cm\>^ ^^^^ ^ora^Xw^ 
g^ren points to meet on the cow^x cmcwsdJ»w^«^ ««^ 
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given circle, the sum of the two is least which make equal 
angles with the tangent at the point of concourse. 

201. C is the centre of a given circle, CA a radius, B 
a point on a radius at right angles to CA ; join AB and 
produce it to meet the circle again at Z), and let the tan- 
gent at D meet CB produced at E-, shew that BDE is an 
isosceles triangle. 

202. Let the diameter BA of a circle be produced to 
P, so that AP equals the radius; through A draw the 
tangent AED^ and from P draw PEC touching the circle 
at C and meeting the former tangent at E\ join BC and 
produce it to meet AED at D : then will the triangle 
DEC be equilateral. 



III. 20 to 22. 

203. Two tangents AB, AC are drawn to a circle; 
D is any point on the circuniference outside of the triangle 
ABC: shew that the sum of the angles ABD and AuD 
is constant 

204. P, Q are any points in the circumferences of two 
segments described on the same straight line AB^ and on 
the same side of it ; the angles PAQ, PBQ are bisected 
by the straight lines AB, BR meeting at R : shew that the 
angle ARB is constant 

205. Two segments of a circle are on the same base 
AB, and P is any point in the circumference of one of the 
segments ; the straight lines APDy BPC are drawn meet- 
ing the circumference of the other segment at D and C\ 
-4 (7 and BD are drawn intersecting at Q. Shew that the 
angle AQB is constant. 

206. APB is a fixed chord passing through P a point 
of intersection of two circles AQP, PBR\ and QPR is 
any other chord of the circles passing through P: shew 
that AQ and RB when produced meet at a constant 
angle. • 

207. AOB is a triangle •, C ^cA D «c^ ^xjc^Nsv "BKi . 
and AO respectively, audi tbal t\i^ ^^e^ 0T>0 \& 5'^5sS'=^v>^ 
^a BiiglQ OB A : shew that a cac\ft xoa.^ Vi^ 5^^%*scw». 

round the quadrilateral JLBCD. 
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208; A BCD is a quadrilateral inscribed in a circle^ and 
the sides AB^ DC when produced meet at : shew that 
the triangle AOC'is equiangular to the triangle BOD, 

209. Shew that no parallelogram except a rectangle 
can be inscribed in a circle. 

210. A triangle is inscribed ih a drcle : shew that the 
sum of the angles in the three segments exterior to the 
triangle is equal to four right angles. 

211. A quadrilateral is inscribed in a circle : shew 
that the sum of the angles in the four segments of the circle 
exterior to the quadrilateral is equal to six right angles. 

212. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to twice the angle 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times Sie 
angle contained in the other. 

214. If the angle contained by any side of a quadri- 
lateral and the adjacent side proauced, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilateral. 

216. If any two consecutive sides of a hexagon inscribed 
in a circle be respectively parallel to their opposite sides, 
the remaining sides aro parallel to each other. 

216. Ay B, C, D are four points taken in order on the 
circumference of a circle ; the straight lines AB, DC pro- 
duced intersect at P, and AD, BC at Q : shew that the 
straight lines which respectively bisect the angles APC^ 
AQC are perpendicular to each other. 

217. If a quadrilateral be inscribed in a circle, and a 
straight line be drawn making equal angles vnth one pair 
of opposite sides, it will make equal angles with the oUier 
pair. 

218. A quadrilateral can have one circle inscribed in 
it and another circumscribed about it: shew that the 
straight lines joining the opposite points of contact of the 
inscribed circle are perpendicular to each other, 

, III. 2^ to ^<>, 

2l9, fhe straight lines joiraTig \5aa ^T^VxeafiJCvfe^ ^1 'Ocia 
chords of two equal arcs o! a cVrde, toY?«c^\3aft ^^\aft\^a?v» 
^o paraliel to eack other. 
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220. The straight lines in a circle which join the ex- 
tremities of two pai'allel chords are equal to each other. 

221. AB is a common chord of two circles ; through C 
any point of one circumference straight lines CAD, UBE 
are drawn terminated by the other circumference: shew 
that the arc DE is invariable. 

222. Through a point C in the circumference of a circle 
two straight lines ACB, DGE are drawn cutting the circle 
at B and E : shew that the straight line which bisects the 
angles ACE, DCB meets the circle at a point equidistant 
from B and E. 

223. The straight lines bisecting any angle of a quadri- 
lateral inscribed in a circle and the opposite exterior angle, 
meet in the circumference of the circle. 

224. AB is a diameter of a circle, and Z) is a given 
point on the circumference, such that the arc DB is less 
than half the arc DA : draw a chord DE on one side of 
AB so that the arc EA may be three times the arc BD, 

225. From A and B two of the angular points of a 
triangle ABC, straight lines are drawn so as to meet the 
opposite sides at P and Q in given equal angles: shew 
that the straight line joining P and Q will be of the same 
length in all triangles on the same base AB, and having 
vertical angles equal to C. 

226. If two equal circles cut each other, and if through 
one of the points of intersection a straight line be drawn 
terminated by the circles, the straight lines joining its 
extremities vnth the other point of intersection are equal. 

227. OA, OB, OC are three chords of a circle; the 
angle AOB is equal to the angle BOC, and OA is nearer 
to the centre than OB. From B a perpendicular is drawn 
on OA, meeting it at P, and a perpendicular on OC pro- 
duced, meeting it at Q : shew that AP \a equal to CQ. 

228. AB is a given finite straight line; through 
A two indefinite straight lines are drawn equally inclined 
to AB ; any circle passing through A and S meets these 
straight lines at L and M. Shew that if AB be between 
AL and AM the sum of AL and AM is constant ; if AB 
be not between AL and AM the difference of AL and AM 
2B constant ^ 

229. AOB and COD are aiameilet^ o1 %. ^^^^^ "^c^ W^ 
rniglea to each other; E \a a IpoVxiV. \xv ^^^ ^^2c.\^Ws^ 

JS^J^G is a chord meeting COD a\. F^^iA^^^^"^^^ 
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« 

direction that EF is equal to the radius. Shew that the 
arc BG is equal to three times the arc AE, 

230. The straight lines which bisect the vertical angles 
of all triangles on the same base and on the same, side of 
it) and having equal vertical angles, aU intersect at the 
same point 

231. If two circles touch each other internally, any 
chord of the sweater circle which touches the less shall 
be divided at the point of its contact into segments which 
subtend equal angles at the point of contact of the two 
circles. 



III. 31. 

232. Right-angled triangles are described on the same 
hypotenuse: shew that the angular points opposite the 
hypotenuse all lie on a circle described on the hypotenuse 
as diameter. 

233. The circles described on the equal sides of an 
isosceles triangle as diameters, will intersect at the middle 
point of the base. 

234. The greatest rectangle which can be inscribed in 
a circle is a square. 

235. The hypotenuse AB of sl right-angled triangle 
ABC is bisected at D, and EDF is drawn at right angles 
to ABy and DE and DF are cut off each equal to j5a ; 
CE and CF are joined : shew that the last two straight 
lines will bisect the angle G and its supplement respec- 
tively. 

236. On the side AB of any triangle ABC as diameter 
a circle is described; EF is a diameter parallel to BC: 
shew that the straight lines EB and FB bisect the interior 
and exterior angles at B. 

237. If AD, CEhe drawn perpendicular to the sides 
BCy AB of a triangle ABC, and DE be joined, rfiew that 
the angles ADE and ACE are equal to each other. 

238. If two circles ABC, ABD intersect at A and B, 
and AC, AD be two diameters, aVie^ tVi^l t^'e* ^tjwi^lit 

line CD will pass through B, 

239, IfObe the centre of a drc\^ «a^ OA ^ x^4^>^ 
^da circle be described on OA ^ d\Mxie\«t, VXi^ caos^ss^ 
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ference of tbis circle will bisect any chord drawn through 
it from A to meet the exterior circle. 

240. Describe a circle touching a given straight line at 
a give]) point, such that the tangents drawn to it from two 
given points in the straight line may be parallel. 

241. Describe a circle with a given radius touching a 
given straight line, such that the tangents drawn to it 
from two given points in the straight line may be parallel. 

242. If from the angles at the base of any triangle 
perpendiculars are drawn to the opposite sides, produced 
if necessary, the straight line joining the points of inter- 
section will be bisected by a perpendicular (frawn to it from 
the centre of the base. 

243. AD is a diameter of a circle ; B and Care points 
on the circumference on the same side oi AD\ a perpen- 
dicular from D on BC produced through C, meets it at ^: 
shew that the square on ^Z> is greater than the sum of the 
squares on AB, BCy CD, by twice the rectangle BC, CE, 

244. AB is the diameter of a semicircle, P is a point 
on the circumference, PM is perpendicular to -4-B; on 
AMy BM as diameters two semicircles are described, and 
AP, BP meet these latter circumferences at Q^ /?: shew 
that QR will be a common tangent to them. 

245. AB,AC are two straight lines, B and C are given 
points in the same ; BD is drawn perpendicular to AC, 
and DE perpendicular to AB ; in like manner CF is drawn 
perpendicular to AB, and FG to AC. Shew that EG is 
parallel to BC 

246. Two circles intersect at the points A and B, from 
which are drawn chords to a point (7 in one of the circum- 
ferences, and these chords, produced if necessary, cut the 
other circumference at D and E: shew that the straight 
line DE cuts at right angles that diameter of the circle 
ABC which passes through C 

247. If squares be described on the sides and hy- 
potenuse of a right-angled triangle, the straight line joining 
the intersection of the diagonals of the latter square witn 
the right angle is perpendicular to the straight line joining 
the intersections of the diagonals of tba \7w^ I'JsraNKt. 

248. C 18 the centre of a s\Nftii ca<\^,CA ^ ^^'^ 
line less than the radius; ^nd t\ie» v^m\. ^^ ^^ vss^^^ss^- 
ference at which CA subtenda tbft g;t«>^\»«^» «»««u 
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249. AB is the diameter of a semicircle, D and E are 
any two points in its circumference. Shew that if lie 
chords joining A and B with D and E each Way intersect 
at ^ and G^, then FG- produced is at right angles Xo^AB. 

250. Two equal circles touch one another externally, 
and through the point of contact chords are drawn, one 
to each circle, at right angles to each other: shew that 
the straight line joining the other extremities of these, 
chords is equal and parallel to the straight line Joining the 
centres of the circles. 

^51. A circle is described on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides ; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles equal to those of the first. 

252. If two chords of a circle meet at a right angle 
within or without a circle, the squares on their segments 
are together equal to the squares on the diameter. 



III. 32 to 34. 

253. B is a point in the circumference of a circle, Whose 
centre is C\ Pa, a tangent at any point P, meets CB 
produced at A, and PD is drawn perpendicular to GB: 
shew that the straight line PB bisects the angle APD. 

254. If two circles touch each other, any straight line 
drawn through the point of contact will cut off simflar seg- 
ments. 

255. ABi^ any chord, and ^Z> is a tangent to a circle 
at A, DPQ is any straight line parallel to AB, meeting 
the circumference at P and Q. Shew that the triangle 
PAD is equiangular to the triangle QAB, 

266. Two circles ABDH, ABG, intersect each other 

at the points A, B\ from B a straight line BD is drawn in 

the one to touch the other ; and from A anjr chord what- 

ever is dra,wti cutting the cirdes «A. G w\A.E[\ ^V^aw that 

jff&i8 parallel to DH. 

^ 257. Two circles intersect at A ^xv^ B. , ^^ A ^ 
t^gents AG, AD are drawn to es^fiVv c\tc\^ ^^^ \.^xmvTNa5^ 
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by the circumference of the other. If CB, BD be joined, 
shew that AB or AB produced, if necessary, bisects the 
angle CBD. 

258. Two circles intersect at A and B, and through 
P any point in the circumference of one of them t£e 
chords PA and PB are drawn to cut the other circle at 
C and D : shew that CD is parallel to the tangent at P. 

259. K from any point in the circumference of a circle 
a chord and tangent be drawn, the perpendiculars dropped 
on them from the middle point of the subtended arc are 
equal to one another. 

260. AB is any chord of a circle, P any point on the 
circumference of the circle ; PM is a perpendicular on AB 
and is produced to meet the circle at Q ; and ^iV is drawn 
perpendici^Jar to the tangent at P : shew that the triangle 
£fAM\& equiangular to the triangle PAQ, 

261. Two diameters AOBy COD of a circle are at 
right angles to each other; P is a point in the circum- 
ference; the tangent at P meets COD produced at Q, 
and AP, BP meet the same line at E, S respectively: 
shew that EQ is equal to SQ 

262. Construct a triangle, having given the base, the 
vertical angle, and the point in the base on which the per- 
pendicular falls. 

263. Construct a triangle, having given the base, the 
vertical angle, and the altitude. 

264. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the middle point of the base. 

265. Having given the base and the vertical angle of a 
triangle, shew that the triangle will be greatest when it is 
isosceles. 

266. From a given point A without a circle whose 
centre is draw a straight line cutting the circle at the 
points B and (7, so that the area BOC may be the greatest 
possible. 

267. Two straight lines containing a constant ah^le 
always pass through two fixed points, their positiotL b^isi^ 
otherwiae unrestricted: ahe^ \Sv^^ >iXv^ ^\x^\gs!i^W.^^^^^ 

Ing the angle always paaaea tYixoM^ «^^ ^"^ ^"^"^ ^ 
Sxed points. ,, -. ;xa ^s^^'^ 

268. Given on© angle oi a \x\^^^-» ^"^ ^^ 
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it, and the sum of the other two sides, construct the 
triangle. 

III. 35 to 37. 

269. If two circles cut one another, the tangents drawn 
to the two circles from any point in the common chord 
produced are equal. 

270. Two circles intersect at A and B : shew that AB 
produced bisects their common tangent. 

271. If AD^ GE are drawn perpendicular to the sides 
BC, AB of & triangle ABC, shew that the rectangle con- 
tained by BC and B£> is equal to the rectangle contained 
by BA and BE. 

272. If through any point in the common chord of two 
circles which intersect one another, there be drawn any two 
other chords, one in each circle, their four extremities shall 
all lie in the circumference of a circle. 

273. From a given point as centre describe a circle 
cutting a given straight line in two points, so that the rect- 
angle contained by their distances from a fixed point in the 
straight line may be equal to a given square. 

274. Two circles A BCD, EBGF, having the common 
tangents AE and DF, cut one another at B and (7, and 
the chord BOa produced to cut the tangents at G and H: 
shew that the square on GH exceeds the squiire on AE or 
DF by the square on BC 

275. A series of circles intersect each other, and are 
such that the tangents to them from a fixed point are 
equal : shew that the straight lines joining the two points 
of intersection of each pair will pass through this point. 

276. ABCia a right-angled triangle ; fi*om any point 
D in the hypotenuse BC a straight line is drawn at right 
angles to BC, meeting CA at E and BA produced at F: 
shew that the square on DE is equal to the difference of 
the rectangles BD, DC B.nd AE, EC; and that the square 
on DF is equal to the sum of the rectangles BD^ DO and 
AF, FB. 

277. It is reqmred to ^nd «l ipoVnX. Vsi \3aa ^^x^lit Una 
wbich touches a circle at t\ie €>iid o^ «. ^^«ii ^c^asaaXet^^^^ 

tb&t when a straight lino ia ^^,^^^^^i,!^^ 
other extremity of the ^damet^T, V\i^ T^«Xas^^ ^t^Ws^^ 



EXERCISES IN EUCLID. 365 

bv the part of it without the circle and the part within the 
cu*cle may be equal to a given square not greater than that 
on l^e diameter. 



lY. 1 to 4. 

278. In lY. 3 shew that the straight lines drawn 
through A and B to touch the circle will meet. 

279. In lY. 4 shew that the straight lines which bisect 
the angles B and C will meet. 

280. In lY. 4 shew that the straight line DA will 
bisect the angle at A, 

281. If the circle inscribed in a triangle ABC touch 
the sides AB, AC sX the points D, E, and a straight line 
be drawn from A to the centre of the circle meeting the 
circumference at 6r, shew that the point G is the centre of 
the circle inscribed in the triangle ADE. 

282. Shew that the straight lines joining the centres of 
the circles touching one side of a triangle and the others 
produced, pass through the angular points of the triangle. 

283. A circle touches the. side BC of a triangle ABO 
and the other two sides produced: shew that the distance 
between the points of contact of the side BC with this 
circle and with the inscribed circle, is equal to the differ- 
ence between the sides AB and AC, 

284. A circle is inscribed in a triangle ABC, and a 
triangle is cut off at each angle by a tangent to the circle. 
Shew that the sides of the three triangles so cut off are 
together equal to the sides of ABC. 

285. D is the centre of the circle inscribed in a tri- 
angle BAC, and AD is produced to meet the straight line 
drawn through B at right angles to BD at : shew that 
is the centre of the circle wmch touches the side BC and 
the sides AB, AC produced. 

286. Three circles are described, each of which touches 
one side of a triangle ABC, and the other two sides pro- 
duced. If Z> be the point of contact of the side BC, E that 
of AC, and F that of AB, shew that AE i^ equal tA BD^ 
^I' to CE, mdi CD U) AF, , ^ 

287. Describe a circle iw\i\c\i ^\isSL \«v3l^ ^ ^^^^ 1^"^^ 
and two given straight lines ^AafiYv ^}a!OTa»^^ \is<\rsv 
given circle. 
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286. If the three points be joined in which the drcle 
inscribed in a triangle meets the sides, shew that the re* 
suiting triangle is acute angled. 

289. Two opposite sides of a quadrilateral are toge- 
ther equal to the other two, and each of the angles is less 
than two right angles. Shew that a circle can be inscribed 
in the quadrilateral. 

290. Two circles HPL, KPM, that touch each other 
externally, have the common tangents HK^ LM\ HL and 
KM being joined, shew that a circle may be inscribed in 
the quadrilateral HKML. 

291. Straight lines are drawn from the' angles of a 
triangle to the centres of the opposite escjibed circles: 
shew that these straight lines intersect at the centre of the 
inscribed circle. 

292. Two sides of a triangle whose perimeter is con- 
stant are given in position: shew that the thii'd side 
always touches a certain circle. 

293. Given the base, the vertical angle, and the radius 
of the inscribpd circle of a triangle, construct it. 

IV. 6 to 9. 

294. In IV. 5 shew that the perpendicular from F on 
5a will bisect J?C. 

295. If DE be drawn parallel to the base BC of a 
triangle ABC, shew that the circles described about the 
triangles ^J?C/and-4Z>^have a common tangent. 

296. If the inscribed and circumscribed circles of a 
triangle be concentric, shew that the triangle must be 
equilateral. 

297. Shew that if the straight line joining the centres 
of the inscribed and circumscribed circles of a triangle 
passes through one of its angular points, the triangle is 
isosceles. 

298. The common chord of two circles is produced to 
any point P ; PA touches one of the circles at -4, PBC is 
any chord of the other. Shew that the circle which passes 
through A^ B, and C touches the circle to which PA is 
a tangent. 

299. A quadrilateral ABCD \a Vmcr^feSL yq. %. ^o^^^ 
and AI>, BO are produced to meet ^t B^ ^^ ^^^. 'v^ 
drcle d^crihed aW tbe txi«iig\e BOB m\^\^^^^\^ 
^^Srent at ^parallel to AB^ 
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300. Describe a circle which shall tpjopb ^ givQn straight 
line, and pass through two given points. 

301. Describe a circle which shall pass through two 
given points and cut off from a given straight line a chord 
of given length. 

302. Describe a circle which shall have its (centre in ^ 
given straight line, and cut off from two given straigbi 
lines chords of equal given length. 

303. Two triangles have eqijal bases ajid equal vertical 
angles : shew that the radius of the circumscribipg circle 
of on^ triai^lp is equal to th^t of the other. 

304. Describe a circle which shall pass through twp 
given points, so that the tangent drawn to it from an^jbhepr 
given point may be of a given lepgth. 

305. C is the centre of a cirde; CA, CB are twp 
radii at right angles; from B any chord BP is draw^ 
cutting CA at N\ a circle being described roun4 AlfP^ 
shew that it will be touched by BA, 

306. AB and CD are parallel straight lines, and the 
straight lines which join their extremities intersect at E: 
shew that the circles described round the triangles ABE^ 
CDE touch one another. 

307. Find the centre of a circle catting off three equal 
chords from the sides of a triangle. 

308. If be the centre of the circle inscribed Jn th^ 
triangle ABG^ and AO be produced to meet the drcwm- 
scribed circle at Fy shew that FB, FOy and FC are aj} 
equal. 

309. The opposite sides of a quadrilateral inscribed in 
a circle are produced to meet at F and Q, and about the 
triangles so formed without the quadrilateral, drdes iu*e 
described meeting again at R : ^ew that P, /?, Q are bi 
one straight line. 

310. The angle ACB of any triangle is bisected, and 
the base AB is bisected at rig^t angles, by straight lines 
wluch intersect at D\ shew ihat the ai)gles AGBy ADB 
are together equal to two right angles. 

311. ACDB iA a Bemicirde, AB \i««^^^ ^^*fc^;t. 
and the two chords AD, BG mt«>r^^t %3u B\ ^s^^ "^1^. 

a circle be described rou»d ODE Vfc ViSi 9»i^^^ %ss«s«st 
rigbt angiea. 
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312. The diagonals of a given quadrilateral ABCD 
intersect at : shew that the centres of ihe circles de- 
scribed about the triangles GAB, OBC, OCD, ODA, will 
lie in the angular points of a paralielograin. 

313. A circle is described round the triangle ABC\ 
the tangent at C meets AB produced at D ; the circle 
whose centre is D and radius DC cuts AB at E\ shew 
that EC bisects the angle ACB. 

314. AB, AC are two straight lines given in position; 
BC is a straight line of given length ; D, E are the middUe 
points of AB, AC; DF, EF are d,rawn at right angles to 
AB, -4 (7 respectively. Shew that AFyhM be constant for 
all positions of BC 

315. A circle is described about an isosceles triangle 
ABC in which AB is equal to AC; from A a straight 
line is drawn meeting the base at D and the circle at E: 
shew that the circle which passes through B, D, and E, 
touches AB, 

316. AC \% ?L chord of a given circle ; B and D are 
two given points in the chord, both within or both without 
the circle : if a circle be described to pass through B and 
Z>, and touch the given circle, shew that AB and CD 
subtend equal angles at the point of contact 

317. A and B are two points within a circle : find the 

Soint P in the circumference such that if PAH, PBK be 
rawn meeting the circle at H and K, the chord HK shall 
be the greatest possible. 

318. The centre of a given circle is equidistant from 
two given straight lines : describe another circle which shall 
touch these two straight lines and shall cut off from the 
given circle a segment containing an angle equal to a given 
angle. 

319. is the centre of the circle circumscribing a 
triangle ^5(7; D, E,F^e feet of the perpendiculars from 
A, B, Con the opposite sides : shew that OA, OB, OCare 
respectively perpendicular to EF, FD, DE. 

320. If from any point in. l\i© cacvmsicccitfife ^l ^^^^w 
circle straight lines be drawn to i\ie> ^o\a «xv^«i v^^^a. 
of an inscribed square, the sum oi \.\ie> ^qv^^^^^ ^Tv\Jaa\«Qct 
^ra^ht lines is double the aqmre ou\3aa A^a»ie^«t. 
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321. Shew thsit na reictstii^d 6id^ a ftqusre can be 
described about a circle. 

322. Describe a circle about a given rectangle. 

323. If tangents be drawn through the extremities of 
two diameters of a circle the parallelogram thus' formed 
will be a rhombus. 



IV. 10. 

324. Shew that the angle ACD in the figure of IV. I6 
is equal to three times t£e angle at the rertex of tho 
triangle. 

325. Shew that in the figure of IV. 10 there are two 
triangles which possess the required property: shew iliat 
there is also an isosceles triangle whose equal angles are 
each one third part of the third angle. 

326. Shew that the base of the triangle in IV. 10 is 
equal to the side of a regular pentagon hiscrib'ed in the 
smaller circle of the figure. 

327. On a given straight line as base describe an isos- 
celes triangle having the third angle treble of each of the 

' angles at the base. 

328. In tho figure of IV. 10 suppose the two circles to 
cut again at E: then DE is equal to DC. 

329. If ^ be the vertex and BD the base of the con- 
structed triangle in IV. 10, D being one of the two points 
of intersection of the two circles employed in the construc- 
tion, and E the other, and AE be drawn meeting BD pro- 
duced at (t, shew that GAB is another isosceles triangle 
of the same kind. 

330. In the figure of IV. IjJ if the two equal chorda 
of the smaller circle be produced to cut the larger, and 
these points of section be joined, another triangle will be 
formed having the property required by the proposition, 

331. In the figure of IV. 10 suppose the two curcles to 
cut again at E\ join AE^ CE^ and igtodxwift AE^BB \Ki 

meet at G : then CDGE is a paTa!ii\.e\osc^axi. 

. 332. Shew that the 8malieroi\\iQVwQ^'?^f^^^^^ 
m the Ggnre of IV. 10 ia eqjoal \*o ^^ ^^^"^ ^ 
i^und the required triangle. ^'^ 
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333. In the figure of IV. 10 if ^^be the diameter of 
the smaller circle, DF is equal to a radius of the circle 
which circumscribes the triangle BCD. 



IV. 11 to 16. 

334. The straight lines which connect the ang^ar 
points of a regular pentagon which are not adjacent inter- 
sect at the angular points of another regular pentagon. 

335. ABGDE is a regular pentagon ; jom AC and 
BEy and let BE meet AC2A, F; shew that ACia equal to 
the sum of AB and BF, 

336. Shew that each of the triangles made by joininjg 
the extremities of adjoining sides of a regular pentagon is 
less than a third and greater than a fourth of the whole 
area of the pentagon. 

337. Shew how to derive a regular hexagon from an 
equilateral triangle inscribed in a circle, and from the con- 
struction shew that the side of the hexagon eauals the 
radius of the circle, and that the hexagon is double of the 
triangle. 

338. In a given circle inscribe a triangle whose angles 
are as the numoers 2, 5, 8. 

339. If ABCDEF is a regular hexagon, and AC, BD, 
CE, DF, EA, FB be joined, another regular hexagon is 
formed whose area is one third of that of the former. 

340. Any equilateral figure which is inscribed in a 
di'cle is also equiangular. 



VI. 1,2. 

341. Shew that one of the triangles in the figure of 
IV. 10 is a mean proportional between the other two. 

342. Through Z), any point in the base of a triangle 
ABO, straight lines DE, DF at^ towii '^e'^iallftl to the 

sides AB. AC, and meeting tiie aidea ^\. E, F . ^^^ JX^v* 
tlie triangle AEF\% a mean propoTV^oT»X\>«»^w'8«^-^^'«^- 
anglea jFBD, EDC. 
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343. Perpendiculars are drawn from any point within 
an eqmlateral triangle on the three sides : shew that their 
sum is invariable. 

344. Find a point within a triangle such that if straight 
lines be drawn from it to the three angular points the tri- 
angle will be divided into three equsJ triangles. 

345. From a point E in the common base of two tri- 
angles AC By AD By straight lines are drawn parallel to 
AC, AD, meeting BC, BD ^\»F,G\ shew that FG is par- 
aUel to CD. 

346. From any point in the base of a triangle stndght 
lines are drawn parallel to the sides : shew that the inter- 
section of the diagonals of every parallelogram so formed 
lies in a certain straight line. 

347. In a triangle ABC a straight line AD is drawn 
perpendicular te the straight line BD which bisects the 
angle B : shew that a straight line drawn from D parallel 
to^awillbisect^a. 

348. ABC is a triangle ; any straight line parallel to 
BC meets AB at D and ACsit E; join BE and CD meet- 
ing at F: shew that the triangle ADF is equal to the 
triangle AEF, 

349. ABC is a triangle; any straight line parallel to 
BC meets AB at D and ACB.tE; join BE and CD meet- 
ing at ^: shew that if AF be produced it will bisect BC 

350. If two sides of a quadrilateral figure be parallel 
to each other, any straight line drawn parallel to them will 
cut the other sides, or those sides produced, proportion- 
ally. 

351. ABC is a triangle ; it is required to draw from 
a given point P, in the side AB, or AB produced, a straight 
line to AC<, or J[ (7 produced, so that it may be bisected by 
BC 



VI. 3, A. 

352. The side BC of a triangle ABC is bisected at D. 
and the angles ADB, ADC are Msect^ftd. \s^ ^<6 "^wsaagsci^* 
Imes DB, DF, meeting AB, AC ^\. E, T x^«^^:5«^^^- 
shew that EF is parallel to BC. . ^«c^ '^ 

. S5S. AB is a diameter ot a dtcVb, CB ^ a^P^^^ 
nght angles to it, and E la an^ i?om\. m CI> % -^^^^^^ 
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are drawn and produced to cut the circle at F and G: 
shew that the quadrilateral CFDG has any two of its 
a(^acent sides in the same ratio as the remaining two. 

354. Apply VI. 3 to solve the problem of the trisec- 
tion of a finite straight line. 

355. In the circumference of the circle of which AB is 
a diameter, take any point P\ and draw PC, PD on 
opposite sides of AP, and equally inclined to it, meeting 
J^ at Cand 2> ; shew that AC is to ^{7 as AD is to BD. 

356. AB is a straight line, and D is any point in it : 
determine a point P in AB produced such that PA is to 
PB as DA is to DB, 

357. From the same point A straight lines are drawn 
making the angles BAC, GAD, DAE each equal to half a 
right angle, and they are cut by a straight line BCDE, 
which makes BAE an isosceles triangle : shew that BCor 
DE is a mean proportional between BE and CD, 

358. The angle -4 of a triangle ABC is bisected by 
AD which cuts the base at 2>, and is the middle point 
of BC: shew that OD bears the same ratio to OB that the 
difference of the sides bears to their sum. 

359. AD and AE bisect the interior and exterior 
angles at ^ of a triangle ABC, and meet the base at 
D and E\ and is the middle point of BC: shew that 
OB is a mean proportional between OD and OE. 

360. Three points D, E, F in the sides of a triangle 
-4-5(7 being joined form a second triangle, such that any 
two sides make equal angles with the side of the former at 
which they meet : shew that AD, BE, CF are at right 
angles to BC, CA, AB respectively. 



VL 4 to 6. 

361. If two triangles bo on equal bases and between 
the same parallels, any straight Uno parallel to their bases 
fnll cut off equal areas from the two triangles. 

362. AB and CD are two parallel straight lines ; E is 
the middle point of CD ; AG and BE ma^t tjut F, and AE 

andBD meet at G : shew that FG \% ^«wMt H»^ AB, 
3^3. J, B, G are three fixed pomts m ^ ^^^^"^^^ ^ 
BnystrsLight line is drawn ttoougW C •, ^^^^^"^v ^^^^ 
pendicnlirs on it from A and ^ are m a coii«X»2^^^^^^^ 
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364. If Uie perpendiculars from two fixed points on a 
straight line passing between them be in a giv^i ratio, 1^ 
straight line must pass through a third fixed point. 

365. Find a straight line such that the perpendiculars 
on it from three given points shall be in a given ratio to 
each other. 

366. Through a given point draw a straight line, so 
that the parts of it intercepted between that point and 
perpendiculars drawn to the straight line from two other 
given points may have a given ratio. 

367. A tangent to a circle at the point A intersects 
two parallel tangents at B^ C, the. points of contact of 
which with the circle are D, E respectively ; and BE, CD 
intersect at F: shew that AF is parallel to the tangents 
BD, CE. 

368. P and Q are fixed points ; AB and CD are fixed 
parallel straight lines ; any straight line is drawn from P 
to meet AB at M, and a straight line is drawn from Q 
parallel to PM meeting CD at N\ shew that the ratio of 
PM to QN is constant, and thence shew that the straight 
line through M and iV passes through a fixed point. 

369. Shew that the diagonals of a quadrilateral, two 
of whose sides are parallel and one of them double of the 
other, cut one another at a point of trisection. 

370. A and B are two points on the circumference of a 
circle of which C is the centre ; draw tangents at A and B 
meeting at T\ and from A draw AN perpendicular to 
CB : shew that BTi^ to BCasBNis to NA. 

371. In the sides AB, AC of & triangle ABC are 
taken two points Z>, E, such that BD is equal to CE; 
DEj BC are produced to meet at F: shew that AB is to 
ACBsEFi&ioDF 

372. If through the vertex and the extremities of the 
base of a triangle two circles be described intersecting 
each other in the base or base produced, their diameters 
are proportional to the sides of the triangle. 

373. Find a point the perpendiculars from which on 
the sides of a given triangle shall be in a given ratio* 

374. On AB, AG, two adia.ceii\. %\^^ ^'i ^ -c^^^sm^rk 

two similar triangles are constmc^L.^^ «si5iL \?^^^^^^^ 

are drawn to AB, A C from t\iO a.Tis\^«» '«^^'V^^^^*»^ 
intersecting at the point P. li AB, ACX^^^^^''^^ 
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sides, shew that P is m all cases in one of the diagonals of 
the rectangle. 

376. In the figure of I. 43 shew that if EG and FJI 
be produced they will meet on -4(7 produced. 

376. APB and CQD are parallel straight lines di- 
rected towards the same parts ; and AP ia U) PB as CQ 
is to QD : shew that the straight lines PQ, AG^ BD, 
when produced will meet at a point. 

377. ACB is a triangle, and the side AC \& produced 
to 2> so that CD is equal to -4(7, and BD is joined : if any 
straight line drawn parallel to AB cuts the sides AC^ CB, 
and from the points of section straight lines be drawn 
parallel to DB, shew that these straight lines will meet. 
AB at points equidistant from its extremities. 

378. If a circle be described touching externally two 
given circles, the straight line passing through the points 
of contact wUl intersect the straight line passing through 
the centres of the given circles at a fixed point. 

379. D is the middle point of the side BC of a tri- 
angle ABC, and P is any point in AD ; through P the 
straight lines BPE, CPF are drawn meeting the other 
sides at ^, P: shew that EF\a parallel to BC. 

380. AB is the diameter of a circle, E the middle 
point of the radius OB ; onAE, EB as diameters circles 
are described; PQL is a common tangent meeting the 
circles at P and Q, and AB produced at L : shew tlukt 
BL is equal to the radius of the smaller circle. 

381. ABCDE is a regular pentagon, and AD^ BE 
intersect at : shew that a side of the pentagon is a mean 
proportional between AG and AD, 

382. ABCD is a parallelogram ; P and Q are points 
in a straight line parallel to AB ; PA and QB meet at 
B, and PD and QC meet at S; shew that ES is parallel 
to AD. 

383. A and B are two given points ; -4(7 and BD are 
perpendicular to a given straight line CD ; AD and BC 
mtersect at E, and ^Pis perpendicular to CD : shew that 
AF and BF make equal angles with CD. 

384. From the angular pointa oli ^ "^«c^"&Vi^«sflL ABCD 
perpendiculara are drawn ontVie d\a;goTi«X%xxiefcHks\.^\5ws^^ 

J^,I',G,H respectively : sheiiv tbat EFGH '\^ ^^«x^^q- 

^rsLux similar to ABCD. 
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386. If at a given point two circles intersect, and their 
centres lie on two fixed straight lines which pass through 
that point, shew that whatever be the magnitude of the 
circles their common tangents will always meet in one of 
two fixed straight lines which pass through the given point. 



VI. 7 to 18. 

386. If two circles touch' each other, and also touch 
a given straight line, the part of the straight line between 
the points of contact is a mean proportional between the 
diameters of the circles. 

387. Divide a given arc of a circle into two parts, so 
that the chords of these parts shall be to each other in a 
given ratio. 

388. In a given triangle draw a straight line parallel 
to one of the sides, so that it may be a mean proportional 
between the segments of the base. 

389. ABC is a triangle, and a perpendicular is drawn 
from A to the opposite side, meeting it at D between B 
and C: shew that if -^4i> is a mean proportional between 
BD and CD the angle BACis a right angle. 

390. ABC is a triangle, and a perpendicular is drawn 
from A on the opposite side, meeting it at D between 
B and C: shew that if BA is a mean proportional between 
BD and BC, the angle BACis a right angle. 

391. C is the centre of a circle, and A any point within 
it ; CA is produced through -4 to a point B such that the 
radius is a mean proportional between CA and CB : shew 
that if P be any pomt on the circumference, the angles 
CPA and CBP are equal. 

392. is a fixed point in a given straight line OA, 
and a circle of given radius moves so as sdways to be 
touched by OA ; a tangent OP is drawn from to the 
circle, and in OP produced PQ is taken a third propor- 
tional to OP and the radius: shew that as the circle 
moves along OA, the point Q will move in a atraii^i 
Mne, . ^ 

393. Two given paraXiel Btem^^iX.Xm«?^ '^'^^^icv^'^ 
BndSPTia another tangent cxAtma VXv^>^^ ^^^ ^. 
genta at S and T, and m^tVa^ ^^ <sae^^ ^ *^ * 
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that the rectangle SP^ PT is aozistaot for all positioiiB 
of P. 

394. Fiad a point m a side of a triangle, from whidi 
two straight lines drawn, one to the opposite angle, and the 
other parallel to the base, shall cut off towards the vertex 
and towards the base, equal triangles. 

395. ACB is a triangle having a right angle at C; from 
A a straight line is drawn at right angles to AB, cutting 
BC produced at E ; from B a straight line is drawn at 
right angles to AB, cutting AG produced at £> : shew that 
the triangle ECI> is equal to the triangle ACB, 

396. The straight line bisecting the angle ABC of 
the triangle ABC meets the straight lines drawn through 
A and (7, parallel to BC and AB respectively, at E and F: 
shew that the triangles CBE, ABFsLre equal. 

397. Shew that the diagonals of any (quadrilateral 
figure inscribed in a circle £yide the quadrilateral into 
four triangles which are similar two and two ; and deduce 
the theorem of III. 35. 

398. AB, CD are any two chords of a circle passing 
through a point ; EF is any chord parallel to OB ; join 
CE, DF meeting AB at the points G and H, and DE, CF 
meeting AB at the points K and L : shew that the rect- 
angle OG, Off is equal to the rectangle OIT, OL, 

399. ABCD is a quadrilateral in a circle; the straight 
lines CE, DjE^which bisect the angles ACB, ADB cut BD 
and AC Sit F and G respectively : shew that EF is to EG 
Ba ED is to EC. 

400. From an angle of a triangle two straight lines are 
drawn, one to any point in the sioe opposite to the an^le, 
and the other to the circumference of the circumscribmg 
circle, so as to cut from it a segment containing an angle 
equal to the angle contained by the first drawn line and 
the side which it meets: shew that the rectangle con- 
tained by the sides of the triangle is equal to i^e rectangle 
contained by the straight lines Qius drawn. 

401. The vertical angle (7 of a triangle is bisected by a 
straight line which meets the base at D, and is produced 
to a point E, such that the recta.wg\€i coxAalwi^^Xil CX> «sA. 

0£^ IS equal to the rectangle conUVive^ \>^ AG ^\A CB\ 
shew that if the base and vertical asi?^\o\» ^N«i,>^^^^2«ix- 
4iiou ofJSis invariable. 
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402. A square is inscribed in a right-mgled triangle 
ABC^ one side DE of the square ooindding with the hypo- 
tenuse AB of th^ triangle: shew that i£e area of the 
square is equal to the rectangle AD, BE, 

403. ABCD is a parallelogram; from B a straight 
line is drawn cutting the diagonal -4(7 at jP, the side DC 
at G, and the side AD produced at E: shew that the 
rectangle EF, FG is equal to the square on BF, 

404. If a straight line drawn from the vertex of an 
isosceles triangle to the base, be produced to meet the 
circumference of a circle described about the triangle, 
the rectangle contained by the whole line so produced, 
and the part of it between the vertex and the base shall 
be equal to the square on either of the equal sides of the 
triangle. 

405. Two straight lines are drawn from a point A to 
touch a circle of which the centre is E', the points of con- 
tact are joined by a straight line which cuts EA at H', and 
on HA as diameter a circle is described : shew that the 
straight lines drawn through E to touch this cirde will 
meet it on the circumference of the given drde. 



VI. 19 to JD. 

406. An isosceles triangle is described having each 
of the angles at the base double of the third angle: if the 
angles at the base be bisected, and the points where the 
lines bisecting them meet the opposite sides be joined, 
the triangle will be divided into two parts in the proportion 
of the base to the side of the triangle. 

407. Any regular polygon inscribed in a circle is a 
mean proportional between the inscribed and circumscribed 
regular polygons of half the number of sides. 

408. In the figure of VI. 24 shew that EG and KH 
are parallel. 

409. Divide a triangle into two equal parts by a 
Btrsaght line at right angles to oue ol >iXv^ «A^, ^ 

410. If two isosceles tria.Tv^\eft ^^^ \» ^^^-^^^^ 
the duplicate ratio of their V>Siae», %\ve^ VXv'5^^» \Xxfc\2c>a^>fe 
are similar. 
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411. Through a given point draw a chord in a given 
circle so that it shall be divided at the point in a given 
ratio. 

412. From a point without a circle draw a straight 
line cutting the circle, so that the two segments shall be 
equal to each other. 

413. In the figure of II. 11 shew that four other 
straight lines, besides the given straight line are divided 
in the required manner. 

414. Construct a triangle, having given the base, the 
vertical angle, and the rectangle contained by the sides. 

415. A circle is described round an equilateral triangle, 
and from any point in the circumference straight lines 
are drawn to the angular points of the triangle: shew 
that one of these straight lines is equal to the other two 
together. 

416. From the extremities B, C of the base of an 
isosceles triangle ABC, straight lines are drawn at right 
angles to AB, AG respectively, and intersecting at Di 
shew that the rectangle BC, AD is double of the rectangle 
AB, DB, 

417. ABC is an isosceles triangle, the side AB being 
equal to AC\ F\a the middle point oiBG\ on any straight 
line through A perpendiculars FG and CE are drawn : 
shew that the rectangle AG, EF is equal to the sum of the 
rectangles FC, EG and FAy FG. 



XI. 1 to 12. 

418. Shew that equal straight lines drawn from a given 
point to a given plane are equally inclined to the plane. 

419. If two straight lines in one plane be equally in- 
clined to another plane, they will be equally inclined to the 
common section of these planes. 

420. From a point A a perpendicular is drawn to a 
plane meeting it at -ff ; from B a perpendicular is drawn 
on a straight line in the plane meeting it at (7 : shew that 
Ad'A perpendicular to the straight line in the plane. 

42L ABC is a triangle •, t&e pet^ew^cviJkax^ ^otcL A 
Olid B on the opposite sides meet ^t B \ >iJKxw^^ X> ^ 
fimlsrbt line is drawn perpene^cxxVaj V^J^^j'lf^^ 
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the straight line joining E to any angular point of the tri- 
angle is at right angles to the straight line drawn through 
that angular point parallel to the opposite sMe of the tri- 
angle. 

422. Straight lines are drawn from two given points 
without a given plane meeting each other in that plane : 
find when their sum is the least possible. 

423. Three straight lines not in the same plane meet 
at a point; and a plane cuts these straight lines at equal 
distances from the point of intersection : shew that the 
perpendicular from that point on the plane will meet it at 
the centre of the circle described about the triangle formed 
by the portion of the plane intercepted by the planes pass- 
ing through the straight lines. 

424. Give a geometrical construction for drawing a 
straight line which shall be equally inclined to three 
straight lines meeting at a point. 

426. From a point E draw EC, ED perpendicular to 
two planes CAB, DAB which intersect in AB^ and from 
D draw DF perpendicular to the plane CAB meeting it at 
F: shew that the straight line CF, produced if necessary, 
is perpendicular to AB, 

426. Perpendiculars are drawn from a point to a plane, 
and to a straight line in that plane : shew that the straight 
line joining the feet of the perpendiculars is perpendicular 
to the former straight line. 



XL 13 to 21. 

427. BCD is the common base of two pyramids, whose 
vertices A and ^ lie in a plane passing through BC', and 
AB, AC are respectively perpendicular to the faces BED, 
CED : shew that one of me angles at A tpgother with the 
angles at E make up four right angles, supposing A and E 
to be on opposite sides of B(J, 

428. Within the area of a given trianglia is inscribed 
another triangle: shew that the sum of the angles sub- 
tended by the sides of the ixitetiot tn»sx^'5k ^ ^cs?^ -^^so^ 

not in the plane of the triangles \a V«» \X!kas3L'<ickft ««sa. ^*^s^ 
ODflea subtended at tbQ same ^om\.\y3 VJoa i^^<^ ^^ *^^ '^^ 
tenor angle. .^ -v ^qss&s 

429. From the ©xtremitiieft oi \Jcve V^c^ ^ax^^^^^ 



\ 
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lines ABy CD parallel straight lines Aa, Bby Cc, Dd are 
drawn meeting a plane at a, b,e,d: shew that AB is to 
CD as a& to cd. 

430. Shew that the perpendicular drawn from the vw- 
tex of a regular teti'ahedron on the opposite faice is three 
times that drawn from its own foot on any of the other faces. 

431. A triangular pyramid stands on an equilateral 
base and the angles at tne vertex are right angles : shew 
that the sum of the perpendiculars on the faces from any 
point of the base is constant. 

432. Three straight lines not in the same plane inter- 
sect at a point, and through their point of intersection 
another straight line is drawn within the solid angle formed 
by them: shew that the angles which this straight line 
makes with the first three are together less than the sum, 
but greater than half the sum, of the angles which the first 
three make with each other. 

433. Three straight lines which do not all lie in one 
plane, are cut in the same ratio by three planes, two of whidi 
are parallel: shew that the third will be parallel to the 
other two, if its intersections with the three straight lines 
are not all in the same straight Une. 

434. Draw two parallel planes, one through one straight 
line, and the other through another straight fine which does 
not meet the former. 

435. If two planes which are not parallel be cut by two 
parallel planes, the lines of section of the first two by the 
last two will contain equal angles. ' 

436. From a point A in one of two planes are drawn. 
AB at right angles to the first plane, and A C perpendicular 
to the second plane, and meeting the second plane at ^, C7: 
shew that BC is perpendicular to the Ime of mtersection of 
the two planes. 

437. Polygons formed by cutting a prism by parallel 
planes are equal. 

438. Polygons formed by cutting a pyramid by parallel 
planes are similar. 

439. The straight line PBhp cuts two parallel planes 
at^, b, and the points P,p axe ec^m^^xA,iTCim>;Xift^^i^^ 

I^Aa,pcG2iVQ other straigU \mea ^«^^^?«^^^'^^Jf^ 
the planes : shew that tlie txianglea ABC, obc ^^^^• 
440. ^Perpendiculars AB, BF wee ^x«^ ^^ ^^^ 
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from two points Ay B abore it ; a plane i» drawn throtigh 
A perpenoicular to AB : shew that Hs Une of iDterseetkm 
with the given plane is perpendicular to EF* 



I. 1 to 48. 

441. ABC is a triangle, and P is any point within it: 
shew that the sum of PA^ PB, PC i» less than the sum of 
the sides of the triangle. 

442. From the centres A and B of two circles parallel 
radii AP, BQ are drawn ; the straight line PQ meets the 
circumferences again at E and S: shew that jli? is parallel 
to BS. 

443. If any point be taken within a parallelogram the 
sum of the triangles forojed by joining the point with the 
extremities of a pair of opposite sides is halt the parallelo- 
gram. 

444. If a quadrilateral figure be bisected by one dia- 
gonal tiie second diagonal is bisected by the first. 

445. Any quadrilateral figure which ia bisected by 
both of its diagonals is a parallelogram. 

446. In the figure of I. 5 if the equal sides of the tri- 
angle be produced upwards through the vertex, instead of 
downwards through the base, a demonstration of I. 15 may 
be obtained without assuming any proposition beyond I* 6, 

447. A IB a given point, and B \a ^ ^«e^ ^^ss^.^s^.^ 
given straight line: it is requkeaL\iO dT«« ^^^:?^ :^J$S,^a. 

given straight line, a straagU Aine AP, «»$3sO^ ^^ ^ 
ofuiJ^ and JPB may be eqml to a ^\n«ix VrD«^ 
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448. Shew that by superposition the first case of I. 26 
may be immediately demonstrated, and also the second 
case with the aid of 1. 16. 

449. A straight line is drawn terminated by one of the 
sides of an isosceles triangle, and by the other side pro- 
duced, and bisected by the base : shew that the straight 
lines tiius intercepted between the yertex of the isosceles 
triangle and this straight line, are together equal to the 
two equal sides of the triangle. 

450. Through the middle point M of the base BC of a 
triangle a straight line DME is drawn, so as to cut off 
equal parts from the sides AB^ ACy produced if necessary : 
shew that BD is equal to CE, 

451. Of all panillelograms which can be formed with 
diameters of given lengths the rhombus is the greatest. 

452. Shew from I. 18 and I. 32 that if the hypote- 
nuse BG of a right-angled triangle ABC be bisected at 2>, 
Uien AD, BD, CD are all equal 

453. If two equal straight lines intersect each other ■ 
any where at right angles, the quadrilateral formed by 
joining their extremities is equal to half the square on 
either slight line. 

454. Inscribe a parallelogram in a given triangle, in 
such a manner that its diagonals shall Intersect at a given 
point within the triangle. 

455. Construct a triangle of given area, and having two 
of its sides of given lengths. 

456. Construct a triangle, having given the base, the 
difference of the sides, and the difference of the angles at 
the base. 

457. AB, ^(7 are two given straight lines; it is re- 
quired to find in AB a point P, such that if PQ be drawn 
perpendicular to -4 (7, the sum of AP and AQ may be equal 
to a given straight line. 

458. The distance of the vertex of a triangle from the 
bisection of its base, is equal to, greater than, or less than 
half of the base, according as the vertical angle is a rights 
an acute, or an obtuse ande. 

459. If in the sides oi a gWeii aqvvaift,^\. ^ojOiaSL ^Ss^u^sy;^^ 
/rom the four angular pointe, ioux oVXiet ^m\& \i^ \akssa«, 

one on each aide, the figure contameeiVs^ ^\ift ^\jm^\.>3M» 
which join them, shall also be a aqoaxe. 
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460. On a giyen straight line as base, construct a tri- 
angle, having given the difference of the sides and a point 
through which one of the sides is to pass. 

461. ABC is a triangle in which BA is greater than 
CA ; the angle A is bisected by a straight line which meets 
J9(7at D\ shew that BD is greater than CD, 

462. If one angle of a triangle be triple another the 
triangle may be divided into two isosceles triangles. 

463. If one angle of a triangle be double another, an 
isosceles triangle may be added to it so as to form toge- 
ther with it a single isosceles triangle. 

464. Let one of the equal sides of an isosceles triangle 
be bisected at 2>, and let it also be doubled by being pro- 
duced through the extremity of the base to E, then the 
distance of the other extremity of the base from E is double 
its distance from D, 

465. Determine the locus of a point whose distance 
from one given point is double its mstance from another 
given point. 

466. A straight line AB is bisected at C, and on AC 
and CB as diagonals any two parallelograms ADCE and 
CFBG are described; let the parallelogram whose adja- 
cent sides are CD and CF be completed, and also tnat 
whose adjacent sides are CE and CQ : shew that the diago- 
nals of these latter parallelograms are in the same straight 
line. 

467. ABCD is a rectangle of which A^ C are opposite 
angles ; E is any point in BC and F is any point in CD : 
shew tiiat twice the area of the triangle AEF^ together 
with the rectangle BE, DF is equal to the rectangle 
ABCD, 

468. ABC, DBC are two triangles on the same base, 
and ABC has the side AB equal to the side AC; b. circle 
passing through C and D has its centre E on CA, product 
if necessary; a circle passing through B and D has its 
centre F on BA, produced if necessary i ahe^ thai t&5b 
quadiilateraJ AEDF has tli© sam ol X.'^^ ^"l '^ ^Ar5*» ^^ss^j^ 

to the sum of the other two. 

469. Two straight linea AB^ AO «to «««o^V».^«'='^^^^' 
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it 18 reqtdred to find in AB si point P, such Uiat a perpen- 
dicnlar being drawn from it \o AG^ the straight hne AP 
may exceed this perpendicnlar by a proposed length. 

470. Shew that the opposite sides of any equiangnilar 
hexagon are parallel^and that any two sides which are adiacent 
are together equal to the two to which they are paraUeL 

471. From D and E, the comers of the square BDEG 
described on the hypotenuse BG of a right-angled triangle 
ABC, perpendiculars DM, EN are let fell on AG^ AB 
respectiyely: shew that AM is equal to ABy and AN 
equal to ^(7. 

472. AB and ^(7 are two given straight linei^ and 
P is a given point : it is required to draw through P a 
straight line whieh shaQ form with AB and AC tM least 
possible triangle. 

473. ABC is a triangle in which (7 is a ri^ht m^e : 
shew how to draw a straight line parallel to a given straight 
line, so as to be terminated by GA and CB, and bisected 
by AB, 

474. ABC is an isosceles triangle having the an^le at 
B four times either of the other angles ; AB is produced 
to 2> so that BD is equal to twice AB, and CD is joined : 
shew that the triangles AGD and ABC are equiangular to 
one another. 

476. Through a point K within a parallelogram ABGD 
straight lines are drawn parallel to the sides : shew that 
the difference of the parallelograms of which KA and KG 
are diagonals is equal to twice the triangle BKD, 

4tl^. Construct a right-angled triangle, having spven 
one side and the difference between the other side and the 
hypotenuse. 

477. The straight lines -4Z>, BE bisecting the sides 
BG, AG oi 2k triangle intersect at G\ shew that AG S& 
double of GD, 

478. BAG is a right-angled triangle; one straight line 
is drawn bisecting the right ande A, and another bisecting 
the base BG at right angles ; these straight lines intersect 

at ^: if D he the middle pomt oi BC>^«^ V^oaJ^ I>^ Sa 
equal to DA. 

, 479. On AG the diagonal oi a ftcvyuii^ ^^^S;!*^^^ 
bu3 Jf!rfpn\a described of the aame awsw ^^X^^ ^^^ 
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and ha^ng its acute angle 9X, A\ if AF be joined, shew 
that the angle BACis divided into three equal angles. 

480. AB, AC are two fixed straight lines at right 
angles ; J> is any poinii in AB, and E is any point in AC; 
on DE as diagonal a half square is described with its 
vertex at G : shew tha,t the locus iof G is the straigtit lino 
which bifi^jBcts the angle 5-4(7. 

481. Shew that a square is greater than any othex* par- 
allelogram of the same perinaeter. 

482. Inscribe a square of given magnitude in a givei^i ' 
square. 

483. ABC is a triangle ; AD is & third of AB, and 
AE is a third of AC; CD and BE intersect at F: shew 
that the triangle BFC is half the triangle BACy and that 
the quadrilateral ADFE is equal to either of the triangles 
CFE or BDF. 

484. ABC i& a triangle, having the angle C a right 
angle ; the angle A i& bisected by a straight line which 
meets BC at D, and the angle B is bisected by a straight 
line which meets -4(7 at j^; AD and BE intersect at : 
shew that the triangle AOB is half the quadrilateral 
ABDE. 

485. Shew tliat a scalene triangle cannot be divided 
by a straight line Into two parts which will coincide. 

486. ABCD, ACED are parallelograms on equal bases 
BC, CE, and between the same par^llejls AD, BE; the 
straight lines BD and AE intersect a^) Fi ^hew that BF 
is equal to twice DF, 

487. Parallelograms AFGC^ CBKH are described on 
AC, BC outside the triangle ABC ; FG and KH meet at 
Z ; ZC is joined, and through A and B straight lines AD 
and BE are dravn, both parallel to ZQ, and meeting FG 
and KH at D and M respectively : shew tn^jt the figure 
ADEB IS a parallelogram, smd that it is equal to the sum 
of the parallelograms FC, CK, 

488. If a quadrilateral have two of its sides parallel 
shew that the straight line drawn parallel to these sides 
through the intersection of the diagonals is bisected at that 
point. 

489. Two triangles are on ec^«i \i^aft»» «SL^\siRS^jR^^ 
the same parallels : shew that lYie «^^e^ ^^ ^^ \2CNa»s^'eR» '^ 

tercept equal lengths of any &lT8A^\.X\3aa^\5^^>»»^'*=^^ 
to their baaesk 
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490. In a right-angled triangle, right-angled at A^ if 
the side AC\>q double of the side A By the angle B is more 
than double of the angle (7. 

491. Trisect a parallelogram by straight lines drawn 
through one of its angular points. 

492. AHK is an equilateral triangle ; A BCD is a 
rhombus, a side of which is equal to a side of the triangle, 
and the sides BG and CD of which pass through H and 
K respectively : shew that the angle A of the rhombus is 
ten-ninths of a right angle. 

493. Trisect a given triangle by straight lines drawn 
from a given point in one of its sides. 

494. In the figure of I. 35 if two diagonals be drawn 
to the two parallelograms respectively, one from each ex- 
tremity of the base, and the intersection of the diagonals be 
joined with the intersection of the sides (or sides produced) 
in the figure^ shew that the joining straight line will bisect 
the base. 

II. 1 to 14. 

495. Produce one side of a given triangle so that the 
rectangle contained by this side and the produced pari 
may be equal to the d&erence of the squares on the other 
two sides. 

496. Produce a given straight line so that the sum of 
the squares on the given straight line and on the part 
produced may be equal to twice the rectangle contained by 
the whole straight line thus produced and the part pro- 
duced. 

497. Produce a given straight line so that the sum of 
the squares on the given straight line and on the whole 
straight line thus produced may be equal to twice the 
rectangle contained by the whole straight line thus pro- 
duced and the part produced. 

498. Produce a given straight line so that the rectangle 
contained by the whole straight line thus produced and 3ie 
part produced may be equal to the square on the given 
atrmght line. 

499. Describe an isosceVea o\>tvx&^«ii'^^^ Xjcvasi^^ ^n^siSx 
that the square on the largest svd^ m-ac^ \>^ ^o^ ^a ^^^ 
times the square on either o^ tVve ^q^«i^^*. 

^00. F{nd the obtuse WigVe oi «» ^Jna.Tv^Vb ^V^x. VSc.. 
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gquare on the side opposite to the obtuse angle is greater 
than the sum of the squares on the sides containing it, by 
the rectangle of the sides. 

501. Construct a rectangle eaual to a given square 
when the sum of two adjacent sides of the rectangle is 
equal to a given quantity. 

502. Construct a rectangle equal to a given square 
when the diflference of two adjacent sides of the rectangle 
is equal to a given quantity. 

503. The least square which can be inscribed in a 
given square is that which is half of the given square. 

504. Divide a given straight line into two parts so that 
the squares on the whole line and on one of the parts 
may be together double of the square on the other part. 

505. Two rectangles have equal areas and equal peri- 
meters : shew that they are equal in all respects. 

506. A BCD is a rectangle ; P is a point such that 
the sima of PA and PC is equal to the sum of PB and 
PD : shew that the locus of P consists of the two straight 
lines through the centre of the rectangle parallel to its 
sides. 



III. 1 to 37. 

507. Describe a circle which shall pass through a given 
point and touch a given straight line at a given point 

508. Describe a circle which shall pass through a given 
point and touch a given circle at a given point. 

509. Describe a circle which shall touch a given circle 
at a given point and touch a given straight line. 

510. AD, BE are perpendiculars from the angles 
A and ^ of a triangle on the opposite sides ; BF is per- 
pendicular to ED or ED produced : shew that the angle 
FBD is equal to the angle EBA. 

511. UABG be a triangle, and BE, GF the pwpen- 
diculars from the angles on the opposite sides, ana A the 
middle point of the third side, shew that the aiigleflf FEK^ 
EFK are each equal to -4. - : ^vvaflB 

512. AB i^ a diameter ot «>. dxdek \ AO ^^^,3^*^*1 
two chords meeting the tsmgeiii aX. B ^^^ ^a**^TS3 

spectivdy: shew ttiat the aa^lea FOE «^ J£^^^ 
equal 
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513. Shew that the four straight lines bisecting the 
angles of any quadrilateral form a quadrilateral which can 
be inscribed in a circle. 

614. Find the shortest distance between two circles 
which do not meet. 

615. Two circles cut one another at a point ^ : it is 
required to draw through A a straight line so that the 
extreme length of it intercepted by the two circles may be 
equal to that of a giv^en straight line. 

616. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the alteniate angles together 
v^ith two right angles is equal to as many right angles 
as the figure has sides. 

617. Draw from a given point in the circumference of a 
circle, a chord which shall be bisected by its point of inter- 
section with a given chord of the circle. 

618. When an equilateral polygon is described about 
a circle it must necessarily be equiangular if the number 
of sides be odd, but not otherwise. 

519. ABi& the diameter of a circle whose centre is (7, 
and DCE is a sector having the arc DE constant ; join 
AE, BD intersecting at P\ shew that the angle APE is 
constant. 

620. If any number of triangles on the same base EC, 
and on the same side of it have their vertical angles equal, 
and perpendiculars, intersecting at 2>, be drawn from B 
and C on the opposite sides, find the locus of D ; and shew 
that all the straight lines which bisect the angle EDO 
pass through the same point. 

621. Let O and C be any fixed points on the circum- 
ference of a circle, and OA any chord ; then if AC be 
joined and produced to B, so that OB is equal to OA, 
the locus of jB is an equal Circle. 

622. From any point P in the diagonal BD of a 
parallelogram ABCD, straight lines PE, PF, PG, PH 
are drawn perpendicular to the sides AB, EC, CD, DA : 
shew that EF is parallel to GH, 

623. Through any fixed point of a chord of a circle 
other chorda are drawn ; 8\\ew i\v«A. \Xi^ ^fcm'^Vit Imea from 

the middle point of the first chorei \^ VJcv^ \s3:\^«l^ Vs«3Xa» ^\ 
the others will meet them a\\ at tV^ aam^ «d«^^. 

524. urf^C is a Straight Uuo, ^N\^^^ ^^ ^^^^^ ^ 
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into two parts; ADB and CDB are similar segments of 
circles, having the common chord BD ; CD and AD are 
produced to meet the circumferences at E and E respec- 
tively, and AF,' CE, BF, BE are joined : shew that ABF 
and GBE are isosceles triangles, equiangular to one an^ 
other. 

525. If the centres of two circles which touch each 
other externally be fixed, the common tangent of those 
circles will touch another circle of which the straight line 
joining the fixed centres is the diameter. 

526. ^ is a given point : it is required to draw from 
A two straight Imes which shall contain a given angle and 
intercept on a given sti-aight line a part of given length. 

527. A straight line and two cirdes are given: find 
the point in the straight line from which, the tangents 
drawn to the circles are of equal length. 

528. In a circle two chords of given length are drawn 
so as not to intersect, and one of them is fixed in position ; 
the opposite extremities of the chords are jwned by 
straight lines intersecting within the circle : shew that the 
locus of the point of intersection will be a portion of the 
circumference of a circle, passing through the extremities 
of the fixed chord. 

529. A and B are the centres of two circles which 
touch internally at (7, and also touch a third circle^ whose 
centre is Z>, externally and internally respectively at 
E and F: shew that the angle ADB is double of the 
angle ECF, 

530. C is the centre of a circle, and CP is a perpen- 
dicular on a chord APB\ shew that the sum of CP and 
AP is greatest when CP is equal to AP, 

531. AB, BG, CD are three adjacent sides of any 
polygon inscribed in a circle; the arcs AB, BG^ CD are 
bisected at L,M,N\ and LM cuts BA, BG respectively 
at P and Q : shew that BPQ is an isosceles triangle ; and 
that the angles ABC, BCD are together double of the 
angle LMN. 

532. In the circumference of a given circle determine 
a point so situated that if chords be drawn to it from 
the extremities of a given chord oi \*\\^ caOva K5ckss« ^sSst- 
ence shall he equal to a given att^^X* Xsaa \^»»» Siossss. Hias!. 

given chord, ^Sia 

633. Construct a trianglOi liorois SWOT^'Oftft ^^^se. 



390 EXERCISES IN EUCLID. 

sides, the difference of the segments of the base made by 
the perpendicular from the vertex, and the difference of 
the bade angles. 

534. On a straight line AB as base, and on the 
same side of it are described two segments of circles ; 
P is any point in the circumference of one of the seg- 
ments, and the straight line BP cuts the circumference of 
the other segment at Q: shew that the angle PAQ is 
equal to the angle between the tangents at A, 

535. AKL is a fixed straight line cutting a given 
circle at K and L ; APQ, ARS are two other straight 
lines making equal angles with AKL, and cutting the 
circle at P, Q and i2, S : shew that whatever be the posi- 
tion of APQ and ARS, the straight line joining the mid- 
dle points of PQ and BS always remains parallel to itself. 

536. If about a quadrilateral another quadrilateral 
can be described such that every two of its aajacent sides 
are equally inclined to that side of the former quadrilateral 
which meets them both, then a circle may be described 
about the former quadrilateral. 

537. Two circles touch one another internally at the 
point -4 : it is required to draw from A a straight line 
such that the part of it between the circles may be equal 
to a given straight line, which is not ^eater than the 
difference between the diameters of the circles. 

538. ABCD is a parallelogram ; AE is at right angles 
to AB, and GE is at right angles to CB : shew that ED, if 
produced, will cut ACot right angles. 

539. From each angular point of a triangle a perpen- 
dicular is let fall on the opposite side : shew that the rect- 
angles contained by the segments into which each perpen- 
dicular is divided by the point of intersection of the three 
are equal to each other. 

540. The two angles at the base of a triande are 
bisected by two straight lines on which perpendiculars are 
drawn Ifrora the vertex : shew that the straight line which 
passes through the feet of these perpendiculars will be 
parallel to the base and will bisect the sides. 

d4L Id a given circle inacnb^ a. T^e^^as^o^ ^ci^mI to a 

gj'ren rectilineal ^fmre. _^ ;., ^ 

^42. In an acute-angled tnaTig\^ ABC WT^^^^^ 

^A ^E are let fall on BC, CA t^^^^^^^IN ^^^^ 
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described on AC, BC as diameters meet BE, AD respec- 
tively at F, G and H, K\ shew that F, G, H, K lie on the 
circumference of a circle. 

643. Two diameters in a circle are at right angles; 
from their extremities four parallel straight lines are 
drawn ; shew that they divide the circumference into four 
equal parts. 

544. E is the middle point of a semicircular arc AEB, 
and CDE is any chord cutting the diameter at Z), and the 
circle at C\ shew that the square on CE is twice the quad* 
rilateral AEBC, 

545. ^^ is a fixed chord of a circle, -^C is a move* 
able chord of the same circle ; a parallelogram is described 
of which AB and ^(7 are adjacent sides : find the locus of 

• the middle points of the diagonals of the parallelogram. 

546. AB is a fixed chord of a circle, -4(7 is a moveable 
chord of the same circle ; a parallelogram is described of 
which AB and AC are adjacent sides: determine the 
greatest possible length of the diagonal drawn through A, 

647. If two equal circles be placed at such a distance 
apart that the tangent drawn to either of them from the 
centre of the other is equal to a diameter, shew that they 
will have a common tangent equal to the radius. 

648. Find a point in a given circle from which if two 
tangents be drawn to an equal circle, given in position, the 
chord joining the points of contact is equal to the chord 
of the first circle formed by joining the points of inter^ 
section of the two tangents produced ; and determine the 
limit to the possibility of the problem. 

649. -45 is a diameter of a circle, and AF S& any 
chord; C is any point va. AB, and through C a straight 
line is drawn at right angles to AB, meeting AF, pro- 
duced if necessary at Q, and meeting the circumference at 
D\ shew that the rectangle FA, AG, and the fiBctangle 
BA, AC, and the square on AD are all equal. 

650. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the base bisecting the vertical angle. 

65 J. A, B, C are three ^^eiv ^\»l\& ycl ^^ ^<3asfi&B«^ 
ence of a, giyen circle; find «tpo\sAi P «QlOcv'»^^*'^ j?^^^ 
^J", CP meet the circumfereiice ^\, D,E, T x^"«^^^^^- 
the arcs Z>Ey BF may be equsilL \o ^^«w «Jcc5^. 
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552. Find the point in the circumference of a g^yei 
circle, the sum of whose distances from two given btraigh 
lines at right angles to each other, which do not cut th< 
circle, is the greatest or least possible. 

553. On the sides of a triangle segments of a circle an 
described internally, each containing an angle equal to iAii 
excess of two right angles above the opposite angle of th< 
triangle : shew that the radii of the circles are equal, thai 
the circles all pass through one point, and that their chordi 
of intersection are respectively perpendicular to the oppo 
site sides of the triangle. 



IV. 1 to 16. 

554. From the angles of a triangle ABC perpendi- 
culars are (L*awn to the opposite sides meeting them at 
JO, E, F respectively : shew that DE and DF are equally 
inclined to AD, 

555. The points of contact of the inscribed circle 
of a triangle are joined; and from the angular points ol 
the triangle so formed perpendiculars are drawn to the 
opposite sides : shew that the triangle of which the feet of 
these perpendiculars are the angumr points has its sides 
parallel to the sides of the original triangle. 

556. Construct a triangle having given an angle and 
tiie radii of the inscribed and circumscribed circles. 

557. Triangles are constructed on the same base with 
equal vertical angles ; shew that the locus of the centres ol 
the escribed circles, each of which touches one of the sides 
externally and the other side and base produced, is an 
arc of a circle, the centre of which is on the circumferenoe 
of the circle circumscribing the triangles. .' < 

558. From the angular points A, B, C7 of a triangle 
2>e7pendiculars are drawn on the opposite sides, and ter- 

miDated at the points D, E, F on \)a^e ^aicwsssi^^eftR,^ ^1 tJis 
circmnscrihms circle : if X \)0 tlae i^mX. ol m\jeKfi^>Q^j 
the perpendi^ars, shew tliat. LJ), LE, L^ «t^\s««* 
At ^e «d©s of the triangle. 
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659. AJ^CDE is a regular pentagon ; join -4(7 and BD 
intersecting at : shew that -40 is equal to DO, and that 
tiie rectangle AC, CO is equal to the square on BC 

660. A straight line PQ of given length moves so that 
its ends are always on two fixed straight lines CP, CQ ; 
straight lines from P and Q at right angles to CP and CQ 
respectively intersect at B ; perpendiculars from P and Q 
on CQ and CP respectively intersect at S: shew that the 
loci of B and S are circles having their common centre 
at a 

661. Bight-angled triangles are described on the same 
hypotenuse : shew that the locus of the centres of the in- 
scribed circles iff a quarter of the circumference of a circle 
of which the common hypotenuse is a chord. 

6^. On a given straight line AB any tiHangte ACB is 
dedcfibed; the sides AC, BC are bisected and straight 
lines drawn at right angles to them through the points of 
bisection to intersect at a point D ; find the locus of D, 

563. Construct a triangle, having given its base, one of 
the angles at the base, and the distance between the centre 
of the mscribed circle and the centre of the circle touchmg' 
itie base and the sides produced. 

664. Describe a circle which shall touch a given straight 
line at a given point, and bisect the circumference of a 
given circle. 

565. Describe a circle which shall pass through a given 
point and bisect the circumferences of two given circles. 

566. Within a given cirde inscribe three equal circles, 
touching one another and the given circle. 

667. If the radius of a circle be cut as in II. 11, the 
greater segment will be the side of a regular decagon in- 
scribed in the circle. 

568. If the radius of a drcle bo cut as in II. 11, the 
square on its greater segment, togethef* with the square on 
the radius, is equal to the square on the side of a regular 
pentagon inscribed in the circle. 

569. From the vertex of a triande draw a straight 
line to the base so that the square on the strkight line may 
be equal to the rectangle contained by the segments of the 
base. 

570. Four straight linea ate ^oc«wxl yq. ^ "^^^^^ V^^^^"^ 
four triangles; shew that tYi© dTCQaa&cr^\»^ cissss»» ^^ 
tb&se triangles all pass thro\i§\i «ii ^ioxmoss^ V^'®^ 
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571. The perpendiculars from the angles A and J5 of a 
triangle ABC on the opposite sides meet at Z>; the circles 
described round ADC and DEC cut AB or AB produced 
at the points E and F\ shew that AE is equal to BF, 

672. The four circles each of which passes through the 
centres of three of the four circles touching the sides of a 
triangle are equal to one another. 

673. Four circles are described so that each may 
touch internally three of the sides of a quadrilateral : shew 
that a circle may be described so as to pass through the 
centres of the four circles. 

574. A circle is described round the triangle ABC, 
and from any point P of its circumference perpendiculars 
are drawn to BC, CA, AB, which meet the circle again at 
D,E,F\ shew that the triangles ^jBCand2>^F are equal 
in all respects, and that the straight lines AD, BE, CFzxe 
parallel. 

675. With any point in the circumference of a given 
circle as centre, describe another circle, cutting the former 
at A and B ; from B draw in the described circle a chord 
BD equal to its radius, and join AD, cutting the given 
circle at Q : shew that QD is equal to the radius of the 
given circle. 

676. A point is taken without a square, such that 
straight linos being drawn to the angular points of the 
square, the angle contained by the two extreme straight 
lines is divided into tliree equal parts by the other two 
straight lines : shew that the locus of the point is the cir- 
cumference of the circle circumscribing the square, 

577. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of a triangle on 
the opposite side ; and analogous circles are described in 
relation to the two other like perpendic^ars : shew that 
the sum of the diameters of the six circles together with 
the sum of the sides of the original triangle is equal to 
twice the sum of the three perpendiculars. 

678. Three concentric circles are drawn in the same 
plane: draw a straight line, aucb. UasA, ow^ o^ \t& Ee^ents 
between the inner and outer circuxniereiwift TWK^\i^\A%»fc\fc^ 
at one of the points at wMc\i t\ie ft^xso^^ X^^ ^^^"^ '^^ 
middle circunuerence. 
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VI. 1 to D. 

679. AB is a diameter, and P any point in the circum- 
ference of a circle; AP and BP are joined and produced 
if necessary ; from any point C in AB a straight line is 
drawn at right angles to AB meeting AP at D and BP 
at E, and the circumference of the circle at F; shew that 
CD is a third proportional to CE and GF. 

680. AfByC are three points in a straight line, and D 
a point at which AB and BC subtend equal andes : shew 
that the locus of D is the circumference of a circle. 

681. If a straight line be drawn from one comer of a 
square cutting oflf one-fourth from the diagonal it will cut 
off one-third from a side. Also if straight lines be drawn 
similarly from the other comers so as to form a square, this 
square will be two-fifths of the original square. 

682. The sides AB, AC of sl given triangle ABC are 
produced to any points Z>, E, so that DE is parallel to BC. 
The straight line DE is divided at F so that DF is to FE 
as BD is to CE: shew that the locus of ^ is a straight 
line. 

683. A, B, C are three points in order in a straight 
line : find a point P in the straight line so that PB may be 
a mean proportional between PA and PC. 

584. Ay B are two fixed points on the circumference 
of a given circle, and P is a moveable jwint on the circum- 
ference; on PB is taken a point D such that PD is to 
PA in a constant ratio, and on PA is taken a point E 
such that PE is to PB in the same ratio : shew that DE 
always touches a fixed circle. 

686. ABC is an isosceles triangle, the angle at A being 
four times either of the others : shew that if BC be tri- 
sected at D and E, the triangle ADE is equilateral. 

586. Perpendiculars are let fall from two opposite 
angles of a rectangle on a diagonal : shew that they will 
divide the diagonal into equal parts, if the square on one 
side of the rectangle be double tnat on the other. 

587. A straight line AB ia dmAa^ VcXft ws?^ \*^^^<S®^3^ 

at C, and on the whole straigU \m^ «xv5). c$i^ ^^^""S^^ 
of it equilateral triangles ABB, ACE, ^vT\v^x«ss^ 
scribed, the two latter being OTi tYwe «M3fta «v^^ ^^ ^^^ 
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line, and the former on the opposite side ; G, H^ iTare the 
centres of the circles inscribed in these triangles : shew 
that the angles A GH^ BGK are' Respectively equal to the 
angles ADC, BDC, and that GH is equal to Gk, 

588. On the two sides of a right-angled triangle squares 
are described : shew that the straight lines joining the 
acute angles of the triangle and the opposite angles of the 
squares cut ofif equal segments from the sides, and £hat 
each of these equal segments is a mean proportional be- 
tweeu the remaining segments. 

589. Two straight lines and a point between them are 
given in position : draw two straight lines from the given 
point to terminate in the given straight lines, so that they 
shall contain a given angle and have a given ratio. 

590. With a point A in the circumference of a circle 
ABC as centre, a circle PBG is described cutting the 
former eircle at the points B and O ; any chord AD of the 
former meets the common chord BC at E, and the circum- 
ference of the other circle at 0: shew that the angles 
EPO and DPO are equal for all positions of P. 

591. ABC, ABF are triangles on the same base in the 
ratio of two to one ; AF and BF produced meet the sides 
at Z> and E ; in FB a part FG is cut off equal to FE, and 
BG is bisected at : ^ew that BO is to BE as DF^a to 
DA, 

592. A is the centre of a circle, and another circle 
passes through A and cuts the former at B and C\ AD\& 
a chord of the latter circle meeting BC at E, and from D 
are drawn DF and DG tangents to the former circle : shew 
that G, E, F lie on one straight line. 

693. In AB, AC, two sides of a triangle, are taken 
points D, E; AB, AC are produced to F, G such that BF 
IS equal to AD, and CG equal to AE; BG, CFore joined 
meeting at H: shew that the triangle FUG is equal to the 
triangles BHC, ADE together. 

694. In any triangle ABC if BD be taken equal to 
one-fourth of BC, and CE one-fourth of AC, the straight 
line drawn from C through the intersection of -SJ^ and 
AD will divide AB into two parts, which are in the ratio of 

nine to one. 

S95, Anj rectilineal figvuce \a \nscr^>^^ Va. ^ ea^^\ 

shew that by bisecting t\ie area ^^ ,^^TX^^ "S^^^^^S^ 
tbepointa of bisection paxa\ie\V> \X^^ «^^^^ ^ ^^ ^'^^ 
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lineal figure, we can form a rectilineal figure circumscribing 
the circle equiangular to the forme^. 

596. Find a mean proportional between two sii^il^ 
right-angled triangles which have one of the sides contain- 
ing the right angle common. 

697. In the sides AC, EC of a triapgle ABC points 
D and E are taken, such tl^at CD and CE are respectively 
the third parts oi AC and BC\ BD and AE are drawQ 
intersecting at : shew that EG and DO are respectively 
the fourth parts of AE and BD, 

598. CA^ CB are diameters of two circles which touch 
each other externally at (7; a chord AD of the former 
pircle, when produced, touches the latter at E, whije a 
chord BF of the latter, when produced, touches the former 
at G : shew that the rectangle contained by -42) and BF 
is four times that contained by DE and FG, 

699. Two circles intersect at -4, and B^C is drawn 
meeting them at B and (7; with B, C bs centres are de- 
scribed two circles each of which intersects one of the 
former at right angles: shew that these circles and the 
circle whose diameter is BC meet at a point 

600. ABCDEF is a regular hexagon : shew that BF 
divides .4Z> in the ratio of one to three. 

601. ABC, DEF are triangles, having the angle A equal 
to the angle D; and AB is equal to DF: shew that the 
areas of the triangles are as -4 (J to DE, 

602. If M, N be the points at which the inscribed and 
an escribed circle touch the side AC of a, triangle ABC; 
shew that if BM be produced to cut the escribed circle 
again at P, then NP is a diameter. 

603. The angle A of a triangle ABC is a right angle, 
and D is the foot of the perpendicular from A on BC; 
DM, DN are perpendiculars on AB, AC\ shew that the 
angles BMC, BNG are equal. 

604. If from the point of bisection of any given arc of 
a circle two straight lines be drawn, cutting the chord of 
the arc and the circumference, the four points of intersec- 
tion shall also lie in the circumference ofa circle. 

605. The side -4 ^ of a triangle A BC \& \Ms^s^sR^^s\*^s5Sk 
inscribed circle at D. and by tVi© ft?»cr^^\ ^saoSa ^i^» ^>^ 
shew that the rectangle contawieOL \ii VJi^^t^^Sl^ ^^ 
the rectangle AD, DB aad to lb© T^e\«w8^ft ^^^ ^^* 
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606. Shew that the locus of the middle points of 
straight lines parallel to the base of a triangle and termi- 
nated by its sides is a straight line. 

607. A parallelogram is inscribed in a triangle, having 
one side on the base of the triangle, and the adjacent sides 
parallel to a fixed direction : shew that the locus of the 
mtersection of the diagonals of the parallelogram is a 
straight line bisecting the base of the triangle. 

608. On a given straight line AB as hypotenuse a 
right-angled triangle is described; and from A and B 
straight lines are drawn to bisect the opposite sides : shew 
that the locus of their intersection is a circle. 

609. From a given point outside two given circles 
which do not meet, draw a straight line such that the por- 
tions of it intercepted by each circle shall be respectively 
proportional to their radii 

610. In a given triangle inscribe a rhombus which 
shall have one of its angular points coincident with a point 
in the base, and a side on that base. 

611. ABC is a triangle having a right angle at G\ 
ABDE is the square described on the hypotenuse ) FyQ^H 
are the points of intersection of the diagonals of the squares 
on the hypotenuse and sides : shew that the angles jDCE^ 
GFH are together equal to a right angle. 



MISCELLANEOUS. 

612. is a fixed point from which any straight line is 
drawn meeting a fixed straight line at P ; in OP a point 
Q is taken such that the rectangle OP, OQ is constant: 
shew that the locus of Q is the circumference of a circle. 

613. is a fixed point on the circumference of a circle, 
from which any straight line is drawn meeting the circum- 
ference at P; in OP a point Q is taken such that the 
rectangle OP, OQ is constant : shew that the locus of Q is 
a straight line. 

614. The opposite sides ot a cv^Af^\»^^^ YMtfsc&«^ \!a. 
a circle when produced meet at P aiA Q\ ^«^ 'OoaJ^NSaa 
square on PQ is equal to t\\e ax«a ol >iXi^ ^o^jxas^'a. oj^HSs^s 
tangents from JP and Q to t^e cirde. 
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615. ABCD is a quadrilateral inscribed in a circle ; 
the opposite sides AB and DC are produced to meet at F\ 
and tne opposite sides BC and AD at ^ : shew that the 
circle described on EF as diameter cuts the circle ABCD 
at right angles. 

616. From the vertex of a right-angled triangle a 
perpendicular is drawn on the hypotenuse, and from the 
foot of this perpendicular another is drawn on each side of 
the triangle : shew that the area of the triangle of which 
these two latter perpendiculars are two of the sides cannot 
be greater than one-fourth of the area of the original 
triangle. 

617. If the extremities of two intersecting straight 
lines be joined so as to form two vertically opposite tri- 
angles, the figure made by connecting the points of bisec- 
tion of the given straight lines, will be a parallelogram 
equal in area to half the diflference of the triangles. 

618. AB, AC are two tangents to a circle, touching it 
at B and C; B is any point in the straight line which 
joins the middle points, of -4^ smdAC; shew thai A R is 
equal to the tangent drawn from R to the circle. 

619. ABy AC are two tangents to a circle; PQ is 
a chord of the circle which, produced if necessary, meets 
the straight line joining the middle points oi AB, AC ai, 
R ; shew that the angles RAP, AQR are equal to one 
another. 

620. Shew that the four circles each of which passes 
through the middle points of the sides of one of the four 
triangles formed by two adjacent sides and a diagonal of 
any quadrilateral all intersect at a point 

621. Perpendiculars are drawn from any point on the 
three straight lines which bisect the angles of an equi- 
lateral triangle : shew that one of them is equal to the sum 
of the other two. 

622. Two circles intersect at A and B, and CBD is 
drawn through B perpendicular to AB to meet the circles ; 
through A a straight line is drawn bisecting either the 
interior or exterior angle between AC smd AD^ and meet- 
ing the circumferences at E and F \ ^^^ >(3css^^^*va»s5^«^sa. 
to the circumferences at E and F Y«\S\.VDL\iet^^^^»'«^ Ali^^^ 

duced, . vrv>?icss!^ 

023. Diyide a triangle by t^o ^X^x^^^"^^^^ 
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parts, w))],qh, wh^n properly arranged, sha|l form a paralle- 
logram whose angles are of given magnitude. 

624. ABPD is a parallelogram, and P is ap^ point; 
shew th9,t the triangle PAC is equal to the difference 
of the triangles PAS and PAD, if P is within the anglj^ 
BAD or that which is yertically opposite to \% ; and that 
the triangle PAC is equal to the sum of the ttlangles PAff 
and PADyii P has any other position. 

625. Two circles cut each other^ and a straight luie 
ABCDE is drawn, which meets one circle at A and 2>, 
the other at B and E^ and their common chord at C\ 
shew that the square on BD is to the square on AE as thp 
rectangle BC^ CD is to the rectangle AC^ C^. 



THE END. 
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